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PEEFACE. 



Geometry, at once ancient and modern, is the 
science of Euclid, Archimedes and ApoUonius, of 
Kepler, Desargues, Newton aad Poucelot. Geome- 
trical processes have indeed been simplified and 
their applications greatly extended in recent times, 
but the modern methods may bo traced to the 
ancient as their germ and source, and thus it 
remains in a sense still true that there is but 
one road for all, t§ r^ecDiieTpia iratrlv ianv 0S09 /i/o* 
The modem infinitesimal calculus is an adaptation 
of the ancient method of exhaustions, the method of 
Descartes differs only in the manner of its appli- 
cation firom that of ApoUonius, the idea of perspective 
was already formulated by Serenus, and the principle 
of anharmonic section with the leading properties 
of transversals are found in the lemmas of Pappus 
to the lost three books of Porisms of Euclid, TJiero 
is not however in the works of the Qreek geometers 
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any distinct foreskiadowing of Kepler's doctrine of 
the infinitOi of bis principles of analogy and con- 
tinuity, or of tho theory of ideal chorda and points, 
at length completed by Poncelet's discovery of the 
so-called circular points at infinity in any plane. 

In the present as in a former work (1863) I 
have commenced with an elementary treatment 
of the general conic in piano, following out a 
suggestion made by Professor Adams in a coarse 
of lectures on the Lunar Theory delivered in 1861. 
This department of the subject lias now been mado 
more complete with the help of the Eccentric 
Circle, the characteristic feature of a masterly 
though neglected work of Boscovich. In the chapter 
on the Cone the focal spheres are more fully 
discussed, and the angle-properties of the sections 
as well as their metric properties are deduced. 
The chapter on Orthogonal Projection contains 
proofs of Lambert's theorem* in elliptic motion. 
To the chapter on Conical Projection is appended 
some account of the homographio method of Rever- 
sion, which springs out of the above mentioned con- 
struction of Boscovich. 



* It hAs been remarked that, so far as relates to the parabola, Laiubcrt's theorem 
jg implicitly wntalmd In Newtomli Prine^ia Vh. ill. lemma 10. 8«e Lagrange 
Mieamiqm Ana^fUfue tome ii. ]>. 28, ed. 8 (1868—6) ; "Bma^mm and Bontb An 
ap«V^/ viam iff Sir lum A^mKmV FHneipitt p. 486 (Ixmd.«1866}. 
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PBEFAGE. Vii 

Abundant references will be found to the works 
of authors to whom I am indebted. Suffice it here 
to add that my wannest thanks are due to tiie 
Beverend Professor Bichard Townsend, F.iLS.| 
Fellow of Trinity College, Dublin, who has been 
at all times ready, in {he midst of pressing 
engagements, to aid me with his criticism and 
advice, and has from first to last shewn as great 
an interest in the work now brought to a close 
as if it had been his own. 

a TAYLOR, 
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PEOLEGOMENA. 



SECTION 1. 



GEOMEIBY BEFOBE EUCLID. 

N^. Rrfetmem fsilikm iguan 5rae£e<» [ ] oecwrring in the 
PinlUffonuma are to tkepagea tjfiktjpmatnt work* 

§!• The seteDoe of Geometiji as its name snggestBi was 
developed from the art of land snrvejlDg, to which aQcient 
testimony likewise refers to for its origin. The practice of 

sjBtematic land measurement is said to have been forced upon 
the Egyptians by the annual rise and fall of the river Nile, 
which from time to time left portions of land that had beea 
high and dry submerged, or vice versa^ so that the owners 
were unable to distingnish what belonged to each. Thus 
writes Hero* the elder, of Alexandriai and to the same effect 
Herodotus (ll. 109), Diodoms Sicalos and StrabO| as cited by 
Bretschneider in his excellent monograph on the history of 
geometry before Euclid.f Whether the Nile altogether played 
the part attributed to it in the advancement of science is matter 
of qoestioD, but it may be conceded to tlie concurrent testimony 
ef ancient writers that the Egyptians had laid the foundation 
of concrete fact npon which the superstructure of Greek abstract 
geometry was to be reared* 



• Heronis Alcxandrini Geomeirirorum h L^rrreomdriorum reliquite, p. 138 fid. 
Holtach (berlin 1864). Ue floarished withio the period B.C. 285-221?, or later. 

t J)i€ OtDwtfrfa mud di§- G§om«kr ver EmkUim (Leipzig 1870). Sm ■]«> 
Dr. AlfaBBMi^ piyer on GfMk Gcometiy item TImIm to BnciSA, la S mm uik m a 
«vl tu. ieO-407 (DaUin 1S77). 

h 
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§2. Kademns of Bbodea (a diflciple of Aristotle and an 
immediate predecessor of Eadid) was the primaiy antboritj 
on the early history of mathematics;* bnt his writings on the 

history of geometry and astronomy, which appear to have 
been composed in a philosophical spirit, now no longer survive, 
except so far as they are embodied in the still extant works 
of his successors. The important list of early geometers given 
by Proclus Diadochusf (a.d. 412-485) in bis commentary on 
the first book of Eudid's elements is not unreasonably thought 
to have been derived from Eudemus. The followmg is the 
substance of the passage, of which the original Greek with a 
German rendering may be found in the above mentioned work 
of Bretschneider, pp. 27-31. It is taken from lib. II. cap 4 
of the commentary, which was written in four books: — 

<i Geometry is said by many to have taken its rise from the 
measurements rendered necessary by the obliteration of land- 
marks by the liile. And it is nothing strange that this and 
other sciences should have arisen from practical needs, since 
there is a general tendency in things from imperfection to 
perfection, in accordance with which law we pass naturally 
from perception to reflection and thence to intellectual insight. 
As then the Phoenicians were led on from trade and barter to 
systematic arithmetic, so the Egyptians discovered geometiy in 
the manner aforesaid. 

First Tbales went to Egypt and brought over this science 
to Greece. He made many discoveries himself and suggested 
the beginnings of many to his successors, apprehending some 
things more in the abstract but others in a limited and percep- 
tional way. Next Anicristus, brother of the poet hstesichorus, 
became famed in geometry, as Hippias of Elis relates. Pytha- 
goras, who succeeded them, transformed it into a liberal soiencOi 
investigating its first principles and regarding theorems from 
the immaterial and intellectual standpoint. He it was who 



• His contemporary Theophra^tuB also wrote something nbuut maihetn.iticfli, 
•mongHt A moltitiidft of other milijeet^ aooording to the statement of Diogtmes 
LMrtias (lib. T. c^k S). 

f Notice the cditioiii iMntioned on p. [88], and Che Lttia editkm of Berodne 
(PalaTu 15tiO). 
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discovered the theoiy of irrational qnantttieB and the oonstmction 
of the regular solidB. After him came Anazagoras of Glaso- 

menae and Oenopides of Chios, who are mentioned by Plato 
as famed in mathematics. After them Hippocrates of Chios, 
who quadrated the lunule and was the earliest writer on the 
£lementB| and Theodonis of Cjrene became eminent in 
geometry. PlatO| who sncceeded Hippocrates, greatly encour- 
aged the stody of mathematics and geometry by the fireqnent 
me of mathematical considerations in his philosophical writings. 
To this age also belong Leodamas of Thasos, Archjtas of 
Tarentum and Theaetetus of Athens. Younger than Leodamas 
were Neocleides and hia disciple Leo, who added much to 
the work of their predecessors. Leo also composed a work 
on the Elements characterised by the greater number and 
inportanoe of its propositions, and he assigned the limits within 
wUch a coDStmction was possible. Endozns of Cnidus, an 
associate of the school of Plato and somewhat junior to Leo, 
increased the number of general theorems, added three new 
proportions to the three already known, and developed Plato's 
doctrine of the section (of a line], making use in his investi- 
gations of the method of geometrical analysis. Amyclas of Aatiyiia. 
Heradeai Mensechmus (a pupil of Eudoxas and contemporary 
with Plato) and his brother Dinostratns made geometry as a 
whole still more complete. Thendius of Magnesia, a writer 
on the ^Elements, and Athenasas of Cysiccia were greatly 
distinguished especially in geometry. These lived and worked 
together in the Academy, llermotiinus of Colophon carried 
on the discoveries of Kudoxus and Theietetus, and also wrote 
some things npon loci. Philip of Mcnde was led by Plato lod. 
to stndy mathematics in relation to the Platonic philosophy. 
Thus far do the writers on the history of geometry bring the 
sdenoe.* 

Not mnch junior to the aboye was Euclid, who compiled 

the Elements, putting in order many discoveries of Ludoxus, 

* If the history of Eudemus breaks off before Azistaeos, whose writings preceded 
iMttl'a, we maj ooojectnra tint it was oampleted beforo 820 B.O. It is impossible 
to dctenidM ths pieeiie diUei of the esrlf gsooMteia. 

h2 
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oampleting many of Tbestetus, and replacing the former laz 
demonstrations by incontrovertible proofs. He lived in the 

reign of the first Ptolemy, in answer to whom he is reported 
to have said that there was no royal road to geometry.* He 
was therefore younger than the disciples of Plato, but elder 
than the ccn temporaries Eratosthenes and Archimedes. Bein^ 
a Flatonist, he made the constmction of the Platonic bodies 
(or regular solids) the goal of his work upon the Elements.** 

ThaiM §3. Of the above mentioned early geometers Thales, 
64o-^W8. Pythaeroras, Hippocrates, I^Ienajchrans and some othere deserve 
to be noticed more particularly. Thales of Miletus, of Phoe- 
nician ancestry and the founder of the Ionian school of philo*- 
sophjf was the first to nataralise the stndy of geometry amongst 
the Greeks. Visiting Egjptf as a trader, he brought back 
thence late in life to his native place snch knowledge of 
geometry and astronomy as he had been able to pick up front 
the priests. Ho was born about the commencement of the 
35th Olympiad, and died faccordiug to one account) at the 
great age of 90 years, or upwards. His reputation was made 
once for all by the prediction — to what degree of accnnu^ wo 
know not— of an eclipse of the sun, which duly came to pass 
(38th May, 5S5 ac.)); and this well attested fact corroborates 
the statement of Diogenes Laertius (lib. I. cap. 1) that he 
first came to be styled oo(t6^ in the archonship of Damasias. 
Althoiii^I) he is said by Proclus in general terms to have made 
many discoveries in geometry, the following alone are ex- 
pressly attributed to bim.j| (1) The circle is bisected by its 



• The saying referred to (Bret.schneider p. 163) is also attributed to Mensechnm*, 
who is raid to have replied to Alexander : " In the country, O king, there are roads 
flMrriMl ftml fiavtKmat, but in geometry there is one road for all." 

t The fordgn travds of the early Greek philosophers aie however eometiines 
thoo^ttobeatteiledbjiiienildeiiteTidciioB. Gf . Benonfi J7«Uert leetirM Leo(. Tt. 
p. 246 (London 1R80). 

.J The Egyptians had doubtlo«» sopplied him with the facts on wliich hi"? cal- 
culation was based. iJiogenes Ijoortius states that they had observed more than 
1200 eclipses of the sun or moon. See Bretaciuieidur pp. 39, 52. 

Q See Procloa on BnoUd i. def. 17 and props. 5, 15, 26 (Thoe. Ttjlotu Pioeliis 
vol. I. ICS ; II. 54, 9G| 143) ; Diogeaee Lsextias lib. i. aip. 1. 1§8^ 6. 
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diameter. (2) The angles at the have of an isoeoeles triangle 
are equal to one another. (3) When two straight lines cut oni 
another the vertical aogles are equal. (4) A method of de- 
termining the distance of a ship at sea from the laud, implying 
the knowledge of a theorem equivalent to Euclid I. 26. (5) 
The angle in a semicircle ia a right angle.* And (6) a method 
for determining the heights of the pyramids from the lengths of 
their shadows, via. at the moment when the sun is at an elevar 
tion of 45* above the horicon.t 

The finet that a theorem was attributed to Thales by his sno- 
cessors docs not altogether exclude the suppDsltlon that he had 
himself received It from the Egyptians; and accordingly it has 
been thought that the second only of the above theorems was 
in>eality discovered by bim. The theorem (5) maj have been 
arrived at by the Egyptian geometers by supposing first a 
square and then any rectangle inscribed in a circle to be turned 
about within it ; and it is impossible to lay much stress on (1) or 
(3). The method (4) if actually known to Thales was probably 
discovered by hiin, but if (as has been conjectured) he was 
acquainted only with the case of the right-angled triangle^ his 
knowledge of this, as also of (6), may very well have been 
derived from the Egyptians. On the whole we may conclude 
that he probably made some advance towards that abstraction 
by whidi the Greek geometry, in contrast with the Egyptian, 
was to be characterised ; but more than this cannot safely be 
aflbmed until we are better informed as to the " many things" 
which he is said to have discovered for himself. Thales was 
acquainted with the globular form of the earth, which was held 
by his school to be at the centre of the world. 



* TUs is of coarse the meaning of the statement that he was the first to itucribe a 
rigkt angltd triangk m a cMk 

t Fitrtiidim bit Sfmpotimm ibiles the meCliodliiaiiBimiiqiiiijDg a knovkdgv 

of similar triangles and applicable at any time of the day. The moat trustworthy 
part of the story is that the method in its simpler fona was med in Sg^gt* It would 
serve for an obelisk, but scarcely for a pyramid. 

X This view is taken by Bretschneider (p. 43), who attribotee (2) only to Thales 
himself. Dor a mofe approdetive eetimate of hie oontdbatioiis to geonetiy see 
Mnatkma toL UL 173. 
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PTtbtgon* l^^c name of Pythagoras of Samos next amsts our 

attentioiL Although the date of his birth and his age at his 
death are Tarionaij g'lTeni he was doobtlew a young man when 
Thales, of whom he was regarded as the saeoeasor, died. At 
the instigation of Thales he Tinted Egypt, where he resided 
many years, learned the Egyptian language and received in- 
struction from the priests. After this he is said to have visited 
or been carried captive to Babylon. Returning to Samos at a 
time when Ionia had lost her independence, he migrated thence 
to Crotona in Magna Ghnecia, where he gathered round him his 
ezdnsiTe brotherhood and became the founder of the famed 
Italian school ; bat in course of time he was banished hy the 
democratic party, and died shortly afterwards at Metapontnm. 
"VVe proceed to notice some of the chief discoveries in mathe- 
matics attributed to him, remarking however that it is impossible 
to distinguish with certainty between the discoveries of the 
master and his scbolarS| since the doctrines of the sect were in 
the first instance oommnnicated only to its members, and when 
they came at length to be divulged it was the practice to 
attribute everything to Pytbagoras himself. Hippasus, who 
offended against this rule, was lost at sea for his impiety 
(lambliclius Vit. P//fhar/. cap. 18). lie had taken credit to him- 
self for the construction of the sphere circumscribed to a regular 
dodecahedron {rrjv ix t&v 8a>Betea Trevraywveoj'), whereas every- 
thmg belonged to Him (elvat Bk wdyra '£iee^yov)| for so they 
call Pythagoras, and not by his name." 

a. The square on the hypotenuse of a right angled triangle 
is equal to the sum of ike squares on the sides containing t/ie 
right angle. 

In honour of this great discoveiy, as also on some other 
occasions, Pythagoras is related to have offered a sacrifice. 
There is no evidence to support the conjecture that the theorem 
was known in its generality to the Egyptians, although it must 
be allowed to partake of an Egyptian character,* and may have 



* The EgyptiAQ geometry bad very little that was of on abstract or general 
ehaiaofeer, but coMtoted mminlj In tbe oompntotkm of ams or volom^ and in inch 
■pedd ooottmotioni m «ra nqidnd lot geoaMtriod drnwing . 01 XiKnlolu^ aditioii 
of tho Bhind popgnmsi poblidMd undor the titio JBbi m at kmat Mu MvmM^ dm* 
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been first proved hj aa application of the Egyptian method. 
Tbe £g7piiaos were aoqQainted with the fact that the triangle 
whose aidea contain 8, 4, and 5 units of length respectivelf is 
fight angled (Plntarch Be bide et Oairtde cap. 56), which 

is a special case of the theorem of Pythagoras ; and they must 
also have been familiar with the still simpler case in which 
the right angled triangle is isosceles. To prove it for this 
case, let one square be supposed to be inscrihed symmetrically 
in another. Then it is easily seen that the four triangles at 
the comers may be fitted together so aa to form two sqaareSi 
the sum of which is equal to the area of the inscribed square; 
whence the theorem at once follows for the case in question. 

By some such method of dissection ot' tit^urcs tiie general 
theorem also was perhaps arrived at ; and that it was not in 
the first instance proved by the method of Euclid might have 
been taken for granted, even without the express statement of 
Produa in his comments upon Euclid I. 47. To prove the 
theorem generally,* let one square inscribed in another divide 
each aide of the latter into segments equal to a and h respec- 
tively, and let the side of the inscribed square be eqnal to K 
Then the whole figure, being made up of and the four 
triangles, is evidently equal to /i* 2ab. Next, by considering 
the tigure of Euclid li. 4 (omitting the diagonal), we see that 
tbe outer square may also be cut up into two rectangles, each 
equal to ab^ and two squares equal to a* and b* respectively, 
flenoe it follows that 

and therefore A* is equal to a* or the square on the hypote- 
nuse of one of the triangles ia equal to the sum of the squarea 
upon ita sides. Thus the theorem is shewn to be true for 

any right angled triangle. Pythagoras added a rule for finding 

triads of integers a, 6, h satisfying the relation + 1* = The 
problem of the three squares would naturally suggest an analo- 
gous problem relating to cubes, and to a special case of the 



dbM Aafjffttr (Leipiig 1877), and aooompMiiad ^th % Gemun tnuulatUm In a 
•cpante Tolnme. 

* The proof here giren is taken from. Bretachneider's Die Geometrie pp. 81 — 2. 
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latteri the Duplication of the Cube, we shall aee that the 
Ibrtber progrets of mathematics was incUrectlj to a Tory great 
extent dne. 

h. The thru angles qf a triangh art together equal to two 
right anglet* 

£odema8| according to a statement of Produs on EacUd i. 32, 
ascribes the discovery of tins theorem to the PjthagoreanSi 
together with a general proof of it not uolike that given hj 

Euclid. But aincc Eutociua,* on the authority of Geuiiuus, 
asserts that the ancients were accustomed to prove it separately 
for the equilateral, isosceles and scalene triangles, whilst only 
the later geometers proved it generally once for all, it has been 
conjectured that its truth may have been known even to the 
Egyptians, the general proof only being Pythagorean. Although 
the fact that the area about a point can be filled up by equi-> 
lateral triangles, squares or regular hexagons, and no other 
regular figures, is said by Proclus (on Euclid I. 15, Cor.) to 
be a Pythagorean discovery, the positive part of it must have 
been observed by the Egyptians, who must therefore have 
known that the three angles of an equilateral triangle are 
together equal to two right angles. They may also have 
inferred the same for any right angled triangle regarded as 
the half of a rectangle; and it would then remain only to 
observe that an isosceles or scalene triangle may be divided 
into two right angled triangles. By some such pruccss the 
theorem (by whomsoever discovered) may have been first 
arrived at; or it may have been shewn experimentally that 
the six angles of any two triangles exactly fit into the area 
about a pouit 

c. The regular poJyhcdra. 

We have seen that the construction of the regular solids 
was attributed to Pythagoras by Proclus, doubtless upon the 
authority of Eudemus. Of these five figures the tetrahedrooi 
the cube and the octahedron were known to the Egyptians 
and occur in their architecture ; but it does not appear that 



# SAlley's ApoUoniot p. 9 j Bietachncuin^i Die Geomtm #0. p. li. 
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tbej were aoqaainted with the Icosahedron or the dodecahedron. 
In the oonstraction of the last mentioned solid the regular 
peotagon is required; and with this the FTthagoreans were 
fiuniliar, nnce thej used the starred pentagram,* formed hj 
prodacing its alternate mdes to meet, as a secret token of 
recognition symbolical of vyteia^ the letters 7, t, 6 (= et), 
a being written at the five angles of the figure. Moreover 
we have seen [p. xxiij that the knowledge of the dodecahedron 
was said to have been possessed and divulged by the Pjtba» 
gorean Hippasos. The regular solids were also called the 
^^oosmie fignres^" the dodecahedron being taken to represent 
the material world, and the remaining four its elements of 
earth, air, fire, and water.f 

d. The application areas. 

The vofkofiokifi or application of areas is attributed in general 
lenna to the Pythagoreans (Prodns on Euclid L 44), and also 
to Pythagoras in particular, who is said to haye sacrificed 

an ox, cttI Ta> 5ta7pa;i;tar(4 where the reference is either to 
this discovery or to that of the theorem of the three squares 
(Eaclid I. 47). An area, according to Proclus, was said to 
be applied to a right line when an equal area was described 
upon the line as base; but the term was also nied more 
generally to include the cases m which the base of an area 
placed upon a given line was m excess (virep/SoXij) or defeet 
(lXXtfi^i9) of the line to which it was applied." Although 
it has not been made out wherein consisted the importance 
of the discovery in the hands of the Pythagoreans, we shall 
see that it played a great part in the syatem of Apollonius, 
and that he was led to designate the three conic sections by 
the Pythagorean terms Parabola, Hyperbola, Ellipse. It is 
not however to be thought that Pythagoras or his school had any 
acquaintance with theie curves, although, through a misunder- 
standing and consequent misreading of the tenn vapaffoXij of 



• Ob tiie Po%9Mif iw ChMte 4m« AIMfM pp. 47a^ 

f See Boeck's Platoniea eorporis mundani/abriea ^c. (Heidelberg 1809). 
X Plntarch on Epicnreanism, cap. 11. See Plut. Op. I v. 1338, ed. Ott]aiMr(P«ai 
tSil]^ where the misreadiag wtpi roi x^P^^ "^^^ -wapafioK^t oocnxa. 
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areas, he has been supposed to have aDticipated Arclilniedes 
(whose name, as it happens, follows in the immediate oontext) 
in his discoveiy of the quadrature of the parabola. 

e. Incommensurability and proportion* 

To Pythagoras, as we have seen [p. xixj, was attributed the 
theory of incommensurable magnitudes, which may be regarded 
as a corollary from his theorem of the three squares (Euclid i. 47). 
He was also acquainted with the doctrine of proportion, and 
is related by Plntarch to have solved the problem, to describe 
a rectilinear figure equal to one and mmilar to another given 
figure (Euclid VI. 25), and on this occasion also to have offered 
a sacrifice ; but whether he completed the theory of proportion 
by extending it to the case of incommensurable magnitudes 
we are unable to say. lamblichus states that in the time of 
Pythagoras three kinds of proportion only were known, vis. 
^tbe arithmetic, the geometric, and in the third place the 
snbcontrary, as it was then called, bat which was literwards 
called the harmonic by the associates of Archytas and Htpptas.** 
Further on he remarks of the so called " moat perfect " or 
^ musical^' proportion, 

a + ^ 2ab . 

which combines in itself the three former, that it was said to 
be a discovery of the Babylonians and to have been brought 
by Pythagoras to Greece. To him belongs the credit of com- 
bining the Eastern science of arithmetic, which he esteemed 
so highly, with the Egyptian science of geometry. 

/. The circle. 

lamblichus,! gtving however no details, says that although 
Aristotle may not have squared the circle the problem was 
at any rate solved by the Pythagoreans. This problem, as 
we learn from the Bhind papyrus (ed. £isenlobr vol. i. 98, 1 17), 

had already engaged the attention of the Egyptians, who 
estimated the circle on a diameter of nine units to be equal 



* See Bretachneider pp. 75, 88. 

t See ttw extoiot Irom Bimplidus on AristoUe given by Bretachneider, p. 108. 
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to the Bqnare on a line coDtatning eight, thus making v eqnal 
to 8^. Having regard to the perfect aymmetry of the sphere 
and the circle, Pythagoras speaks of the one as the most 
heantiful of solids and the other of plane figures (Diogenes 
Laertiua lib. Viii. cap. 1); but there is no ground for the 
statement sometimes made that he speaks of the circle as the 
maximum plane figure having a given perimeter and of the 
sphere as the maximum solid having a given surface.* 

§5. The further development of geometiy was due in great Loot 
measure to repeated attempts to square the drcle, to trisect 
an angle and to duplicate the cuhe, which led to the discoveiy 
of various geometrical loci. Thus Pappusf ascribes to Dinos- 

tralus and Nicoracdca the use of the quadratrix for squaring 
the circle; and Proclus (on Euclid I. 9) relates that Nicomedes 
trisected a given angle bj means of the conchoid (of which 
be had himself discovered the genesis and investigated the 
properties), others used the quadratrix of Hippias or Nicomedes 
for the same purposoi whilst others hj means of the spiral of 
Archimedes divided a given angle in any given ratio. The 
problem of the duplication of the cube, as we shall see, was 
solved by the intersections of parabolas or other conies, and 
perhaps actually led to the discovery of the sections of the 
cone. It is to be noticed that the construction of such a curve 
as, for examplOi the quadratrix implies the conception of the 
idea of a Loeus^ of which before the time of the above mentioned 
Hippias of Elis, a contemporary of Socrates, there is no trace, 
although the idea must have presented itself in a rudimentary 
form in the construction of a circle by the most obvious method. 
The earliest writer on loci was llcrmotimus of Colophon, one 
of the successors of l^udoxus [p. xix]. 

§6. Hippocrates of Chios is referred to by Aristotle {EthtcaBippomtm 
Eudem. vu. 14) in illustration of the fact that there are persons is£hw. 
who are wantmg in intelligence in some respects although not 



* For an actual mention of these theorems see Pappus CoUeetio lib. v. (vol. i. 
pp. 816, 860 «d. Holtaeh). 

t CWM»]ih.lT.9iop.»(Td.l.S6I,0d.HidtMli). 
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in Others. The geometer shewed his eimpUcitj bj allowing 
hinuelf to be defranded bj the donaniera of Bjsantinni; or, 
aeoordtng to Johannes Pbiloponns, he was robbed by piratesi 

went to Athens to obtain redress, there frequented the schools 
of the philosophers and made such progress in geometry that 
he ventured to attack the problem of the quadrature of the 
circle. It is related by lamblichus that Hippocrates was 
expelled firom the school of the Pythagoreans for having taught 
for hire. 

^ Hippocrates is celebrated as havbg rednced the problem 
of the duplication of the cnbe to the simpler form in which 

it was thenceforth attempted by geometers. By the dupllcatioa 
of the cube ^va3 signified the construction of a cube of twice 
the volume of a given cube: a problem which may possibly 
have first presented itself in architecture, or may have arisen 
speculatively in the course of an attempt to find an analogue 
in space to the Pythagorean property of squares (Euclid L 47). 
Eutokius, commenting upon the second book of Archimedes 
De Sphcpra et Cylindro^ adduces a series of solutions of the 
problem, including the solution of Eratosthenes given in his 
letter to king Ptolemy II. toj^ether with a twofold tradition as 
to the origin of the problem (Archimedis Oj>. p. 144, ed. 
Torelli). Minos of Crete, according to one of the ancient 
tragedians, ordered a sepulchre for his son Glaucus, and then, 
deeming the proposed dimensions of the (cubical) structure 
inadequate, directed the architect to make it exactly twice as 
large. At a later period — so the story runs — the people of 
Delos, in time of pestilence, were commanded to construct a 
new cubical altar twice as large as one already existing, and 
accordingly at their request the philosophers of the Academy 
set to work to solve this ''solid problem'' [p. zxziii], which 
was found to transcend the power of the known geometry of 
the straight line and curde. It involved in effect the extraction 
of a cnbe root, or the solution of the cubic equation a? s 2aP. 
Hippocrates reduced it to the problem of finding a pair of mean 
proportionals to two given magnitudes a and that is to say, 
of determiaing x and y so as to satisfy the relations, 

a : x^xxy^y : 
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which evidently imply also the relation x'saai'b. It does not 
appear that he bimaelf carried the aolntioa any forther, but the 
problem was afterwards attacked in this form hj geometersy 
and in particolar it was solved by Menscbmns in two ways with 

the help of the conic sections, of which he was the discoverer. 
The problem of the duplication of the cube went by tlic name of 
the Delian Problem owing to the above mentioned tradition con- 
necting it with one of the altars at Delos. 

Hippocrates is also celebrated as having, in his attempts to Qnjj to^ 
sqnare the cirde, quadrated the lunule contained by the cir- 
comseribed semicircle of an isosceles right angled triangle and 
the semicircle described outwards on one of its shorter sides as 
diameter. By an extension of his method it may be shewn 
that the circumscribed semicircle of a scalene right angled 
triangle contains with the semicircles described in like manner 
on its two shorter sides two lunules which are together, equal 
to the area of the triangle ; but it does not clearly appear that 
the theorem ui this more general form is rightly ascribed to him. 
In his farther attempts to sqnare the circle, he snooeeded only in 
shewing that the problem conld be solved if the Innnle bonnded 
by an arc equal to a sixth part of the circumference and the 
semicircle described outwards upon the chord of the arc as 
diameter could first be squared. All this is fully discussed in a 
passage of Siroplicius,^ a commentator on Aristotle, which is 
given at length by Bretscbneider, pp. 100—121. Slmplicios 
gives a long extract from Endemns, interspersed with references 
of his own to £uclid, from which it appears that Hippocrates 
made use of the following propositions in his researches. (1) 
Circles are to one another as the squares of their diameters, 

(2) Similar segments (defined as those w4iich are the same 
fractional part of the circumference] contain equal augles. And 

(3) similar segments are to one another as the squares of their 
bases. It is possible, as has been snggested, that by the angle 
in a segment he means the angle subtended by the chord of the 
segment at the middle point,^of its arc, not knowing that the 
angle subtended at any point of the arc is constant and equal to 



• ^mpliciii^ on Aiistotle Jh phgtiea mt$culuaiom, fol. 12a (Yeaetus 1626). 
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half the angle at the centre ; although prima facie it woald 
appear that, knowing ahready so mocb| he maat have been 
aoqaainted with this also, 

Antipbo §7. The same passage of Simplieias contains an account 

of the method by which Antipbo, perhaps the well known 
opponent of Socrates, attempted the quadrature of the circle, 
lie iirst inscribed say a square in the circle, then (bisecting 
each quadrant) an octagon^ then a 16-goo, and so on continuallji 
till at length he supposed a regular inscribed polygon to be 
arrived at, havmg an infinity of infinitesimal sides, which was 
to be regarded as coinddent with the circle. Although his 
principles were regarded as misonnd by the ancient critics, he 
had in fact introduced the fundamental idea of infinitesimals 
into the geometry of curves, and had virtually proved (1) that 
the areas of circies are as the squares of their diameters — aa 
his contemporary Hippocrates had also somehow arrived at; 
and (2) that their circumferences are proportional to their 
diameters. On the quadrature by Bryso, a contemporary 
sophist, who regarded the circle as intermediate to an inscribed 
and a circumscribed 72-gon, and then applied the method of 
Antipbo, see Bretscbneider's Die Geonu vor Eakl. pp. 126 ff, 

rinto §8. Plato, although not greatly distinguished for his own 
4s£^'m. discoveries in geometry, became the founder of a school which 
was soon to carry the science to unknown heights. He indeed 
devised an organic solution of the problem of the two mean 

proportionals, depending upon* a double application of a pro- 
perty of the right angled triangle, and p;;ivc a rule of his own 
for constructing right angled triangles having their sides com- 
mensurable (Proclus ou Euclid l. 47) ; but he rendered far 
greater service to geometry by his systematic treatment of its 
definitions and primary ideas, and by the impulse which he gave 
to the study amongst his disciples by insbting upon a knowledge 
of it as a prerequisite for metaphysical speculation, writing up 
(as it is said) before his vestibule, firjBcU ayeaffiirpijro^ eiairot 
ixov rrjv aieyqv. To Plato are attributed the propositions 
Euclid Yiil. U, 12, One of his disciples Theaitetus, who had 
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been led by him to the study of inoommenBorable quantities 
10 connezion with proportion, became the author of the propo- 
aitions Euclid z. 9, 10. Another, Menaodimus, developed the 
germs of stereometry received from him and was led, in what 

way we can only conjecture, to the discovery of the conic 
sectioils, which is sometimes erroneously attributed to Plato 
himself, owing to a misunderstanding of the term rrjv rofi'qv, 
Ab weeUonj in a passage quoted above from Proclus [p. xiz], 
where it refers not to the cone but to the right line. Archytas 
of Tarentum, a contemporary of Plato, propounded a solution of 
' the Delian problem, and is said to have been the first to apply 
the method of organic description to geometrical figures; a 
method which Plato (notwithstanding his own application of it 
as above mentioned; condemned, as tending to materialise 
geometry and bring it down from the region of eternal and 
incorporeal ideas. It was one of his sayings, tov $€ov ael 
*t€WfiLrrp€iVt which Plutarch discusses in his QwmL Convw, 
lib. Tin. q. 2. Plato is said (Diogenes Laert. lib. iii. cap. 1) 
to have introduced the method of geometrical analysis, and to Aatiiifau 
have commuaicated it to Leodamas of Thasoa. 

^ 9. Menaechmus,* a hearer of Eudoxus and contemporary Men^chmus 
with riato, is expressly said by Proclus (on Euclid I. def. 4), zs^^, 
upon the authority of Gcmiuus, to have been the discoverer 
of the conic sections, which were accordingly at 5rst named 
after him the "Mensschmian triads " [p. 194]. He also applied 
them in two ways to the solution of the problem of the two 
mean proportionals [pp. 45, 189], to which the Delian problem 
had been reduced by Hippocrates of Chios. It remains to 
consider whether he in the first instance regarded the curves 
in question as plane loci or as sections of a cone. In favour 
of the former view it may be urged that, as geometers before 
and after him were led to the discovery of the quadratriz, 
the conchoid and other plane loci in their attempts to squaro 
the curde or trisect the angle, so Mennchmus may have dis- 



• The anecdote ivUch bring* MdUMshmns into relation with Alexander the Great 
[p. 3tx] jf conneteftt with tbe siippodtiaii that he was a jonnger contempofaiy of 
Plato. 
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covered hia triad of curves in cooaidering by means of what 
loci* the constmction of a pair of mean proportionals to two 
given magmtadet might be effected. This implies the use of 
the method of geometrical analysis, which was said to have 
been ditoovered by Plato [p. xzxi] } and aoeordingl j we find that 
Eutokius, who gives in detail the two solutions by Mcnffichinus 
of the problem of the two means (Archlmed. Op. pp. 141—2, 
ed. Torelli), represents him as having employed the method 
in both cases. But it is more important to notice that it wa» 
used by Eadosns, of whom MensBchmas was a hearer [p. six]* 

(1) The problem being to find the two magnitudes x and y 
wliich with two given magnitudea a and b constitute the con- 
tinued proportion 

it was seen that the relations a^^ajf and ^-s&v were to be 
satisfied. Being then, as we have seen reason to eonclnde, 
already familiar with the idea of a locus, MeniechmuB had 

virtually discovered the parabola regarded as the plane locus 
determined by the relation = ay, and it was evident that 
by the intersection of two such curves the required construction 
could be eSectdd [p. 45]. 

(2) In his second solution of the problem he makes use of 
a parabola and a rectangular hyperbola [p. 189], the latter curve 
being regarded as possessing the property that the prodnot 
of the distances of any point on it from the asymptotes is 
constant ; whence it ie inferred by Bretschneider {Die Oeomu 
vor Ettkl p. 162) that the asymptotes of the hyperbola mnst 
have been discovered very soon etfter the curve itself became 
known. But when we consider that the assumed relationsi 

a : x^x : y^y : 
are evidently equivalent to xy^ab and x* = ayj it commends 
itself as a not less simple hypothesis that, having ahready formed' 
the conception of the curve a^">oy, Menschmns was farther 
led by the conditions of the problem to attempt the constmction 

* We hare teen, fnmi bit loqii^tanee with the qnadntria^ that INiMMliataa, the 
bvother of Monwehmni not to mention Hippiae of SUi in the piecedtaig eentinj^ 
moat have been femiliar with the idee of • loeoi [p. zzrii]. 
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of the curve satisfyiDg the relation xy^cib. Thb at any rate 
seems to be the only property of the hyperbola with which he 
cm be aalely Msonied to have been aoqoaiiited. The ellipee 
does not occur in eitiier of bis solatioos. To constroet bis loci 
be may now baye bad recoorse in the first instance to the 
organic methods reprehended by Plato,* not at first perceiving 
that they could be more simply constructed by cutting the right 
cone by planes. It is less natural to supposef that after the 
discovery of their genesis from the cone Meoaachmoa, or bis 
followers, should have thought it necessaiy to trace them by 
mechanical appliancesy of snob a natora as to be almost immedi* 
ately rejected and foigotten. Bnt even if be never so traced 
tbem, be may still have discovered them as plane loci. Tbeir 
actual description! was felt to be a difficulty many centuries 
later. 

§ 10. The conic sections, in whatsoever way first discovered, 
soon came to be regarded as solid loci," and problems which 
raqnired them for tbeir solution were called solid problems." 
The first writer on Ibe subject was Aristans the Eldery who 
distinguished ^e three conies as the sections of the acute-angled, 
right-angled and obtuse-angled rip;ht cones respectively by 
planes drawn at right angles to their sides [p. 195j. He is 
said by Pappusjl to have written five books of Conic Elements, 
and five (in continuation ?) upon Solid Loci,§ thus preparing the 
way fior the work of Euclid on Conies. He also instituted a 
comparison of the regular polybedra,1 to which Euclid may 
bave been indebted in the tburteenth and last book of bis Elements. 
We assign to Aristsus the date B.C. 890, to indraate that be 
was intermediate to Euclid and Menschmus. 



• Rnltrch Qnetst. Convk, Kb. Till. q. 2 ; Vita UandU, oap. 14. 

f BretaclmeideT Die Gtom. vor Eukl, p. 143. 

J Eatodos (on Apollonii Omica i. 2n, 21) remarks that it waa often necessary, 
lih thv iiropiav rtSv opyawwv^ to describe a conic by points, and that thia might be 
done by means of the relations ^ = /kc, Ac * 

I CWM(»]il>.viL§SSao.(voLn.67S--Sied.HiilMb). 

% YiTiani [p. 221], in a Aemitfa MMfw ^ (fkmnt 1701X atfempltdto rarton 
the Loca Solida of AristAos. 

5 Seepnp.2ofth0 8o-caikdl4khbookof Sadid'i£l0m«iU^ 

c 
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SECTION II. 

EBOM EUCLID TO SEBENUS. 

sa«ud §1. The birthplace of the geometer Enclid, sometimes 
SmL confounded with his namesake of Megara, is unknowii* He 
lived under the first Ptolemy (B.C. 333—284), about two ceatmiee 
after the death of Fytbagoraa; and we find him established at 
Alexandria, ^ etwa im Jahre 808, als den ersten Mathematiker 
seiner Zeit."* Of the various lost works attributed to him we 
may mention (1) his treatise on Conies^ which formed the 
nucleus of the great work of Apollouius, and (2) the three 
books of Fortsmsj to which we shall again refer in speaking of 
Pappus. His Sroip^eSa or JSlementa was written in thirteen 
books, to which a fonrteenth and a fifteenth (bj Hjrpsicles of 
Alexandria) are sometimes appended. The hooka 1—6 are too 
well known to need description. Books?— 8 are on ^e pro- 
perties of numbers; book 10 on incommensurable magnitudes; 
and books 11—13 on stereometry. Book 10 commences with 
the proposition, that // from the major of two given magnitudes 
more than its half be taken away^ and from the remainder more 
Hum %t8 kaff, and ao on conlUnually ; a remainder wHi at length 
he arrived at which ie le$$ than the minor given magwitade. 
Since the minor given magnitude may be assumed to be aa 
small as we please, the proposition is seen to embody the idea 
of convergent series and the principle of the " method of ex- 
haustions." The book ends with the proposition that the 
diagonal and the side of a square are incommensurable. The 
12th book contains applications of the method of exhaustiona 
to plane and solid figures, and it is shewn that the areas of 



* Sc> Moiitz Oiiitor's Euclid und uin Jahrkmdmt^, 2 (Zeitaolulft. L Malb. a. 
PLyaik. Suppl I. mi). 
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circles are as the sqaares of their diameten (prop. 2], every cone 
is the third part of a ejlinder haviog the same base and altitade* 
(prop. 10), moA the ▼olamea of spherea are as the cabes of thdr 
diameters (prop. 18]. In the 18th book, which is a sequel to 
the 4th, it is shewn that there are but five regular poljhedra, 
such as can be inscribed or circumscribed to a sphere. The 
edttio princeps of the Srot^^eta was published at Basel in 1533 
[p. 82] : the Arabic version at Borne in 1594. The Oxford 
Gneco-latin edition, bj David Gregory, of the extant worka of 
Euclid was israed in 1703: it containa the Elements, Data, 
Intndnctio Harmonica, Sectio Ganonis, Phienomena, Optica, 
Gatoptiiea, De DtTisionibos Liber, De Levi et Pooderoso 
fragmcntum. Notice also Peyrard's Les QJuvre^ d^Euclide^ en 
grec^ en latin et en franqais (Paris 181 1—18). 

To what extent Euclid was himself a discoverer we are 
onable to aay, but in his Elements he is to be regarded mainly 
as a eompil«r. Hia ^item as a whole must however have been 
more or leaa original in its conception; and the best testimony 
to its raperior method and completeness is the snbseqnent 
neglect and disappearance of the cognate works of his pre- 
decessors. But his work, although the most ancient on the 
^Toiyfia still surviving, must not be supposed always to 
preserve the most ancient methods of proof. Thus the theorem 
of Thales (Euclid i. 5) cannot have been first proved in the 
manner of Enclid;t whilst Prodos expressly states that the 
theorem of FjrthagoFsa waa not originally proved as in 
Enelid l. 47. It was also perhaps first shewn more briefly than 
by Euclid that circles arc as tho squares aud spheres as the 
cubes of their diameters. 

§2. Archimedes of Syracuse was bora in the year 287 b.c4 Archimedet 
According to Plutarch ( Vita Marcelli cap. 14} he was related ^-^2. 



• Thia theorem, as we shall see, was discovered by Endoxus [p. xxxriiij. 

t The more direct way of deducing it from prop. 4 is mentioned by Produs, in 
oonnexiou witii the name of Pappoa, 

X NotionoftlM life and wwIgb of Axehinwdet (■nd of ApoUoaios) tra crnitdntid 
ia Otaitei^ fwjtf «. «> Jakrhaiimi, See also Hcilben^ Mtide on hii knowledge 
flf tha AydSMMlfl in tho ZMkt.f, Jfalk. «. Phgtik (April 1880). 
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to king Hiero, whilst Cicero on the other hand speaks of hini 
as humilem homunculum" (Tuac. Disp. lib. V. cap. 23). He 
was a master not only of geometry, but also of theoretical and 
applied mechanics. By his scientific conduct of the defence of 
Syracuse against the Romans the siege was protracted for two 
years, till at length the city was carried by a surprise from the 
land side, and Archimedes fell by the hand of a soldier (212 B.C.). 
His grave was marked by the figure of a sphere inscribed in a 
cylinder, in commemoration of his most cherished discoveries, 
and by that sign it was recognised by Cicero in the course of 
his quajstorship in Sicily. His works, according to the Graeco- 
latin edition of Torelli (Oxon. 1792), are as follows: 

(1) De Pfanorum jEqutUhrivi* Two books, with the tract 
Quadratura Paraboles placed between them (pp. 1-60). 

(2) De Sphcpra et CyUndro. Two books (pp. 61-201). 

(3) CiVcu^' 2>iWn*io (pp. 203-216). 

(4) i>e .ffc/tci&iw (pp. 217-255). 

(5) De Conotdtbus et Sphcerotdibm (pp. 257-318). 

(6) Arenartus (pp. 319-332). 

(7) De lis quce in Ilumido vehuntur. Two books, in Latin 
only (pp. 333-354). 

(8) Lemmata, translated from the Arabic (pp. 355-361). 

(9) Opera mechamca, ut cujusque mentio ab antiqois scrip- 
toribus facta est (pp. 363-370). 

We learn also from one of the scattered notices of Archimedea 
in the CoUectto of Pappus (lib. V. §34 vol. I. p. 352, ed. Hultsch) 
that he discovered thirteen semi-regular polyhedra, bounded by 
regular but not similar polygons — one of them, for example, 
by 20 triangles and 12 pentagons, another by 30 squares, 20 
hexagons and 12 decagons. But his greatest achievements in 
geometry were his approximate quadrature and rectification of 
the circle, his quadrature of the parabola, and his applications of 
the method of exhaustions to the quadrics of revolution. 

* To this treatise and to (2) and (3) ore appended the commcntArics of Eutocius 
of Ascalon (510 A.D.y. 
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§3. In the mtrodoction to hb treatise Ttrpoffrnvtafw 
tlapa0o\rj<:, MS later scribes have entitled it, Archimedes 

remarks that none before him, so far as he knows, has attempted 
to quadrate the segment cut off by a right line from the " section 
of a right-angled cone,'^ for so he calls the parabola [p. 19i>J. 
His theorem, which was first arrived at by mechanical con- 
siderations and afterwards proved by pure geometiyi is stated 
aa follows: 

The segment contained hy any right line and the section of a 
rtght-anrjled cone is equal to four-thirds of the triangle which has 
ike same base and altitude as the segment, 

a* In the mechanical proof he shews first that a triangle 
ODE suspended from a lever of equal arms AB and BGj so as 

to have its side BE yertical and in a line with the fulcrum Bj 
is balanced by an area equal to one-third of its own suspended 
from A (prop. 7) ; and that the parallel sided trapezium cut off 
i'rom the tinangle CUE by two vertical linos drawn at horizontal 
distances k and k firom B is balanced by an area sospended at A 

intermediate to and of the trapeaium (prop. 13). 

Lasdy, supposing a parabolie segment on BD as base to be 

suspended with its vertex downwards, he arrives at the required 
quadrature by successive applications of the foregoing theorems 
after the manner of the method of exhaustions. 

b. The following is a summary of his second and purely 
geometrical proof of the same theorem (props. SO— 24). If P 
be the vertex [6g. p. 58] and QQ' the base of a segment of a 

parabola, the triangle QPQ is greater than half the segment. 
Take away this triangle from the segment, and Irom the 
remaining segments PQ and FQ' take away their corresponding 
triangles^ and from the four remaining segments their corre- 
sponding triangles, and so on continually. Thus at length 
(£nclid z. 1) we arrive at a remainder less than any assignable 
magnitude.* Now the sum of all the above mentioned triangles 



• ^ tfataeaiitiiiinlmbfenetioo the um of the aegmeiift ie et length exkauUtd. 
^ff^ yie tflnn " iBfltho^ of eihamtioiiik'' 
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is j ^ ^) dkPQQ^ and the limit of this when n 

is infinite is JAP^d ''^hich is accordingly the area of the 
segment. Notice that at the end of prop. 3 he alludes to an 
existing treatise on Conies : " These things are proved eV rot? 
KfmviKoU ^Toixiloi^y^ as he does again in De ConouL et 
^^fuBrM. props. 3, 4. There is no reason to think, as some 
hftTO done^ that he is referring to a treatise of his own.* 

Steivten. §4, In the introductions to some of his treatiseS| Archimedes 
reftvs to what had been done by earlier geometers. Thus in 
the introduction to the Quadratura BaroMe» (p. IS), havrng 
stated as his primsry lemma,t that the excess of one magnitude 

over another may he continually added to itself till the sum exceeds 
any assigned magnitude^ he remarks that it had been applied by 
those before him, viz. to prove that circles and spheres are as 
the squares and the cubes respectiyelj of their diameters, and 
that any pyramid or cone (Euclid XII. 7| 10) is the third part of 
the prism or cylinder having the same base and altitude. In the 
introduction to De ^pJuBta ei OyUndro lib. i. (p. 64), he gives 
the important information that the cubatures of the pyramid and 
EudoTUB the cone (Euclid XII. 7, 10) were discovered by Eucloxus.| 
8w'. These properties preexisted in the fig-ures, but (though many 
notable geometers lived before Eudoxus) no one had discovered 
them. In like manner, none before Archimedes had discovered 
that the surface of a sphere is equal to four times the area of 
one of its great circles (prop. 85) ; tiie volume of a sphere to two 
thuds of the circumscribed <7^1inder having the same altitude, 
and its surface to two thirds of that of the cylinder (prop. 37) ; 
the surface of any segment of a sphere to the area of the circle 
whose radius is the line from the vertex of the segment to any 
point on its base (props. 48—9} ; and the volume of the solid 
sectw determined by any aeguient to the cone whose base and 



* Compttn tha introdactozy noMrks of JBotodas on ApoUonii Comica (pu S^ ed 

t See alflo Dt Edicibus (p. 220). 

X BndcEEiisoKhidiiilloariBhed in tlw lOSid Olympiad, and dlid tboot S67 ao, 
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•hitiide are seTenliy equal to the Buifaoe of the segment and 
die radiuB of the sphere (prop. 50). 

In lib. II. it is proved that the Tolnme of any segment of a 

sphere is equal to that of a cone of certain altitude described 
upon its base (prop. 3j ; and the theorems now established are 
applied to Boive the problems : to find a plane area equal to the 
sor&oe of a giTen sphere (prop. 1), to describe a sphere equal 
to a g^ven cone or cylinder (prop. 2)|* and to divide a given 
sphere Into- segments whose surfiices or volumes shall be in a 
given ratio (props. 4, 5). 

85. In the (KnmU Dmemw it is shewn, that any drde is ctrmu 
equal to the right angled triangle whose sides about the right 
angle are equal to the radius and the circuraferencc of the circle 
(prop. 1) ; a circle is to the square on its diameter as 11 to 14, 
approximately (prop. 2); and that the circumference exceeds 
thriee the diameter by a fraction of it less than f and greater 
than f f (prop. 8}. These last results are obtained by regarding 
the circumference of a cirde as intermediate in length to those 
of its curenmscribed and mscribed 96-goiis. Thus we see that 
Archimedes treated the problem both as a quadrature and a 
rectification of the circle; and he shewed, not only that tt is 
nearly equal to 3f, but that it is less than 3 J and greater 3f^. 
AVe may therefore fairly say that his approximation was exact 
to three places of dectmalsi since the mean of his two limits 
gives w equal to 8.1418 dbc The approximation in the Ehmd 
papyrus makes it greater than 8.16 [p. xxvi]. 

§6. In the treatise Ih SdicOma he defines his helix or^»j||jg^ 
spiral {r^aB) as generated by the double motion of a point, 
which moves uniformly outwards from a fixed origin, in the 
direction of a radius vector which itself rotates uniformly about 
that origin. Supposing the generating point to start from the 



• A solution of the problem of the two mean proportionala being here pre* 
sappoeed, Eatocios (pp. iib-iVJ) gives the methods of Plato, Hero, Philo of 
fi^rmUfaim, ApoUonini, Diodes, Pappus, Sporus, Menaduniii^ ArohjtaB, Eratosthenes 
and HkoBiedMy i^jeotliig tint of Bndosns (pp. ISft, 149X pcchaiw for iosnffloknt 
WMBft ( Pmwflmri i dwr Dk 0mm, vor JBSnkL p. UMf). 
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origin 0 and to amTe at the point A after n complete reTO- 
lotions of the radiiu lectori he shews that the interoept made 
by the tangent at A npon the radios vector at right angles to 

OA is equal to n times the circumference of the circle described 
with OA as radius (prop. 19), thus effecting the rectification and 
quadrature of the circle with the help of his spiral; and in 
prop. 20 he proves the corresponding theorem for any other 
position OB of the radios vector.* The qoadratnre of the 
spiral is determined in props From the introdoction to 

tiiis treatiBe we learn that there were other able geometers in 
the time of Archimedes, with whom he was in correspondence; 
and that there were also pretenders addicted to claiming more 
than their due, for whose discomfiture he propounded falso 
theorems, of which examples are given (p. 218). 

His spiral affords the simplest illustration of the generation 
of coryes by an angalar compoonded with a linear motioni 
according to the idea of Plato^ who ^^establishing two most 
simple and principal species of lines, the right and the dreolari 
composes aU the rest from the mtxtore of these'' (Frodos on 
Euclid I. def. 4). Desargues (1639 A.D.) threw out the sug- 
gestion that a conic might be thus described, but assigned no 
law of movement.f On Eobervars rule for drawing the 
tangent to a curve at any point, regarded as the line of the 
resultant of all the movements of the point} see Ghasles* Aj^rgt^ 
kulmgHe p. j»8 (1875). 

TtMooBoids. §7. The book De Gonatdibus et Sphmroidihus contains 
various theorems on the cubature of the quadrics of revolution, 
the sphere having been already dealt with in a separate work. 
The figure generated by the rotation of a " section of the right 
angled cone" about its axis, that is to say, the paraboloid of 
levolotion, u called the right angled conoid; the hyperboloid 
of revolntion is called the obtose angled conoid ; hot the ^ acote 
angle oonoidi'' as it dioold be called, is more briefly termed the 



* ThwincflBOtliedetaiDiiiMtlw tiigoiioiiMteloal tengent of the w^jm liiitimn 
OR and the tangent to the carfo at R. 

t Pondn (Emm dt Duargmm vol l. 227» 288. 
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Bpheroid. Ifc is shewn that the areas of ellipses ere as the 
]piodoots ef their axes (prop. 7) ; that an infinity of right cones 
or cylinders can he drawn so as to contain a given ellipse 

(props. S-10); and that the plane sections of the conoids and 
and spheroids are conies (props. 12—15). The book concludes 
with a series of propositions on their cubature (props. 21-34), 
which are proved by a process closely related to the method 
of integration. 

§8. The method of ezhanstions employed by Endtd and«^^^. 
Ardiimedes involved a tedious reductw ad abgwrdum, and was 

perhaps first elaborated as a means of verification rather than of 
discovery. The idea of regarding a curve as a limiting form of 
polygon was propounded, for the case of the circle, by Antipho 
[p. zxx], in the fif^h century B.C. ; and the fact that circles are 
as the sqoarea of their diameters was thos rendered intnitivoi 
presappoeing only a well known relation between the areas of 
ttmilar recdlinear figures. As regards this property of circles 
and the analogous property of spheres, the proofs given by 
Euclid may be supposed merely to have established more rigidly 
what had been already divined by a summary process; but the 
use of the method of ezhaostioos was more apparent in the 
actoal evaluation of volames and areas* Granted, for examploi 
that a corviiinear plane area might be regarded as divided into 
rectilinear elements by an infinity of oonseentive ordinateS| the 
summation of its elements could not well have been effected 
directly before the invention of some form of algebraical calculus. 
Instead of regarding the small elements of a curve as ulti- 
mately rectilinear, the aneients would (in the case supposed) have 
proceeded somewhat as follows. Project every ordinate upon 
the next before and the next after it by paraliels to the axis of 
abscissa: thos two sets of paralielograois are constmctedi to 
which the area of the curve is intermediate: snppose the difference 
between the two sets to be Indefinitely diminished by increasing 
the number of ordinates, and then apply the method of reductio 
ad ahsurdum^ as above mentioned. For actual cases of the 
subdivision of surfaces by parallel planes, and their cubature 
hj this method| see Ih Conoid, et 8pharokU props. 21-24. The 
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fltoreometrical work of Archimedes ww revived and oontinned 
bj Kepler, whose Ntma BUrwmOna prepared the wajr fiv the 
modem forms of the infinitesimal calcalns. 

A»«>iMiM §9. ApoUonios of Perga was bom in the reign of Ptolemy 
sinW Eaergetes (247-222 B.C.}, studied at Alexandria .under the 
sacoessors of Encltd, and flourished in the reign of Ptolemy 

Philopator (222-205 ii.c). Of his various works* the most 
famous was the KwvtAca, which gained for him (according to 
Geminuajt the title of the Great Geometer. In the account of 
this work given by Pappus^ it is divided into two tetrads of 
books, the former founded on Eudtd's four books of Ccnie$^ and 
the latter supplementary to them. ApoUonius in like manneri 
in his introductoiy letter to Eudemus, draws a distinction 
between books 1—4, which he describes as elementary, and the 
remainder, which were irepiovaLaarLKcjTepaj at the same time 
pointing out that the former also contained very much that was 
new. The Oxford edition bj Hallej (1710) contains books 
1-4 with the commentary of Eutocius, in Greek and Latin 
(pp. 1—250) ; and in a second part, books 5-7 translated fiom 
the Arabic and lib. Yni. ^ restitutus** (pp. 1-171). The Tolume 
concludes with the two books of Serenas on the Cytinder and 
the Coue, in Greek and Latin (pp. 1—88). The contents of the 
several books of the Couics of Apollonius are specified below. 
The moat striking evidence of his geometrical power is afforded 
by the fifth book, in which he solves the problem of drawing 
ttormak to a conic from an arbitrary point in its planoi and 
evaluates the coordinates of what we call the Centre of 
Curvature at any point of a conic To have worked out such 
results with the means at his disposal is an achievement not 
unworthy of the greatest of geometers in any age. 

(a) Book I. A conical superficies is defined as the saxhot 
generated by an infinite right line, which passes through a- 
fixed vertex and moves round the circumference of a given 



* See the notices in the CoUectio of Pappus ; and cf. Cantor's Euclid u. s. 
Mrkmdert pp. 44-S4. 

t HaIIqr^ApoIloiiiiCbmoai».S. G«iiibiit lived about IM a.0. (Oaater p. 62). 
X CMM0]ib.TU.§SO(Tolit.pie71^ed.HaltMli). 
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drde: llie term Cone is used spedallj of tlie finite portion of 
tiie soperfioes between the Tertez end the circle or base. The 
Axis is the line from the vertex to the centre of the base. The 
plane through the axis at right angles* to the base cuts the 
cone and its base in a triangle, which is called the tziaugle 
through the axis and every chord of the cone at rigbt angles 
to the plane of this triangle is bisected bj it (prop. 5). Any 
plane at right angles to the plane of the triangle thxongh the 
axis meets the conical sorface in general in one of the three 
corves formerly distinguished as the sections of the right, obtuse 
and acute angled coucs respectively. These names being thus 
found to be inappropriate, others have to be suggested in their 
place. The new names may be briefly explained as follows 
[p. 82]. The Parabola is so called because at every point of it| 
*ip be the parameter, ^ is equal topx^ the Hyperbola because 
^ is greaisr than px^ and the Ellipsef because ^ is 2sss than 
px (props. 11-18). He is now practically mdependent of the 
cone, and starts afresh from the relation between the ordinate 
and the abscissa. See also props. 20—21. It is shewn later in 
the book, that the tangent to a conic at any point and the 
ordinate of the point to any diameter divide the diameter 
harmonically (props. 84-88) ; and lastly a constmction is given 
for describing two conji^te hyperbolas with a giyen pair of 
conjugate diuneters (prop. 56). 

In the use of coordinatesj by the ancients,— as for example Apyawtton 
by Apollonius in thla book, and in a more striking way in his 
fifth book — the form of procedure was strictly geometrical 
throughout Hence we see more clearly the importance of the 

• After prop. 5 this plane is called briefly '* a plane through the axis." There ia 
the same liixity of ^uitciuent in def. 10, wl)erc the riglit line bisecting a system of 
parallel chords uf any curve line (irdoi}c KafiwuKtfs ypannrj%) in one plane \& defined 
M A diMiietCT ; whenopon Bntodw XMuniEa tibak he rightly adds in piano, to exclude 
Utt Cf liiidilcil lidiz and aw sphen. 

t If the three conies were first discovered in the order in wU^ ApoUoniiit 
(perhaps following Euclid and Aristaeus) here introducea them, this tends nther to 
sapport the conjecture that they were discovered m piano [p. xxxii], since the 
cootemplation of the oone, which was regarded as a &mte figure (Euclid xi. def. 18), 
nooldhMe itvwled tfw ellipse fint instead of leik. Oemlnas (Proclus on Buclid i. 
dd.4)«nedtlwelUpwev/Mtfff|fromitsdu9e. Of. danid, oonohoid, OMdioid. 

X Thatem orrf8airtawaadaii?adl»y tiMilallon fconthaGtaak. 
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iro^Mi^Xs^ of anas [p. xxy.]. In its amplest form thb 
amomitecl to finding the Hne which in oonjnnetion with a given 

line determines a rectangle, or other parallelogram (Euclid I. 44), 
of given area, which corresponds to the algebraical division of a 
given product by one of its factors. A further use of the term 
occors in the determination of the foci of a central conic which 
ApoUoniuB oallB the points arising i/c rrj^ trapafioXfj^,* puncta 
ex appUoaiiom facta. Here the problem u to divide the axis 
into segments whose prodoct b eqaal to the fourth part of ^'the 
figure'' [p. 82], or to determine x and y from the relations 
a;+y = 2a and xy = h*. The application to a given line of a 
parallelogram dejicient or ejcce^ding by a parallelogram similar 
to a given one is the subject of the propositions Euclid Yl* 
27—29. For an extension of the method to an indefinite sertSw 
of magnitudes, see Archimedes De Conoid, et SphcBroid, prop. 8*' 
Thus the *^ application^' of area»^ so far as it went, was to the 
andent geometiy what algebra, which deals with produdt and 
factors, is to the geometry of Descartes. 

(h) Book II. The asymptotes are thus defined: on the 
tangent to a hyperbola at any point P take PT and PI", each 
equal to the parallel semi-diameter; then the lines (72" and CT'^ 
and these alone, being prodnced to infinity, do not meet hul 
approach indefinitely near to the curve (props. 1, 2, 14). 
Through a given point a hyperbola can be drawn so as to have 
a given pair of lines for asymptotes (prop. 4). The opposite 
intercepts made on any straight line by the curve and its 
asymptotes are equal to one another, and the product of two 
adjacent intercepts is equal to the square of the parallel semi- 
diameter (props. 8-11). The product of the distances of any 
point on the hyperboU from its asymptotes is constant (prop. 12> 
A line parallel to an asymptote meets the curve in one pouit 
only (prop. 13). The tangents to conjagate hyperbolas at the 
extremities of any two conjugate semi-diameters meet on one 
or other of the asymptotes (prop. 21). The diameter through 
the point of concourse of any two tangents to a conic bisects 
their chord of contact (props. 29—30). Supplemental chords of 
a hyperbola are parallel to conjugate diameters (prop. 37). 
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Giyen a central conic, to find its centre and axes (props. 45-8) ; 
•nd to draw a tangent making a given angle with the axis 
(prop. 50), or with the diameter through its point of contact 
(props. 51-8). 

(c) Book III. The diameters through any two points of a 
conic contain equal triangles with the tangents at those points 
(prop. 1). The rectangles contaioed by the segments of any 
two intersecting chords of a conic are as the squares of the 
parallel tangents (props. 16— 28). Antf chord tkroygh 1^ wter- 
secfum cf two kmgemtt to a oomc is cut harmoidoal^ ^ their 
point o/eoncourm and their chord of contact (props. 87—40) : the 
special case of any chord througli the intersection of a tangent 
and an asymptote is treated separately in props. 34—36. Thus 
a substantial contribution is made to the theory of polars, 
afterwards completed by Desargues. Any three tangents to a 
parabola cut one another proportionally (prop. 41). Two 
tangents being drawn at the extremities of any diameteri the 
prodnet of their segments by any third tangent is eqnal to the 
square of half the conjugate diameter (prop. 42). The tangent 
to a hyperbola cuts off a constant area from the space between 
the asymptotes (prop. 43). The foci of a central conic, or 
^^poncta ex applicatione facta/' are determined and their 
principal properties proved in props. 45-52 [p. Ill]; but 
mnce the process of ^ application" fails when the axes become 
infinitSi he does not detect Cfte cjnatence of the focus 4^ the parabola* 

This third book is said by ApoUonins, in his preface to the 
entire work (p. 8), to contain many wonderful theorems, for 
the most part new ; and he adds that Euclid was not able to 
construct the Locus ad tres et quatuor Uneas generally,t but only 
gome special case of it, and that indifferently ; for in fact it was 
not possible to complete the construction " without our further 
discoverieS|" where the allusion, is doubtless to props. 16*28 
[p. 266]. From the extant works of ApoUonins we learn 
nothing about the nature of this Locas^ and eren the com- 



* The expression "harmonically" is hoiiifW not vied bj ApoUoniin. On pdm 
with respect to a circle see § 13 (/). 

t The prool for the caae of the circle pretents uo difficoltj [p. 2^j. 
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mentator Eutocius cannot explain the allusion (p. 12). Pappus 
however informs tia what the problem realij was, and states 
clearly that the locos in question a a conic. He then speak^ 
of the locus analogously related to more than four giyen linea 
[CoOeelto p. 680| ed. Haltsch). Considering the distances of a 
point from atx given lines, we may say that the solid contained 
by three of the distances yaries as that contained by the re* 
mainining three ; but we cannot go on to more than six given 
lines, and say: "if the ratio of the content of four of the 
distances to the content of the remainder be given| — since there 
is not anything that is contained by more than three dimensiena. 
Nerarthdiessy men a little before our time have allowed them- 
seWes to interpret such things, ngnifying nothing at all 
compreheDsible, speaking of the produd of the content of wm^ 
and such lines by the square of this or the content of those. These 
things might however be stated and shewn generally by means 
of conapounded proportions &c." These predecessors of Pappus, 
who were not to be confined to three dimensions, were cTidently 
algebraic geometersi who considered lines not directly as such, 
but only in their nnmerical relations to a unit of length. 

(d) Book IT. No two conies can have more tiian four 
points of conconrse (props. 2ft, 36, 40-4, 53), or two of oonoonrse 
and one of contact (props. 26, 45—8, 54), or two of contact 
(props. 27, 38, 49—51, 55). Two parabolas can only touch one 
another in one point (prop. 28). 

If the earliest writers on conies bad not dealt with the 
snbject of this book (p. 917), and if the principal part of book d 
was also neW| we may condnde that the Conies of Endid 
contained little or nothing that is not to be found in books I 
and 2 of Apollonius and that the earlier Elements of Aristaens 
were meagre, or " somewhat concisely written." Their treatises 
would have contained elementary propositions on the right cone, 
the relation of the ordinate to the abscissa in each section, the 
property of a diameter^ some constmction of a tangent with the 
determination of its intercept on any diameteri and the leadmg 
properties of the asymptotes ; but nothing abont foci, or normalsi 
or tiie metric relations of conjugate diameters, or of intersecting^ 
chords of the general conic drawn arbitrarily. 
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(e) Book V, Under the title De Maximis et Minimis^ this 
book treats of the four NormaU (regarded as greatest or least 
lines) that can be drawn to a conic from a giyen point In its 
planei and establishes the complete analogue of Endid lll. 7, 8 
for the general conic If P be any point on a coniC| N its 
projection upon the axis, A the nearer yertez, AL parallel to 
-WPand equal to half the latus rectum^ and Q the point in which 
the diameter CL meets FN^ then 

P2P » 9 trapestnm ANQL. 

From thia relation between the coordinates FN and AN the 
following results aie elaborated. 

If the abscissa AN be less than AL^ the least right line from 
jN^ to the cure is NA^ and the greatest is NA' the remainder 
of the axis (props. 4-6) ; but if ATT be greater than ALy the 
least line from N to the curve Is such that its projection upon 
the axis is equal to AL in the case of the parabola, and in other 

eases to ^ CN (props. 8—10), which is the property of the 

suimormaL The greatest lines from given points on the mmor 
axis of an elUpse to the curve are then considered (props. 16—82), 
and it is shewn that the intercepts upon them between the 
curve and the points in' which ihej meet the major axis are 

the least lines that could be drawn from those points to the 
curve (prop. 23). All such greatest and least lines meet the 
conic at right angles (props. 27-33) ; and i£ 0 he any point on 
one of them and N be the point at which it meets the cnnre 
nonuallji then ON is also a greatest or least line irom 0 to 
the curve (props. 12, 21, 34). Four normab (as we shall now 
can them) to a semi-ellipse, or three normals to an elliptic 
quadrant, cannot meet in one point (props. 47-8). If 0 be any 
point in the plane of a conic whose abscissa AN is not greater 
than no normal can be drawn to the conic from 0 so as to 
fail within the angle AON (props. 49, 50); but if AN be 
greater than AL^ then according as ON is greater than, equal 
to, or less than a certain length X no normal, or one, or two can 
be drawn to the conic fix>m 0 so as to fall within the angle 
AON (props. 51-2). 
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To determine the length X, divide the Bemi-axis CA in H 
80 that 

CHiNH^OAiALi 

between CH and CA fiud two mean proportionals* CL and 
CiT, 80 that 

OH: CL^CL: OK^OKi OA; 

and lastly, supposing CK to be an absciasa measured towards 
Af and F the point on the cnrye (on the opposite side of the 
axis to 0) baying CK for ita abflciaaai take \ to FK in the 
eompound ratio of Cif to Off and ^^to CK^ bo that 

X : Pff- CN.HK: NE.CK. 

HencOi writiiig a and 5 for the aemi-axea, we find that 

<r a* ' 

"""^ ^K'^^^'Ck}" V V^OA'}' 
or x=?!^Pjr; 

and therefore CN and X are equal to the coordinates of the 
centre of curvature at P, which is here virtually regarded as 
the point of the ultimate intersection of consecutive nonnala^ since 
if the ordinate of 0 be diminished however Biightly, 0 at once 
heoomes a point from which two normals can be drawn. The 
locas of 0 ia the evolute of the conic [p. 821]. 

When 0^ ia leta than X, he detenninea a certain point 2 
having CH for its abscissa and a certain point / on PK^ and 
through / he describes one branch of a rectangular hyperbola 
(pp. 39, 40), having for asymptotes the parallels through 2 to the 
axes of the given conic. This semi-hyperbola intersects the 
conic in two points X and the normals at which are OX 



* The Arab interpreter gives a con&tructioii (p. 40) for two meaa proportionals 
identical with that of Bx. 180 [p. 189]. 
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md OY [p. 265].* To determine the pontiont of 2 and /| 
prodnce ONx» a point if snch that 

thiongh M draw a parallel to the transyerse axisi meeting the 
ordinate through H in 2, and PK in and npon FG take 
the point /, rach that (7/. ^^SsSlf^JfO. The rectangular 
hyperbola maj then he described. Afterwards he oonsiders 

other positions of the point 0 from which the normals are to bo 
drawn, making use of the same hyperbola of construction 
(props. 55, 58-63). In prop. 75 (the last but two) it is shewn, 
that if the normals at three points PQR on the same side of the 
•xb of an ellipse cointersect in 0, the normal OF nearest to 
the Tertex remote from 0 is the longest line from 0 to the 
aenu-ellipsc, and the normal OB nearest to the Tertex A 
adjacent to 0 is the longest line that can he drawn from 0 to 
the arc A Q, 

(/) Book Tl. Similar conies being those in which corre- 
aponding ordinates and abscissas are proportional, it is shewn 
that all parabolas are similar (prop. 11); as also are central 
oonicsthe figures upon whose axes are similar (props. 12, 13). 
At the end of the book it is shewn how to cut a section of 
given form and magnitude from a given right cone (props. 28—30), 
and conversely, how to draw a right cone similar to a given 
one through a giyen conic (props. 31-3}. 

{^) Book Yli. In props. 6, 7 nse is made of supplemental 
chords drawn from the vertices. Cf. lib. il. 37. The sum or 
difference of the squares of conjugate diameters is constant 
(props. 12, 13); and in the equilateral hyperbola conjugate 
diameters are equal (prop. 23). The conjugate parallelogram 
is equal to the rectangle contained hj the axes (prop. 31). The 
relative magnitudes of conjugate diameters in yarions special 
eases are then discussed. 

(h) Book VIII. Of this book there is only a conjectural 
restitution. Thirty-three propositions are given, containing 

• Hallbt, in » Scholkm on Seienits J)« Shot, Ooni prop. 3ri (p. C9), gives » 
iwmtiuutto tt for the throe normals to m punbola from a given pointy by menng of « 
certain etroie thioai^ the vertex [p, 224]. 

d 
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yarlous special constructions, such as: given the axis and the 
Utiis rectum of • central eoniC| to draw a pair of conjogale 
diatneten whooa ration or 8imi| ae difoenoe is givea 
(props. 7— 12)» 

Hraeiatu § 10. Ih cootiiiiiatioii of the accoant of the most hrilliant 
M.' period of andent geometryi the century of Enclid, Archimedea 
and ApoUooios, reoonne most again be had to the OolUetio of 
the mnch later writer Pappus, for information abont the lost 

three books of Porisms of Euclid. But two other names 
meanwhile demand at least a passing allusion. In the Sphcerica 
of Menelaus, a geometer and astronomer of the first century A.D., 
is found the theorem (lib. ill. lemma 1 p. 83, Oxon. 1758): 
If the sides ag^ gd^ da ot % plane triangle be met by any 
transversal in the points erb respectively, then 

or the product of three non-adjacent segments of the aides 
cf the triangle hy any transversal is equal to the product of 
ike remaining three. 'This was also extended to spherical 
triangles, and served as a basis for the spherical trigonometiy 
of the ancients. But the property of the six segments in piano 
is here noticed on account of the great results to which it led 
long after, especially in the hands of Desargues. See also 
Chasles Apergu historiqxie Note vr. p. 291, 1875; Les Porismes 
p. 107. Menelaus is mentioned in the fourth and sixth books 
of the CoUecUo of Pappus (pp. 270, 476, 600-2 ed. Holtsch). 

§11. Claudius Ptolemaeus was "le plus cdlbbrc, sans con- 
is»-*M8. tredit, mais non le plus v^ritablement grand astronome de toute 
Tantiquitd." Thus writes Delambro in the Biographie Um^ 
veraelle (voL 86. Paris 1823). In a work on the three dimensions 
of bodies, Ptolemy introduced the idea of determining the 
position of a point in space by referring it to three rectangular 
axes of coordinates (ibid. p. 272). His chief work, which he 
called a mathematical Su^raft?, was further described by his 
admirers as >} fLeydXtj^ and by the Arabs as Almagest (17 fuyia-ni). 
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In it* (Dictio Prima, cap. 12. fol. 9b, Venet. 1515) he repro- 
duces the theorem of the six segments (§ 10), which has ao" 
ooidmgly been ascribed to Ptolemy — and founds upon it a 
•jBtem of trigonometiyi plane and spherical. For a fnU account 
of his works see tome ii of Delambre's Stti. de VAMronomk 
ofideime (Paris 1817), comparing the BrcBfaHo to the third 
▼olume of Hultsch^s Pappus. 

1 12. The ^warfoyrj of Pappus was formeilj best known ripRiw 

in the Latin version of Commandinus, but a complete Greek «ioI 
text of its ReliquicB (with a Latin rendering) has at length been 
edited by Hultsch.f It is a miscellany of mathematics and 
mathematical history, to which we here refer chiefly to supple- 
ment our account of Euclid by some notice of his great work, 
the lofft three books of Forisms. It is cnstomaiy to place 
Pappus near the end of the fourth centniy of our era; but 
flultsch, following Usener {Rhein%8ekes Museum toI. ZXTin. 408), 
considers him to have flourished under Diocletian, 284—305 A.D. 
A general account of the Porisms is given in lib. vii (pp. 636, 
648—60], where it is said, that the three books were an ex- 
ceedingly skilful compilatioUi serving for the solution of the 
more difficult problems: the doctrine of porisms was subtle 
and general, and very delightful to persons of insight and 
reeouroe: nothing had been added to what Euclid wrote upon 
them, Except that some dull persons had given their second 
redactions of a few of his propositions. Twenty-nine genera 
of porisms are specified, and it is stated that the three books 
contained 38 lemmas and 171 theorems. The 38 lemmas con- 
stitute props. 127-164 of lib. YII of the CoUectio (vol. ii. pp. 
866*918). Their enunciations are curt and unfinished, being 
like private memoranda of the writer rather than complete 
statements, and the whole doctrine of porisms long remained an 
impenetrable secret. The first great step towards their iiiler- 



* For his property of a trapezium abgd inscribed in a circle, Tii. ag,bd — ab^d+ cuLbg, 
tmcap. 9, fol bb, 

t Buppl Atenadiiai CbUtotionii fiw m^nmi, • UMs M88, cdSctt 4t, Frid. 
HnltMli (Betol. 187S-8). Mb. I. is lott^ but portiont of il-vui. ramain. Tb» 
edition it in throe Tolamcs, in which the text has one paginatKm thionghoat. On 
Miliar aditioiia aee PreL to toI. i. 

d2 
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pretatioo was made by ^imaoo (Fhil Trans. May 1723), and 
the moat complete woik apon the subject is ChaBles* Le$ irotB 
Iwm d$ Borimu tPHucUde riiabliB„.eai^ofmiment au aenftmetil 
de S, Svmon nor la forme de$ inoncSa (Paris I960), which 
oontains a historical rSsumS^ an analysis (pp. 73-84) and enunci- 
ation (pp. 87-98} of the lemmas, and a conjectural restitution of 
the Porisms. 

S13. Passing bj the lemmas 18,20,21,29-33, 36-38, we 
may group the remainder as below, adhering (except in one 
particular) to the classification of Ghasles. 

(a). Four Jixed radiantB cti% any (ransversal tn a oomdtmi 

cross ratio. 

Lemmas 3, 10, 11, 14, 16, 19. Props. 129, 136, 137, 140, 
142, 145. 

Lemma 3 (p. 870) aflBrms, that if any two strau/ht lines 
ABCD and ABC'U be drawn acraae three etraight lines OB^ 
OG^ OD[prm\iken 

AD. DC : AD.BC = AB\iyC' : AD'.B'C. 

Here we have, not quite directly stated, the theorem (a). In 
lemmas 10 and 16 it is shewn conversely, that if [ABCD] 
^[AWC'iy]^ the line DD' passes through 0 the intersection 
o^BB and GC\ Lemma 19 is simply, that if {ABCD]^l, 

then [AB'C'D']^\. LeininaH 11 and l-l follow from 3 and 10 
respectively hy taking one of the two transversals, as aBb in 
Art. 103 [p. 251], parallel to one of the three radiants. 

These Lemmas are used in the proof of lemmas 12, 13, 15, 17. 

{h]. The opposite suks ami the two diagonals of any quadri" 
lateral mret <n,y transversal in thne pairs of points in involiUion, 

Lemmas 1, 2, 4-7. Props. 127, 128, 130-3. 

Lemma 4 (p. 872) will serve as an example of the obscare 
enunciations of Pappns. The statement is as follows: 

m figure ABCDEFQHKL, and as AF.BO to AB.CF 
so let AF.DE he to AD.EF. (Jeay) thai the line through the 
points HGFis straight. 

This is in rrality a converse of [h] [p. 2G1]. In lemmas I 
and 2 the tiiiusversal is parallel to a side of the quadrilateral. 
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In lemmft 5 it is drawn throagh the points of concourse A and 
Cof the opposite sides of the quadrilateral, and the Ww AG 

is divided harmonically by the two diagonals, or if parallel to 
one of them (lemma 6], is bisected by the other. 

(c) . Theorem reciprocal to the above, 
liemmad. Prop. 135. 

Lemma 9 (p. 878) is that, if AD and AE he drawn from 

the Tertez A to the base BG of a triaDglc, FG a parallel to 

the base meetiDg AU iu F aud AC in 6r, and H a point oa 
D£ such that 

BE'.EC^DEiEE, 

the lines FH^ OH meet AB and AG respeetively in points 
JTand L lying od a parallel to BG, 

This is the converse of a special case of the theorem, that 

the three pairs of summits of a quadrilateral FGKL suhtend a 
pencil in involution at any point A in its plane ; the point E in 
the case supposed being the centre of the involution in which 
£i! and CJ) are segments. 

(d) . If a hempen he trueribed tn a Une^air^ tta three patre oj 

opposite sides meet in three points lying in a straight line. 

Lemmas 8, 12, 13, 15, 17. Props. 134, 138, 139, 141, 143. 
Lemma 13 (p. 886) is ^o the effect, that if AEB and QFE 

be triads of points on a straight line, the three intersections 

(AF, CE), (FB, ED), (BG, DA), 

are in a straight line. The figure AFBCED may be regarded 
•a a hexagon inscribccl in a line-pair. Lemma 12 is the case 
in which AB and CD are paralleL Lemmas 15 and 17 are 
oonTerse forms of 13 and 13. 

Lemma 8* (p. 878) is thus ennneiated : 

Let ABCDEFO he a fitafiLaKo^, and let DE he parallel to 
BCy and EG to BF. Then DF is parallel to CG. 

That is to say, if BC be the base of a triangle, DE (termin- 
ated by the aides through B and G) a line parallel to BC\ and 
EGj BF a pair of parallels terminated by BD and CE 
respectiTely or their complements, then DF^ GO are parallel. 

* This lemma is iaolated in Ohadas* oludfioaiioB (p. 78). 
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In Other wordsi ^FBOGED be a keaa»ffon uueribed in a Itne^ 
pair BDGf OMF, the inteneeUtnu [FB^ OE)^ (BO^ ED)^ 
{COf DF) are in the cote suppoeed at infinity^ emd in general 
«i one straight line* 

(e). Harmonic section of a right line. 

Lemmas 22-27, 34. Props. 148-153, 160. 

These Lemmas are on the metric relations of the segments 
of a harmonic range; hot the term haimoniC| although coined 
long before [p. zxYi]| is not emploTcd. 

(/). Property ofpolaire with respect to a eMk* 

Lemmas 28, 35. Props. 154, 161. 

These Lemmas (pp. 904, 914) are to the effect, that any 
chord of a circle drawn through a fixed point without or within 
it is divided harmonically bj the point and a certain fixed 
straight line. Of this proposition, which in its entiretj is the 
foundation of ^e theory of polars with respect to a circlei the 
former part onlj was extended hj ApoUonins to the conies 
(lib. III. 37). 

di!^J^ S14. To Pappus we are forther indebted for the earliest 
trace of a focus of the parabola, and of a directrix of any conic. 
In the ColUctio lib. Tli. prop. 238 (p. 1013) is the theorem, that 
the loens of a point in plano^ whose iWatanco from a fixed point 
varies as its perpendicular distance from a fixed straight line, 
is a conic. Thus one focus of the parabola is at length found ; 
but it was reserved for Kepler to complete the theoiy of the 
real " foci" of conies^ and to giye them their name. 

Smniu. § 15. The two books of Serenus of Antissa De Sect. GyUndri 
and De Sect. Coni respectively form a sequel to the Conies of 
ApoUonins in Haliey's edition. Serenus was also a com- 
mentator on ApoUonius, and he lived before Marinas, a disciple 
of Proclus.* Many geometers in his day imagining that the 
sections of the cylinder were not identical with the elliptic 
sections of the cone, he sets to work to remove this mis- 
apprehension. {De Sect. CyL props. 16-18). He then shews 

* The date 450 A.D. for Semnit may serre m % ooDjeotnnl lower limit. Bald^ 

Cron ira de Matematici p. 69 (XJrbino 1707), boldly awigns to him the preciBO date 461. 
Sater GtaA, dtr matk,Wi$$tiuek4iflm i.p.9i (Zttrieh 1878) pnfm the date 300-100 M. 
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how to constnict a e^linder and a cone on coplanar bases, so as 
to be cot by one plane in the same ellipae or in nmilar ellipses 
(iffops. 19-23); and fnrtber, given a cylinder and a plane 
cutting It, be deacribes a cone having the same base and 

altitude, which is cut by the given plane in a section similar 
to that of the cylinder (prop. 25). Props. 26—30 shew how 
to cut a cylinder or cone in subcontrary pairs of similar 
ellipses. The remaining propositions i>6 Sect, Cylindri^ although 
of still greater interest and importance, are sometimes overlooked. 
The property of a harmonic pencil, indirectly stated, is applied 
in space to prove that all the tangents to a cone from one point 
have their points of contact on two generating lines (props. 
33, 34), and the idea of projection by rays emitted from a 
luminous point ia suggested and illustrated by a simple case 
(prop. 35). In the book De Sect. Cani he breaks (as he tells us) 
new ground, in thoroughly discussing the triangular sectloa 
determined by an arbitrary plane through the vertex. Thus 
he makes a step towards the generalisation of Desargnes, who 
drew his planes of section without reference to the fixed 
^triangle through the axis.** 

§16. The writings of Serenas suggest an answer to thePMisMiivt. 
question (Chasles Apergin hittonqiM p. 74, 1875), Was the 
method of perspective* known and used by the ancients? 
Certainly not by those who doubted whether the sections of a 
cylinder were also sections of a cone. But Screnus now shews 
that the property of a harmonic range may be transferred by 
central projection from plane to plane, and hence that any 
tangent to a conic section and its point of contact project into 
a tangent and its point of contact on any plane. The principle 
of perspective had thus been laid down, as the modem reader 
clearly sees; but if the ancients bad still (as in the time of 
Apollonius) no complete theory of polars with respect to a 
conic, and if they had not learned to look upon parallel straight 
lines as concurrent (Ghasles Lea Forismes p. 104), the method 
could not have been applied by them to much effect, had it 
been even more distinctly formulated than by Serenns. 

* For aome infonnation about pcnpootivs MS Foodift't l^illotre 4» la Per^pteUt^ 
memm U wtodtrm (Pahs 1864). 
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SECTION III. 

KEPLEB. DESABGUES. NEWTON. 

§1* In the interval between the decadence of the Greek 
whool of mathematics and the reviTal of learning in Europe, 
the Arabs preserved and commented npon the works of the old 

masters in geometry, and also applied themselves with effect 
to the new science of Algebra,* which was so greatly to enlarge 
the domain of geometry itself in the hands of the followers 
of Descartes, lieferring for supplementary information from 
this point onward to Montnda's fftataire dea M€Uh4matiqueg\ 
and Chasles' Apergu hutori^ dea Miihode$ en OSomStriej we 
pass at once to the astronomer Kepler, who bj his contribntions 
to the doctrine of the infinite and the infinitesimal and his firm 
grasp of the principle of continuity is entitled to the foremost 
rank amongst the founders of the modern geometry. 

in^Sno Kepler was bom at Weil in the duchy of Wurtemberg 

(whither his parents had migrated from Kiimberg) oo the 27th 
of December 157], and died at Katisbon in the sixtieth year 
of his age in 1680. A full account of his life is appended to 
Frisch's edition of his collected works) (voL yiii. 669 — 1028)* 
A famous contemporary's description makes him a man of Taried 
ability but superticial and never incubating long over one 
discovery, "ingenii optimi, nec uni tantum rei dedlti, sed 
universim plura coraplcctentis, ut et pluribus sese tradidit. 
Neque din et oonstanter, plures ob causas, tanquam ovis gallina 



• XlortbeUtentanof thkmlijeefcMeJSlBflMiifary il^^e^ o/^ 
Awlofy (Load. 1879) hj Mr. B. Botts, the editor of Euelid** Elements. 

t A work in two volumes 4to (Fads 176S), aftermttds OTpuded bj Delft I«iidft 

into four (l*ari8 1799-1802). 

'X Joannis Kepleri aatronomi Opera Omnia (Fraocof/a. M. 1868—70). 
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■ni iDveDto incubare ipsi licuit; inde fieri potuit id quod in 
pioverbio dicitur, p/tcrt^ inientuSf minar ad smgula «ennw; et 
lie qoedanii pHBsertim aotem Archimedeaniin demonBtrationnm 
▼im minus accnrato judlcio pcrpendisse videri possit" (Kepleri 
Op. IV. 647). It is interesting to pass from this to the evidence 
of his profound insight into the abstract principles of geometry, 
aod the indonutable perseverance with which he established the 
laws of plaoetarj motion that have immortalised his name. 
ThoQgh bis work might not be recognised in his lifetime) it 
could afford to wait centnm annos" for an interpreter.* 

§ 3. The prwefple of A nahgy. 

The work of Kepler entitled Ad VitelUonem'\ paral ipomena 
gu&us Astronoini<e pars Optica traditur (Francofurti 1604] 
contains a short discussion De Cwii sect ion thus (cap. IV. §4 pp. 
92—6) from the point of view of analogy or continuity. The 
leetion of a cone hj a plane "aut est JEtecta, ant Gircnlns, 
ant Parabole ant Hyperbole ant Ellipsis.** Of all hyper- 
bolas ^ obtQsiasima est linea recta, acntissima parabole ; 
aod of all ellipses ^'acntisstma est parabole, obtnsissima circulus.'* 
The parabola is thus intermediate in its nature to the hyperbola 
and " recta" (or line-pair) on the one hand, and the closed curves 
the ellipse and the circle on the other ; ^' infinita euim 6l ipsa eBt| 
sed finitionem ex altera parte affectat." He then goes on to 
speak of oertam points related to the sections, quid definitionem 
oertam babent, nullum^ nisi pro nomine definitionem aot 
proprietatem aliquam nsnrpes." The lines from these points to any 
point on the curve make equal angles with the tangent thereat : 
**Nos lucis causa & oculis in ]\leclianicam intentis ea puncta Tbc ^f o ci 
Focos appellabimus." lie would have called them centres if 
that term had not been already appropriated. In the circle there 
b one focus, coincident with the centre ; in the ellipse or hypei^ 
bola two, equidistant from the centre: in the parabola one 
witlun the section, ^ alter vd extra vd wbra eectionem tn axe 

* Bm}Sh,r, Eamamioei Mma, with OIimIm' goeonnt of the -woA (ApergnUs- 
tollqiM p. 482). 

t Optica Tkimmm, Aimammki JruHi Sbri m, km Yimuons Ubri x 
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Jingendus est tnjimto tnUrvallo a priare remotus^ adeo ut educta 
HQ vel 10* ex ilh ascofaeo m quod/cmqve punctim teeUonU Q 
mt axi DKparalleha" 

In the circle the focus recedes as far as possible from the 
Dearest part of the circQmfereDce, in the ellipse somewhat less, 
in the parabola much less ; whilst in the line-pair the " focus," 
as he still calls it to complete the analogy, falls upon the line 
itself. Thus in the two extreme cases of the circle and the 
line-pair the two foci coincide. He then goes on to compare 
the latus rectum and its intercept on the a»s, or as he calls 
them the ekarda and sq^'lto, in the several sections, condnding 
with the case of the line-pair, in which the chord eaineides w&k 
its arc^ ^'abnstve sic dicto, cum recta linea sit." But oar 
geometrical expressions must be subject to analogy, plurivium 
namque amo analogias, Jidelissimos meos magistros^ omnium 
natures arccmorum oonactos" And especial regard is to be had 
to these analogies in geometry, since they comprise, in however 
paradoxical terms, an infini^ of cases lying between opposite 
extremes, ^'totamqne rei alicnjns essentiam Incnlenter ponnnt 
ob ocnlos.** Lastly he shews how to describe an ellipse by 
means of a string fixed at the foci, without the use of the 
clumsy compasses [p. 178], "quibus aliqui cudendis admira- 
tionem hominum venantur," and gives the corresponding con- 
structions for the hyperbola and the parabola. 

^tmUmOtf. (1) Hereupon be it remarked, that the principle of Analogy 
on which he insists so fervently is the arclictvpc of the principle 
of Continuity. The one term expresses the inner resemblance 
of contrasted figures A and which are connected by innu- 
merable intermediate forms; whilst the other expresses the 
possibility of passing through those intermediate forms from 
A to B, without any change per saUum, Geometry was noi 
indebted to Algebra for the suggestion of the law of continuity. 

8ecoDdfoe«t (2) Having traced the transition from the line-pair to the 
ewcle through the three standard forms of conies, he completes 



* The figure indicates that the lino from tilt ftnthflr fooot maj 1% tauaOt&nd tci 
lit dtlMc wtUuB or without the pArabola. 

k 
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tbe theory of the points henceforth named Foci by the discovery 
of the ^CBCUB focus " of the parabola, which is to be taken 
•I mfinity on the axis either witkimi or wiikm the dure. The 
pirsbola may therefore be regarded indifferently as a hyperbolai 

having (relatively to either of its branches) one external and 
one iDteraal focoSi or as an elllpsei having both foci within 
the carve. 

(8) The further focus of the parabola being taken at infinity g^gj^ 
on the axis in either direction, the two opposite extremities «4J<MtBt. 

of every infinite straight line are thus regarded as coincident 
or consecutive points — a conception which has been shewn to 
conduct logically to the idea of imaginary points [p. 311]. 

(4) Every straight line from the ^csbcus focus** of the p«raiicLi 
parabola to a point on the curve being said to be parallel 

to the axis, the idea of the concurrence of parallel lines at 
a point at infinity has at length been formed and announced.* 
It is to be noticed that the new doctrine of parallels is here 
piesented in relation to one planOi and not as springing out of 
tiie consideration of figures m perspective in space. 

Such were Kepler's most original contributions to pure 
geometry, although he is better known by his continuation of 
the work of Archimedes in stereometry. 

§ 4. Nom Stereametiria doltorum mnanorunu 
Of this work (anno 1615| Lincii. Op. IV. 645-646 ed. Frisch) 
we notice chiefly the former part, which contains a new and 
abbreviated redaction of the work of Archimedes on the circle 

and in stereometry, followed by Supplementum ad Archimedem 
(p. 574J. The circuitous method of exhaustions is here trans- 
formed into the method of infinitesimals. Thus in theor. 1, on 
the approximation to tt, be treats an infinitesimal arc as a 
straight line: ^^laoet autem aigumentari de EB nt de recta, 



* BivisSaflMCOinM of ta attempt to tMOO the origin of the term Focas of » 
oooie that I oaaw vpon tho pamge qnoted Irnii the PartUipommut. OhMlai (£•» 
PorumtM p. 104) tttfadlMitet the diacoTery of the concurrence of pM«iit lt to Denrgnaa f 
and when he saye {Aper:u p. 56. Cf. pp. 15, 16, 61) that Kepler first introdnced 
"Tnaage da f iiifCni" into geometiji he ia lefening " aox mfthftdw inAuttaiiiialaa.'' 
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qnia vis demonstratioDls secat circDlam io areas minimot qui 
€Bgu^9araniur rectis" In theor. 3 in like manner he regards 
the circle as an aggregation of triangular elements, having a 
common vertex at the oentre, and their hases coincident with 

successive small arcs of the circumference. So the sphere is 
considered in theor. 11 to he made up of small cones, having 
their vertices at the centre and their bases, "quarum vicem 
sostinent ptmcta,'^ on the surface of the sphere. He then passes 
on to the conoids &c., and thence to the solids generated in 
a certain way hy oonics, the generating cnrve heing attached 
at right angles to a plane, which turns ahont one of its own 
points without change of place. He gives a slight rSsurnS of 
his doctrine of the foci, mentioning the further focus and 
likewise the centre of the parabola, but not in such a way 
as bring out the idea of the concurrence of paraileia (p. 577). 

§5. Gnldinus, quoted hy Frisch (Eepleri Op. lY. 647), 
atoutlj opposed Kepler's (equiparaiid of an arc to a chord, as 

not permissible " per ullam ullius demonstrationis geometricas 
vim"; precisely as k was objected to Aiitl[)ho [p. xxx], who 
had made bold to do likewise some 2000 years earlier, that 
^*he did not start from geometrical principles." It could not 
however be denied that Kepler^s method was of service in 
discovering theorems, although by no means to be recommended 
as a method of proof— at least, if any better co'bld be fonnd| 
'^si alia suppetant geometris jam probata media" (p. 653). Kepler 
had in reality grasped the idea of the infinitesimal, although a 
calcuh/s remained still to be discovered. The law of contiiuiity 
is now applied by him not only to the infinitely great but to the 
infinitely small. He has formed the conception of the continuous 
change of a variable : " crescit a quantita nulla continue &c," 
and discovered the law of its variation in the passage through a 
maximum value (Pt. IL theor. 16 — 22 j ; thus laying a firm fonndtr- 
tion for the floxional calculus of Newton, better known by the 
name and with the notation proposed by Leibnitz. 

I §6. The name of Girard Desarguea of Lyons (1593— 1662) 
' had fallen into oblivion, when early in the present century his 
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genius was recogaised by BriaDcbon (1817) and Poncelet (1822). 
A farther appreciative notice in the Apergu hiaUmquB of hb 
apparently lost works was followed hy Gbasles* own disooveiy 
of the chief of them, BrmnUon Braied ete., which with others 
aUterwards discovered was published hj Poadra in his (Euvrea 
de Desarffues (Paris 1864). This edition contains a hiograpbical 
notice of Desargues, his recovered works with an analysis of each, 
and an analysis of those of his pupil Abraham Bosse, themselves 
founded upon the ideas of the master. He proclaims himself not 
in the first instance a pure mathematician, avowmg that he had 
never a taste for study or research except with a view to some 
practical application, ^ an hien et commodity de la yie." He 
was an architect and engineer, and in the latter capacity served 
nnder Cardinal Richelieu at the siege of La Rochelle (1628), 
After the war he retired to Paris, where he devoted himself to 
geometry and its applications, frequenting a weekly gathering of 
savants for the discussion of mathematical topics, which preceded 
the foondation of the Acadimie des Sciences ((Eutfree L 14}. He 
was esteemed by the ablest of his contemporaries as a geometer 
second to none, but vimlently attacked by some important peiw 
sons* of smaller calibre, who were confonnded by the novelty 
and abstraction of his ideas. The subsequent ncfi^lect of his works 
was due partly to the form in which they were written, but in 
far greater measure to the counter-attraction of the algebraic 
geometry of his contemporary and iricnd Descartes. For full 
information about his works, which include Perspective, Coupe 
des Pierres, Gnomonique, a fragment on gravitation (L 289) &o., 
we can only refer to Poudra's excellent edition; but it will be 
seen from the following slight account of some portions of tbem 
that the Gcometrie Projective of the present day is in fact the 
geometry of Desarguos. 

§7. In his earliest work, Mcthode UmverseUe de meUre en 
Penpecltive dsc (1636), he notices the cases in which concurrent 
lines are seen as paralleb on the tableau (tome L pp. 83, 94), 



♦ Tlic hoetile critique of M. dc Bcatip^ml. sccn'tnirc clu Tloi, "est le premier 6crit 
qui a serri au gen^cal Tonoelet 4 xecooiuutrc Iv mghte do Dcsargues" {(Euvret ii. 363). 
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and concludes with the problem, to find the lines in a oonio 
which correspond to the axes of its projection. Purponng to 
xetnm to this work ihortlji wo paw on to the Bbouillon 
FBOIBOT elo. Q». 961]| or rough of a theory of the inter- 
eeetion of a cone hj a plane (pp. 97-243, and He 
commences with the new doctrine of infinity.* The opposite 
points at infinity on a right line are coincident, parallel lines 
meet at a point at infinity, and parallel planes on a line at 
infinity (pp. 103-6, 229, 24^6). A straight line may be 
regarded as a circle whose eentre is at infinity (pp. 106| 224). 
The theorem of the six segments foond in the Ahnagest and 
elsewhere is stated in a oonyerse form (p. 256). The theoiy 
of ImHflution de mat points^ with its special cases, is folly laid 
down, and the projective property of pencils in involution is 
establishcdt (pp. 246—61). The theory of polar lines is ex- 
pounded, and its analogue in space suggested (pp. 263—6, 271-7, 
214, 291). A tangent is a limiting case of a secant (pp. 262, 
274| 277), and an asymptote is a tangent at infinity (pp. 197, 
210). The joms of four pomts in a plane detennine three 
couples in mTolntion on any trans?ersal (p. 266), and any conic 
through the fbnr points determines a couple in involution with 
any two of the former (p. 267). The points of concourse of 
the diagonals and the two pairs of opposite sides of any quadri- 
lateral inscribed in a conic are a conjugate triad with respect 
to the conic, and when one of the three points is at infinity 
its polar u a diameter (pp. 188-9); bot be does not explain 
the case in which the qnadrilateral is a parallelogram, although 
he had formed the conception of a strught line wholly at 
infinity (p. 265). 

"Mais voicy dans une proposition comme un assemblage 
abrege de tout ce qui precede " (pp. 195, 277). Thus he intro- 
duces the general theory of projection, which is the main subject 
of the BnmUUm* Given any conic 0 and a cone through it, 
let O be any section of the cone. Throngh the Ycrtez V 



* He most hare been acqaainted with Eiptec^ ihMSy of tibtt foci KotiM Ul Wt 

of Kepler's term " foyers " (pp. 210, 222). 

t ^'ofcice hia form of expreauon (p. 104), ^*Jtangee de pointa alignez" lp» S4S]. 
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[p. 314] draw a plane parallel to that of O meeting the plane 
of 0 in o&i and let P be the pole of aib with respect to 0, 
Then the lyBtem of planes through FP determine the diameters 
of (/| the centre being considered, as we shonld eaji to be the 
pole of the line «t infinity; and anj two rach planes drawn 
0irongh points on db conjngate with respect to 0 determine 
conjugate diameters of 0\ the tangents at the extremities of 
which, " ^ distance ou finie ou infinie " are also known (p. 197). 
Sbce a point at which 0 meets ab coincides with its own 
eonjugate, an asymptote of O (besides bemg a tangent at 
infinity) is a double or self-conjugate diameter. He concludes: 
^ Comme entr* autre, qoe snr la qudoonque de ces coupes de 
nmlean pent estre oonstmit nn rouleau qui sera coup^ selon 
quelconqae esp^ce de coupe donnee" (p. 198). The ancients 
had always taken a circle for the base of their cone, and had 
drawn all planes of section at right angles to one and the same 
fixed plane. 

The Foci of a conic are determined in piano as the inter- 
sections of the aaus with a certain cirdei whicfa may have for 
diameter the intercept on any tangent (or on an asymptote, 
p. 288) by the tangents at the yertices, in accordance with 

Apollonii Contca ill. 45 [p. 111]. He determines the axes and 
foci of a conic in the cone by a process (pp. 215—23, 293) which 
Chasles summarises as follows \* 

The line ah being drawn as above, take any point t upon it, 
and let the chord of contact of the tangents from tXo 0 meet ab 
in Also let be any segment of ab which subtends a right 
angle at V. The two sets of points W and rr^ constitute 
two involutions, having one segment ec* in common. The polars 
X, X' of the points c, c correspond to the Axes of 
The tangents to 0 from the points r and the lines from r' 
to their several points of contact determine upon JTan invoiutioUi 
whose double points correspond to the Foci of O', smce every 
tangent and its normal are harmonic conjugates to the focal 
distances of the point of contact. 



* Rapport no* te$ progrit la Gt'omettie p. 805. 
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§ 8. A sequel to Desargues* FerspecHve of 1636, found in the 
Perspective of Boase (1648), contains some explanations of the 
principles of the former work. 

a. Proposition fondamentale de la pratique de la Perspective. 

The statement and proof by Dcsargues {(Euvres I. 403 — 7) 
are analysed by the editor, who reduces his fundamental propo- 
sition to the anharmonic property of a pencil of four rajs (p* 425)^ 
which cut anj transversal in a constant cross ratiow 

h. Figures in homology. 

Three other geometrical propositions are given, which embody 
the principle of perspective in one phine (pp. 413 — 22, 430 — 5). 
The first is on triangles in homology [p. 307, 321}, the second 
and third on quadrilaterals in homology. Oo the second h» 
remarks generally that a like reduction of the figure to one plane 
may be used ^en Bemblable cas" (p. 417}; and in the third 
he gives a metrical relation between a system of corresponding 
segments (p. 435). Notice that he passes from solid to plane 
figures in the manner afterwards used by the school of Monge 
(Chasles' Apergu historique p. 87). 

School of §9' Although the roughly sketched essays of Desargues 
DMugua. themselves fell into neglect, his ideas were preserved by an 
illustrious school of disciples, numbering amongst its members 
Bosse, Pascal and De la Hire. The writings of the engraver 
Abraham Bosse (1643 — 1667) are analysed by Poudra in voL ll. 
of the (Euvres de Duargues* The famous Hezagrammum 
Mysticuin of Pascal was a corollary from what he had learned 
from Desargues. The theory of polars was brought into 
prominence by De la Hire (1G85), and forthwith supposed 
to have been discovered by him. The reader of Brianchou's 
Mimoire $ur les Lignes du Second Ordre (Paris 1817], and 
Poncelet's IMt4 des PivpriiUt FnjecHvea will not need to 
be reminded how {^t a part of modem geometry is actually 
and confessedly founded on the work of Desargues. 

Newton 8 10. Newton was bom at Woolsthorpe near Grantham in 
1642, the year of the death of Galileo, and died in the eighty- 
tilth year of his age in 1727. The firdt editioa of his PhilosophuB 
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naUiraiia Pnnc^na math€m€Utea was pnbliahed 1687, the Beoond, 

edited by Roger Cotes, in 1713, and the third, by Henry 
Pembcrton in 1726. His Opticks was published in English 
in 1704 and in Latin in 1706, in each case with an Appendix in 
Latin containing the Enumeratio Linearum Tertii Ordints and 
a tract De Quadratura Curvarum, For an account of his life 
and writioga see Brewster's Mtmoin of ike L\fe elc of. Sir Isaac 
Newton (Edinborgh 1855)| and Edleston's Correspandenee of 
Sir haae Newton and Professor Cotes (London 1850) ; and for 
the works themselves see Horslcy'a five volumes, 1779—86 
[p. 264], and the Newtoni Opuscula (3 vols.) of Joh. Castillioneua 
(Laus. et Geuev» 1744). Presupposing a general acquaintance 
with his geometrical disooTeries, we shall confine our attention 
to a few particalars, 

{11. In the fourth and fifth sections of the first book of the 
Frindpia he solves yarious forms of the problem, to describe 
a conic sofaject to the eqaivalent of five conditions, (1) when 
a focas is given, and (2) when neither focns is given. It wUl 
suffice to allude briefly in passing to the former case. The title 
of lib. I. sect. 4 is De tnventione orbtum ellipticorum^ parabolicorwn 
(k hi/perbolicorum ex umhiUco dato. In it he makes much 
use of the simple property (lemma 15), that the perpendicular 
firom one focus of a conic to any tangent intercepts a length 
eqaal to the axis on the further focal distance of the point 
of contact. The section concludes with the construction of 
ao orbit of which one focus and three points are given, a problem 
which bad been solved, '^Methodo baud mnltum dissimili" 
by de la Hire, Si ct. Conic, lib. viii. prop. 25. In this construction 
and in prop. 20 Newton assumes that the focal distance of a 
point on a fixed conic varies as its distance from the directrix, 
a tbeorem^iroved in the Arithmetica Universalis prob. 24 (Cantab* 
1707)| and sometunes attributed to Kewton as its first discovereri 
although in reality known to Pappus. 

S 12. Inventio orbium ubi umbilicus neuter datur, 

A. 

The 5th section of the first book of the PrinetpiOf under 
Ibe above titlci treats with the utmost generality of the jwtnf- 

c 
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properties and the tangent-properties of conica. It commenoet 
with the problem of the Loeua ad quatuor lineae (lemmas 17 — 
19)i of which no geometrical Bolation was extant [p. 266]. Then 
follows a theorem (lemma 20) which may be thus stated : If AB 

PC be four fixed points on a given conic, the chords from B and 
(7 to a variable point on the curve meet the parallels through P 
to AB and A 0 respectively io points T and liy such that PT 
varies as PR^ and conversely. From a limiting case of this 
lemma he deduces his organic description of a conic by means 
of two rotating angles* (lemma 21)| gtying somewhat later (prop. 
37 Scholium) his construction for the centre and asymptotes 
of the conic thus generated. By means of the above mentioned 
lemmas he shews how to describe a conic when five points 
on it arc given,t or four points and a tangent, or tliree points 
and two tangents (props. 22~4). Next follows lemma 22, 
Ftguras in alias efusdem generis mntare^ in which it 13 shewn 
that any curve may be transformed into another of the same 

order by substitutions of the form and [p. 330], 

and two applications of the lemma follow. (1) In order to 
describe a conic passing through two given points and touching 
three given lines, he transforms two of the given lines into 
parallels, and the third given line and tlie join of the given points 
into parallels (prop. 25); and (2) to describe a conic passing 
through a given point and touching four given lines, he transforms 
the four lines into the sides of a parallelogram (prop. 26]. 

B. 

The lemmas next following lead np to some important 

proj)ertics of the tangents to conies, the discovery of which 
by Newton is commonly overlooked. First it is shewn that 
if A G and BD be lines given in position, terminated aft A and 
and having a given ratio to one another, the locus of the point 
which divides CD in a given ratio is a straight Unef (lemma 23). 



* Cf. Ex. 853 [p. 858J. The ecpuition to the loew in lemma SI U giren in tibs 
ArUkmttka Univtnalu prob. 58 (Cantab. 1707). 

t A solution of this c^sp U found in Pnppi CoVertm (p. 1077 ed. Hnltsclil. 
X It alflo divided AU in the same ratio, since AC and £JJ vanish together. 
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Next, if two given parallel tangents yis. at A and J9 to a conic 
be cot by any third tangent in M and / respectively, the Bemi- 
diameter parallel to the two tangents is a mean proportional to 
AM and BI ; lemma 24). From thid, wliich is identical with lib. 
III. prop. 42 of the Co/ij*(M of ApoUonius, he deduces two corol- 
laries: (1) if any fourth tangent meet AM^ BIj MI m F* 
mpectively, then 

AMi BQ^AFi BI^ MFi IQ « MEx EI; 

from the £rst of wliich proportiooa it follows (2) that FI and MQ 
intersect npon AB»* The next lemma and its corollaries are of 
peculiar importance in relation to the modem geometry. 

Lbuma xxt. 

If ML, LKf EJ^ IMho the ndes of a parallelogram touching 
a conic -in A, B^ D respectively, and if any fifth tangent cut 
them in F, respectively, then by lemma 24 cor. 1, 

MEiEI^AMi BQ^BKi BQ\ 

or MEiMI^BKi BK^ BQ=-BKi KQ. 




H 

In like manner 

KHxHL^BKi AF'^ AMiAF, 
or KR.KL^AM\AF--AM^AMxMF. 



* It is easy to genenUM fUte vesnlt Iqr tnuufMining the psitQel tm^^eiitfl Into 
OQii-ptnlldslqr Newton's nMthod. Ct Art. 121 Gor. [p. S76]. 

s2 
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CoroUafy I* 

If the parallcloc^ram and the codIc be fixed and the fifth 
tangent variable, then 

KQ.ME^MI.BK" a coDBtaot, 

and KILMF has the same constant value. The result may 
be expressed in words as follows: (jicen two tarnjents to a fixed 
conic^ the product of the intercepts upon them between Uie diameter 
parallel to their chord of contact and any third tangent is constanU 
The relation between the intercepts IE and IQ is of the form 
(Hf- IE ) (IK- IQ) » a constant, or 

a.IE.IQ-vh.lE-\-c,IQ^ d^O, 

which is the tangential equation to any conic referred to any 
two fixed tangents, and also expresses that any two given tangmU^ 

are out homographicallij hy a variMe third tangent. 

Corollary 2. 

If eg^ be any other position of the tangent E^ it follows that 

KQ : M6=^Kg : ME=^ : Ee. 

CoroUary 3. 

Since QK is to e^ftLB Qq to eE^ it follows by lemma 23 that 
the middle points of ^J/and qE ayc in a straight line with the 
middle point of Qe. Ilence, the middle point of EM being the 
centre of the conic, if a conic be inscribed in a quadrilateral^ ite 
centre liee on the tiraight line bieectiny any pair of the diagonah 
of the quadrilaieraL* This theorem suggested to Briancbon and 
Poncelet the investigation of the oentre-locns of a conic passing 
throngh four given points [p. 282], and prepared the way for 
the general consideration of systems of conies sulject to /our 
conditions. 

0. 

In prop. 27 the conic touching five given lines is described| 



• It IDH7 or may not hvn ooovrrad to Newton that thit theorem migbt be 
generaliaed by progectkm; but in any oaae he woaU not have turned adde to notSee 

resolu BO dUtantly related to his Incentio orbitm. It may be ahewn that he muit 
hare been aoqaainted with the theory oi Polam. 
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centre being first deterni'med as the point of concoarBe of 
the diemeters of way two of the five quadrilaterab formed by the 
giveo tangents. In a Scholium he remarks that an asymptote 
is a Umgent at infinity, and also shews how to determine the axes 

and foci of a conic described by the organic method ot lemma 21. 
There are also other lemmas which he might have used for the 
construction of conies, such as that the locus of the middle point 
of a chord drawn through a fixed point to a conic is a parallel 
conic: ^^sed propm ad magis utUia." In lemma 26 and a 
corollaiy it is shewn how to describe a triangle of given species 
and magnitude having its vertices severally on three given lines, 
and how to draw a transversal the intercepts upon which by 
three given lines shall be of given lengths. This lemma is used 
in prop. 28. In lemma 27 and a corollary it is shewn how to 
describe a trapezium of given species having its vertices 
severally on four given lines, and how to draw a transversal 
which shall be cut in given ratios by four given lines, which is 
a special case of section in a constant cross raiio [p. 296]. 
An application follows in prop. 29, and the section concludes : 
Hactenus de orbibus inveniendis. Superest ut motus corporum 
in orbibus inventis dcterminemus.** 

§ 1.3. Carvarum Descriptio Orgaru'c/i. 

A well known generalisation of Newton's description of a conic 
by angles would certainly have been passed by in the iVtactjpta 
with a propero ad magis utilia," since it merely shews how to 
describe a conic by assuming that a conic is already described. 

"When however he is treating of pure mathematics, he extends 
liis method to the utmost, applying it not merely to cubics, as in 
Ex. 760, but to curves of all orders having "double" points. In 
the case of a cubic, of which a double point A and six other 
points BCDEFG are given, let the angle GAB turn about A 
and the angle AEG about B\ then as the intenection C of 
the arms ACy BC assumes the new positions DEFO^ the inter- 
section / of the other arms determines four other points, say ' 
PQES. Draw the conic APQliS, and let / move round its 
circumference: then C traces the cubic as required (OptickSf 
II. 160, 1704). 
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If Instead of the point G a tangent BG be giveD| the angle 
GAB vaaUheB, and the curve ia described by means of one 
finite angle and a straight liney which latter moves parallel 
to Itself when the fixed point through which it passes is at 
infinity.* How was Newton led to his organic description of 
conies and other curves? Possibly he took a siif^£^estion from 
Euclid III. 21 [p. 172], and first described a circle by means 
of an angle and a line parallel to one of its arms, or by 
two angles having one pair of their arms constantly parallel. 

§14. Proof and exiensum qf NewtM^s Ikgeriptia Organic 
Let two angles A OB and AwB of given magnitudes torn 

about 0 and o respectively, and let the intersection A trace a 
curve of the 72th order. For a given position of tlie arm OB 
there are n positions of A and therefore 7i of B. When OB is in 
the position Oo) the n B^s coincide with o), which is therefore 
an n-fold point on the locus of as is also the point 0 ; and 
since any line through 0 (or «»} meets the locus of ^ in it other 
pointS| die locus is of the order 2fi. Its order is the same when 
A»B is a zero-angle or straight line. 

Let a given trihedral angle 0 (ABC) — or a plane OBC and 
a line ()A rigidly attaL-lied to it— turn about 0, and let a 
variable plane through a tixcd point o) meet OA in A and the 
plane OBC in BC ; then if the line BG describes a ruled surface 
of the order n the point A describes a surface of the order 4fi.t 
For a given position of the line BC the locus of ^ is a conicy 
and when the director surface is a cone of the ttth order every 
plane through to and its vertex meets the surface which is the 
locus of A in ii conies. 

When the director is a plane, BC must be made to pass 
through a fixed })oint or touch some curve in it, except in the 
ease in which OA is normal to the plane OBG. In the last 
ease the locus of is a quadriC| which becomes a sphere when 
the director is at infinity. 



* For lome earlier eMays at Deaoripllo Organica lee Cbadee' Aperfu p. 100. 
t For the determination of the order of the nufMie described by tibe point A 
I am indebted to Profeaor Gaylej. 
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§ 15. Colin MacLaurin developed Newton's theorj of curves J^jjilJ^Jj. 
in his Geometrxca Organka^ sive descriptio cxirvarum unwersalia 
[p. 345]. He also wrote a treatise on Fluxions* (Edinb. 1742). 
The woiiL Algebra with an Appendix etc [p. 128] was first 
pttblished, af^er the death of the author, in 1748, and in the same 
year An Account of Sir Isaac Ni ioton' s Philosophical Discoveries, 
The Appendix to the Alj^cbra (pref. p. xi) was founded on 
Cotes' theorem of harmonic means, of which further use has 
been made by Poncelet and other modem geometers ^Salmon's 
Eigh^ Plane Curves % 132 1879). 

§16. The property of the focus, directrix and determining ^.Jif i!?.^ 
ratio remaining buried in the CoUectio of Pappus, modem 
writers looked to later works for the first notice of the focus of 
the parabola and the directrix of the general conic Thus 
Bobertson in bis Sect, Conic, pp. 340, 3C3 (Oxon. 1792) refers 
for the focus of the parabola to an anonymous work De Specula 
Uaforio — known to Iloger Bacon, and perhaps translated i'vom 
the Arabic — which was publislicd at Louvain in 1548. Gregory 
St. Vincent knew the property of the directrix for the case 
of the parabola, and Tirtually arrived at it for the ellipse ( Opus 
Oeomet. lib. IV. prop. 139, p. 317, 1^47), in the form of £x. i6 
[p. 35] ; as did De la Hire for the hyperbola, measuring dis^ 
tances from the directrix parallel to an asymptote [p. 155 
Ex. 397], in his Sect. Conic lib. Vin. prop. 18 (1G85). In 
prop. 25 De la Hire introduces the directrix as the polar of the 
focus; in props. 23-4 he had proved that the tangents at the 
extremities of any focal or other chord subtend equal angles 
at the focus. It remained for Newtoo to bring the property of 
the determining ratio fully to light, and for Boscovich, with 



• On the lival daim of Ldbnits to iha fint ditooreiy of the differential calcaluf 

lee Moutncla HiM. df Math. vol. ii. 330-343 (1768) ; Gerliardt s Hist, et (Mgo Cale, 
T^iff. (Hannover 1846) and other publications; Urcu'stcr's IJj'r of yttrton II. 2ft-47 
(1H.'j5); Wei?-*enb-:)rti Die Prinripun dtr hohirm Anii/f/sii (llulic I-'*">1*, ; t>loman 
The claim of JjtibniU to the inretUion of the JjiffirtnlUU Culculus, translated 
/r-m the <3mM» (CSambridge 1860). It is disputed to what extent Leibuitz 
VIS indebted to the letten and MSS. of Newton. Leibnits aeveral dmes discovered 
things abready in print {DiographU Vniwrutte XXIII. 627— 8» 634) ; and it is a 
striking fact that the leinJiiii: propn-in'nni of th" Princii'ia renpjieared under the 
I of G. O. L. m the Acta KrudUorum pp. 6:2— UC (cf . p. 86), 
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the help of it, to compose the first really complete Sectionum 
Conicarum Mementa, The term Directrix, formerly ased in the 
case of the paraboU| is dow used of the general conic (p. viii.) ; 
as in the following year also (1758) hy Bugh Hamiltoni who 
added a oonstmction for the focus and directrix in the Cone 
[p. 204] ; but the term was still used only for the parabola by 
Le Seur and Jacqulcr (1760) in their edit. 2 of the Principia 
(l 134| 179), and the characteristic property of the line itself 
in the g;eneral conic was not familiarly known even some years 
later, to jndge from Lexell's elahorate discovery of the simplest 
of corollaries from it in the Neva Acta BUropoL I. (147), 1787. 

Later worics founded npon the properties of the determining 
ratio and the eccentric circle [p. 3] were those of Thos. Newton 
(Camb. 1794), G. Walker of Nottingham (Lend. 1794), and 
John Leslie (Edinb. 1821), who describes Thos. iS'ewton's work 
as deari neat, and concise,^' whilst Walkcr^a though in- 
genious and strictly geometrical, is unfortunately so prolix and 
ponderous as to damp the ardour of the most resolute student." 
Walker was under the impression that he was the first dis- 
oovercr of what be called the Generating Circle,* but Thos. 
Newton rightly referred it to Boscovich. Leslie's account of 
the work of Boscovichf is that it consisted " of only a few 
propositions, but drawn out into a string of corollaries.'^ It is 
nevertheless a clear and compact treatise, which for rimplicityi 
depth and suggestiveness will not readily be surpassed. 

* Oompare Mr. S. A. Eenabaw's The Cone and it$ Sections pp. 26-8 (Lood. 1876) ; 
Mes$enffer (^Mathematics vol. 1 1 . 07 (1873). Waikei^t coBidale treftfeue wm to bt ia 
five books, but one only a])j)t'ared. 

t From the preface to vol. iii. of the £lenienta Univ. Math, (1757) we gather 
that Bofloorich's acheme of Omioi waa fliat pnUiahad Boauno Httamtorom diaxio 
ad amram 1748," in the focm of a abort aitide, " aehertiaama broriiaimniB'* } and that 
aevecal jean elapsed before the complete work, after repeated delays, was given to 
the world. Leslie pav?i that it waa published in 1744, and Walker's in 1795. Walker 
had discovca-d the generating circle "near thirty years" before publication. An 
edition of Boscovich'a EUmenla seems to have been publiabed at Home in hia xuuoe 
in 175*2—3 } bat I bafe only aeen the " editio prima Ycneta." 
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MODERN G£OM£I£Y. 

§ 1. AlTHOUOH the law of Continuity, the vital principle of Oootittiilty. 
the modern geometry, had been deciaively laid down bj Kepler, 
it was not until the great dlsoovery by Poncelet of the cirealar 
pointB at infinity in any plane that it came to be nniYerBally 

acknowledged. The principle as enunciated by Kepler was 
wholly independent of algebraical considerations, but its later 
developments were suggested by the occurrence of negative 
and imaginary roots in equations applied to geometry, whilst 
the discovery of tbe differential calculus gave a new sest to 
q>ecalations Be infixUo and De nikih. The earliest thorough 
aod geometrical treatment of the subject with which we are 
acquainted Is found in BoscoTich's appendix* to his SecHmwn 
Conicaruin Elementa [p. 311], of wlilch a slight account is given 
below. The complete dissertation occupies more than two- 
tbirds as much space as is devoted to tbe entire subject of 
conies in piano* Tbe writer cautiously abstains from the too 
hold assertion of novelty in his speculations, but remarks that 
the essay contains many things which ^'ego quidem nusquam 
alibi offendi,*' and many which, although found elsewhere, 
''nusquam ego quidem ad certos reperi redacta canones, et 
geometrica methodo pertractata." 

§2. His first principle is, that every member of a geomc- nuf^ifS. 
trically defined locus must have the same nature and properties,! 



» Elmmta Unik, Math, torn. m. StS-S66.(TeiMt 1757). 
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which are wrapped up in the definition itself, so that whatsoever 
is demonstrable of one part of the locos should be demonstrable 
in like manner of every other. On this principle we conclude 
a priori from the nature of the problem, to trisect a given 
circular arc, that any construction must give a series of solutions, 
three of them geometrically distinct [p. 141]. In geometrical 
demonstrations a determinate configuration is present to the 
senses, but the reasoning applies to an infinity of ciiscs. This 
is clearly seen when, for example, we bisect a given finite 
straight line; but it is true none the less In cases in which 
a new configuration seems to render the proof nugatory, 
although some artifice may be required, *'ad senrandam 
analogiam, et retinendam solutionis ac demonstrationis vim'' 
(p. 229). Notice his use of the term Analogy, by which the 
idea of geometrical continuity was first expressed. 

The correspondence of change of sign with change of direc^ 
tion in lines carries with it the idea of negative rectangles and 
squares, and thus of imaginary magnitudes (pp. 234, 308). 
Change of sign implies a transition through eero or infinity ^ 
and never takes place per taltum (p. 250). To illustrate this, 
take an indefinite line AB and a point O without it, draw 
CII perpendicular to AB^ and let a line turning continuously 
about C meet AB in P. As CP passes through //, the sign of 
changes, say from positive to negative: when CP becomes 
parallel to ABj the point P is at infinity on the negative side 
of and the next instant it is at infinity on the positive 
side of J7. Thus the passage through infinity carries with it a 
change of sign and, like the piissago through zero, is efiected 
by the c/mtinttam rotation of CP, and not per saltum. The 
opposite extremities of an infinite straight line are thus in 
a manner joined, as if the line were an infinite circle (p. 254), 
whose centre may be considered to bo at infinity on either 
side of the line. In illustration of the principle that opposite 
infinities are thus adjacent, take the case of an infinite double 
ordinate to the axis or any diameter of the parabola, regarded 
as a closed curve (pp. 265, 343). 

The consideration of a circle of infinite radius leads to the 
idea of a " veluti plus quam iufiuita exteusio'' (pp. XV, 281). 
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Through fixed points AC on an mdefioite straight line MA CN 
draw a cirdei and bisect its minor segment AIC in / and its 
major segment in F. If now the centre be removed to in6nity, 
the arc AIO becomes the line AC^ whilst of the are AFO 

part coalesces with the infinite segments AM and CX^ and 
the rest recedes to intinity with the point /', " ut nusquam jam 
sit or as we may say, the circle degenerates into the endless 
line MA CN together with the line at infinity* [p. 344], Hence 
it is deduced that whilst the line AG \% bisected in a point /| 
its complement AMrxi NO is bisected at a point F at infinity 
(p. 274) ; which might also have been arriTcd at by dividing AO 
harmonically, and making one point of section coalesce with 
the middle point of A C {pp. 6, 344). 

II AC he a, segment of an infinite right lino, the remainder 
AoQ C may be regarded as its complementum ad quendam 
veluti infinitum circulum" (pp. 276, 280, 292, 297 &c.). The 
hyperbola, regarded as a qnasi-ellipsef has for its axis AcoA' 
the complement of AA* (pp. 264, 276, 289, 292). The further 
developments of this idea fdready given [pp. 18, 22, 102, 153, 
311] are in accordance with the views of Boscovich ; hut 
the note on Art. 13 was written, and a Scholium in continua- 
tion planned [p. 102 J, before his dissertation on continuity 
had been consttlted.t 

The change from the real to the imaginary state is con- 
tingent upon the transition of some element of a figure through 
sero or infinity, and never takes place per aaltum (p. 277). 
Examples of imaginaries are the exterior diameters of a 
hyperhola, whose squares are negative J for the so-called 
"secondary" axis and diameters have no real analogy to the 
minor axis and conjugate diameters in the ell ipse, although 
the unwary geometer may be imposed upon by the conjugate 



• Although the arc AI'C sccm8 to lie wholly on one sitle of the line AJ3, it is to be 
remembered that opposUe it^HUi€$ are m^aeent. Tbm every lij]e.ciiGto pMMt tfaxongh 
all points at infinity in its plane. 

t Witboat raference to the idea of an infinite linestfrcile, I had nsed the term 
OOimSMKNT of a Straight lino F<.'Teral years iRfore I was acqunintt tl with any wock 
of BoBOoridu 6ee Osff. (Jamb, JJubl. Muungtr <if Mathtmatics iv. UO (1867). 
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byperbola, and persuaded to think that there can be a ctirve 
of the second order which a straight line meets in four points 
(pp. 811-317). In comparing properties related to diameters 
• in the ellipse and in the hyperbola, we should endeavour to 

bring in the squares of the diameters, the signs of certain 
of which will merclj have to be changed in passing from the 
one curve to the other (p. 320). The general method of 
procedure in dealing with a geometrical 6gure one or more 
of whose elements is eTanesoent| in6nite or imaginary Is 
summed up in eleven Canons, formally stated and fully Ulas- 
trated (pp. 284-839). The 5th relates to negative angles, 
and the Uth to the ratios of infinite magnitudes. He might 
have added a Canon 12 on the ratios of the Newtonian nascent 
or evanescent quantities, but promises another volume when 
time permits (p. 348) ; whilst on p. 353 he refers to his 
former dissertation De Natwra et usu infinUoinm wfinite 
parvorum (1741). In the course of the essay now under con- 
sideration he treats of curves of all orders, their infinite branches 
and asymptotes, their curvature, cusps, points of inflexion, 
and the tangents thereat (pp. 245, 267, 270-3, 325). 

§3. The general solution of the problem, given the fiKm 
directrix and determining ratio^ to find the intersections of dn 
arhitrary line the conie^ completely determines by im- 
plication the nature and properties of the curve (p. 286). His 
construction is as follows. Take a point «» exterior to the 
given line, instead of a point 0 upon it [p. 10]; draw coZ 
parallel to FQ meeting: the directrix in Z, and let the parallel 
through Z to Sit meet the eccentric circle of o) in p and q. 
Then the focal radii parallel to »p' and a>q' meet the given 
line at its intersections with the conic (p. 39). This construc- 
tion failing (1) when FQ is parallel to the directrix, in which 
case the line Zpq is indeterminate, and (2} when FQ passes 
through in which case the parallels through 8 to iwp' and 
ojq coalesce with FQ, instead of cutting it each in one point; 
be shews how to meet the difficulties thus arising. The former 
case however leads only to a simpliticatiou when the centre 
of the circle is taken upon FQj as in the present work. Con- 
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nderiog the second case io relation to Art. 16 Cor. 1 [p. 29], 
let a fixed chord drawn through the focus 8 be intemected in 2 
by a Tariable chord containing a given angle with the axis. 

Then the products of the segments of the two chords are as 
the squares of the parallel tangents, however near 2 he taken 
to and therefore in the limit the products of the segments 
of any two focal chords are as the squares of the parallel 
tangents. 

A luae still meets a oonie in two points, even though, for 
example, one of them should disappear at infinity. In the 

parabola, any two chords as they become infinite are in a ratio 
of equality. In the hyperbola, if from any two points LL' 
parallels he drawn meeting the curve in PP' and its adjacent 
asymptote la hh' respectively, then as the latter points recede 
to infinity the intercepts Fh and P'h' remain finite [p. 14fiJ, 
and the ratios of LP to Lh and L'F' to L'h' tend to equality 
as their limit. The infinite segments LP and L'P' are as the 
distances of L and L* respectively from the asymptote AA' (p. 347). 

§4. It is remarkable that Boscovich enters upon these 
abstruse speculations in an elementary treatise for beginnerS| 
and even several times touches upon the subject of the appendix 
in the text itself, as for example when he notices diat the 
properties of chords of a conic may be transferred to one of 
its limitmg forms, the line-pair (p. 100). The preface to the 
volnme contains an earnest plea for the introduction of the 
modern ideas into the schools. He had taught the appendix 
viva voce to his own tyros with the happiest results. The 
mind of the tyro is commonly overwhelmed with a multitude 
of details not reduced to any system ; demonstrations are put 
before him in an unsuggestive form which gives no play to 
his inventive faculty; and thus it comes to pass that of the 
many students so few turn out genuine geometers. Let the 
learner be furnished with principles, and not alone with fully 
explained facts, and be continually stimulated to exertion by 
the intense pleasure of finding soniething left to discover for 
himself. 
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§5. The newly founded Ecole Polytechnique led the way 
in the geometrical revival of the nineteenth century. From this 
source issued first the works of Caniot and Monge, which 
further illustrated the principles of continuity above described. 

The leading conception of Camot*s OSnmitrie de jyoaition (Paris 
IHUiiy id tliu doctrine of quantities " dites positives ct negatives" 
(p. ii), to which he recurs in his Essai sur la tlu'oric ties IranS' 
versalcs &c. p. (90), Paris 1806. This essay is in great measure 
based upon the ancient theorem of the six segments [p. l.J. 

Referring to the Apergu hiatar^pte for a good description 
of the works of Monge, we pass from the master to one of his 
most illustrious scholars, whose short incisive essays in par- 
snance of the ideas of Desargues, Pascal and Newton were the 
prelude to their fuller deveiopmeut by Poncelet, Steiner and 
Chaales. 

§G. Second in importance only to the principle of Continuity 
is the principle of Duality^ of which Brianchon's hexagram 
(1806) occasioned the discovery [p. 290]. Noticing again the 
important article of Brianchon and Poncelet on the Equilateral 
Hyperbola [pp. 175, 282]| we next come to the separate 
publications 

(1) Memoire sur les Ugnes dn Stcond Ordre^ faisant suite aux 
recherches publiees dans les journaux de V Ecole royale poly tech' 
nique. Par C. J. Brianchon, capitaiue d'artiUeriOi ancien dl5ve 
de I* Ecole Polytechnique. Paris 1817. 

(2) Applioaium de la thSorie de$ IVansvergales (Brianchon. 

Paris 1818). 

The latter memoir consisted of Le<^0)is donuees a V ecole 
d^ ar tiller ie de la garde royale en mars 18 IS. The former, which 
is of greater interest, must be described in detail. A line of 
the Second Order is defined as the section of any circular cone 
by an arbitrary plane: the term projection is introduced in 
relation to perspective: poUa vsApolara are defined: as also it 
the expression GSomStrie de la r^yle. The term polar had 
been introduced by Gergouue as correlative to pole," an old 

• • 

* It would be woxth while to fepubliah BKiaaolMmli srtieles end nNmoiB in 
oneTolome. 
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expression for a fixed point, which was beginning to be used 
in its restricted modem flense (Gergonne's Annales i. 337; 
UI. 297). 

Pp. 7—10. The property (afterwards called anbarmonic] of 
four radiants is enunciated, the case of the harmonic pencil 

speci.illy noticed — the term faisceaa harmonique being intro- 
duced apparently as new — and it is noticed that the harmonic 
property holds pour toutes les projections de la figure," a 
reference being given to Gregory St. Vincent's Opus Geome- 
trieum p. 6, prop. 10 (1647). A fourth harmonic to three given 
points in a straight line is foand ^ avec la r^gle senle" by the 
property of the complete quadrilateral, and a reference for this 
is given to De la Hire's SecHonea Contca p. 9, prop. 20 (1685). 

Pp. 10—16. Any transversal is cut in involution (1) by the 
sides and diagonals of a quadrilateral, regarded as the prijtctwn 
of a parallelogram : and (2) by these and any circumscribed 
conic r^arded as lAk^ frojeelion of a circle* The latter theorem 
(I XI) was doe to Desargues and had been preserved by Pascal. 
The case in which a conic degenerates into a line-pair is noticed. 
In a note (p. 14) he refers, on the theory of transversals, to 
the works of the ancients — the Almagest for example ; to Fr. 
Maurolycus Oj)usniIa Mat/tnnatica -p. 281, 157.3; and to Schubert 
in the Nova Acta Pttmpoh tome xii. ann. 1791. 

Pp. 17 — 28. Pascal^s theorem is proved by considering the 
six points of concourse of a conic with any triangle, and in a 
note is added the property of triangles in homology. The 
extension of the theory of polars to quadrics is ascribed to 
Monge (p. 19), although in reality due to Desargues [p. 329], 
who would however have thought definitely only of the quadrics 
of revolution. The theorem that the joins of four points on a 
conic determine a self-polar triangle with respect to it [p. Ixii] 
is proved, and the reciprocal property of four tangents deduced. 
Hence follows nne propriety bien remarquable des lignes da 
second ordrei** viz. that the intercepts on any two fixed tangenta 
by the diameter MN parallel to their chord of contact and a 
variable tangent El ham their product EM, NI eonetant (§ xxvill). 
He docs not seem to be aware that this is one of Newton's 
theorems [p. Ixviii] although be refers to ^'cwtou more than 
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once (pp. 38, 45), has a general acquaintance with lib. I. sect 5 
of the Principia from which it ia taken, and knows the third 
corollary of the lemma to which it is the first corollary. 

Pp.28 — 53. He draws conies passing through n points (one 
or more of which may be at infioity) and touching 5 — n lines 
(where n ia 0, 1, 3, 3, 4 or 5), referring also to Newton'a 
methods, and in one case to lladanrin's .^^0^. He makes 
use in these constractlons of his own property of the hexagram, 
the reciprocal of rascal's; and from the two together deduces 
(p. 35), that the six summits of two triangles touching a conic 
lie on a conic, and conversely. 

Pp. 53 — 60. The theorem of Dcsargues (§xi) ^'va nons 
dtonvrir de nonvelles propri^t^s des ooniqnea & branches 
infinies.'* Take foor points UXYZ on a conic, of which XT 
are at infinity and U variable, then any fixed chord AB b met 
by VX and UY in points G and such that the cross ratio 

^ ^ : is constant (p. 54). If AXYZ be fixed points on a 

AF BF ^ ^ 

parabola or hyperbola, of which Zonly is at infinity, and V a 
▼ariable point on the curve, the lines IJX and UY meet AZ 
at distances from A which are in a constant ratio. By making 
V coincide with each of the points XY^ he deduces Ex. 429 
[p. 159] and its analogue for the parabola; as also Ex. 427, 
that the arms of any angle in a fixed segment of a hyperbola 
intercept a constant length on either asymptote. By means of 
these results he shews how to describe a hyperbola, having 
given an asymptote, and in addition three points or a point 
and two tangents or two points and one tangent All that 
remained to bring the cakhatmonic paini-fn'operty of omiea fully 
to light was a simple application of the method of projection, 
which the writer had already used with such effect. Knowing 
80 well the Importance of the projective property of the an- 
harmonic pencil, it is remarkable that be should have left it 
for others to take the linal step. 

^^Toutes les proportions contenues dans ce Mtooire se 
rattachent an th^rfeme xi" (p. 61). Thus the name of 
Desargues is brought effectually into notice. He also relen 
to Lambert [Perspective ed. 2, 177 Ij, Blondel, Muller &c. 
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Pp. 61 — 65. He deduces from Paacal^s hexagon tbe pro- 
perties of similar central conies, and concludes with some new 
properties of the tangent cones to quadrics. If a conic passes 
through two fixed points AB and touches two given lines, the 
chord of contact passes through a fixed point on the line AB 
(p^ 20). Henoe, if a qnadric passes through two fixed points 
AB and has a given enveloping cone, the phue of contact 
paases through a fixed point on the line AB. A construction 
is deduced for a quadrlc passing \\iVQ\3ii^ four given pointa and 
having a given enveloping cone* 

1 7. To Poncelet as a geometer belongs the double honour \iS£^Sm. 
of supplying what was lacking in the theory of Continuity by 
his discovery of the focoids [p. dll],* and bringuig to light the 
prindple of Duality by his method of reciprocal polara [p. 846] ; 
whilst, like Desargues and Archimedes before him, he was no 
less a master of the principles and practice of mechanics. Born 
at Metz on the first of July 1788, he was allowed to grow up 
almost without instruction at St. Avoid, until in his seventeenth 
year, at the end of 1804, he entered the Lyc^ imperial de 
Metz. Three years later he gained hb admission to the EooU 
Mytecknique^ was employed in 1811 upon the fortifications of 
Bammekens in the island of Walcheren, marched in 1812 with 
Napoleon to Moscow, and was taken prisoner and interned at 
Saratov on the Volga until tbe general peace of 181-i. In his 
captivity he set to work, in spite of all hindrances, to reconstruct 
for himself a course of mathematics, and entered upon those 
bold speculations which are the characteristic of his famous worka 
on geometry. For a full list of his scientific publications see 
Didion^a Nciiu aur la Vie et Us Ouvrages du Gen, J» V, Poncdet 
(Paris 1869). The appearance of his Coura de MScantque 
apph'qu^Cy dating in part from 1826, Is described as having 
" fait sensation dans le monde de la science ct de 1' iudustrie*' 
(p. 33). The dominating idea of his geometrical works was to 
increase the resources of pure geometry, to generalise its oon- 

* Foooelet, before PlUcker, spoke of a couic as having four foci ^Proprutds 

/ 
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ceptions and langaage, and thns to raise it to the level of 
analysis. See the Introduction to his IVaiti dea FropriitU 

Projectives des Figures edit. 1 p. xxxiii. (1822) ; edit. 2 tome I 

p. xxii (ISGo-G). At the end of the year following he died 
(Dec. 23 18G7), with his thoughts turned again to mechanics; 
^^Ma t^te est bonne, et j'esp^re bien pouvoir cet biver pubiier 
ma M^nique (p. 45).'* 

§8. One of the leading contributors to the further sjste- 
niatisation and development of geometry was Jacob Steiner, 
the author of numerous mathematical articles and of the works : 

{a) S(/8tematt8ehs Entwickelung eie. 1832 [p. 262]. 

(b) Die geometrischen Konstructionen^ ausgefiihrt miiUlst der 
geraden Linie und eines /eaten Kreiaea (Berlin 1833). 

The work (a) was a first instalment of a treatise in five 
parts, of which no further part appeared in the author's life- 
time ; but his Vorlesungpu liber synthetische Geometrie were 
edited posthutnou-Hly by Geiser and Schroter (Leipzig 1867, 
1876). Of the secoDd part of the Vorlesungen^ containing the 
projective geometry of conies, the third section is on Kegels 
achnttthiiachel and KegeUchniUaohaar. 

§9, Michel Cbasles, the most famous of living* geometers, 
is perhaps best known as the author of the Apergu historique 
aur Vorigine et h dSvehppeinent dea Mdthodea en QSomkrie etc* 
(Paris 1837, 1875), which contains an invalnahle series of notes 
on the history of geometry from the earliest times, followed 
hy a MSmoire de OSomitrte (pp. 578—848) devoted to the ex- 
position of the two general principles of Duality and Ilomo- 
graphy. Supplementary to the Apergu was his Bapport sur Ics 
progrls de la Qiomitrie (1870), forming one of a series of 
(>f!icial reports on the various branches of literature and science* 
He is also author of treatises on the Giomibria SupMeure (1852, 
1880), IMamea d^Euclide (1860), Sections Coniquea^ premihre 
partte (18G5), and of a multitude of separate articles, several of 
which relate to Maciauriu's theorem in attractions {^Comptes 

• Theie were already in type when the death of Giaalea took place, cm the 
18th December, 1880. 
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Rendus V. 812. VI. 808-812, 902-915. 1837-8, &c.). At this 
point we may fitly offer some remarks upon the history of 
the " anhannonic" properties of conies and the general principle 
of " homograpby/' with which the name of Ghasles is to 
intimately aasociated. 

(a) The anharmontc point-property of cmxe$. 

From the CoUectio of Pappus we are led to infer that 
Euclid was acquainted with a form of the theorem (1) that the 
cross ratios of four fixed radiants are constanti and Apolionius 
with the tbcorcm (2) that the locus vf^k.fihh a conic. From 
the onion of these two at once arises the well-known " Pro- 
ynM anhannoniqae des points d'nne coniqae,*' which neyer- 
theless remained nnnotioed for upwards of 2000 years longer. 
Although the theorem (1) was rediscovered by Desargues and 
taken as hia fundamental property in Perspective, whilst (2) 
was brought into notice by Descartes and afterwards proved 
synthetically by Newton, the combination of the two was not 
yet thought of.* The third and last stage in their history was 
mangurated by Brianchon, who proved that, %f AB be a fixed 
chord qfa conic and XYita potnta at infin^f the chords from a 
wniabU point on the curve to ABXT cut AB in constant cross 
ratios. Chasles sbevved, In course of an account of his " Trans- 
formation Parabolique," that the same is true when X and Y 
are any two fixed points on the conic; and he deduced that 
the locus of the point at which four given points subtend a 
karmonic pencil is a conic through the four points. See 
Quetelet's Correspondance Math, et Physique tome Y. 298-4, 
801 (1829): Chasles BappoH etc p. 268. All that was still 
wanting was a familiarity with the ^'th^rie complete des 
rapports anharmoniques,"t which might have been found in tho 
Barycentrische Calcul of Mobius (1827). Tho property of 
conies now under consideration is fully stated, and its impor- 

• Although it is convenient to deduce Newton's description of a conic by angle* 
from the foor-point property [p. 2G4J, wo ought, hiatorically speaking, rather to 
levene tiw pnoen, tnd mj that the aahamonio piopatf is evideaUy contained in 

Ine Dueriptio Organiea, 

t See the Preface to Oremona'a Geometrie Projective p. xv (Piiris 1875). In thia 
work, originally written in Italian, the reader will find rcferencee to many of the 
l<iading treotuca and historical facts of geometry. 
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tance |K>iiited oot in the Aper^ hulanque (pp. 90^ 384-84t)| 
which was presented to the BraBsels Academy in a rudimentaiy 

form in 1829, and ultimately published In 1837: it is also 
found in Steiuer's Sgsteniatische Eniwickdung^ published in 
1832 [p. 262], 

(&)• The anhannomc tangent-property of comes. 
It was shewn by Newton that, if IM and IK be certain fixed 
s^^ents of two given tangents to a conic, any third tangent 
cuts them in points E and Q respeetiTcly such that the 
rectangle (IM-^ IE) {IK— IQ) is of constant magnitude ; and 
the same theorem was reproduced by Briauchon in 1817 
[p. Ixxix]. Poncelct, who refers to Brianchon's Mimoire^ proves* 
that, if the opposite sides AB and CD of a fixed quadrilateral 
oircnmscribed to a given conic be met by any fifth tangent in 
L and N respectively, and if BC^ DA be met by any sixth 
tangent in M and P, then 

DP BM^BL DN 

AP' CM~ AL' CN' 
and by fixing the tangent MF he deduces that the croas^raUo 

* segments of AB and CD by any fifth tangent 

i$ eonHanLf In the case of the parabola this cross ratio is eqnal 
to untty [p. 295] — a theorem which he believes to be dne to 

Halley (p. 118)4 Chasles gave a second proof of Poncelet's 
generalisation, regarding the tangents to a conic as projections 
of the generators of a ruled hyperboloid, and shewed how to 
pass from it to Newton's theorem, which however he ascribed 
only to Brianchon (Quetelet's Correapondance IV. 364-70. Cf. 
Ghaslea Bappori p. 239). He afterwards proved it again in 
the form, that the ratio of the products of the distances of the 
fifth tangent from A^ 0 and D respectively is constant 
(ibid. Y. 289, 1829); and abo shewed that the envelope of a 

• Pr<iprUU$pr^g9i!^^ lift (1822) ; toL l. p. Ill (1865). 

t 'Y\i\-i it obvions from Newton's figure p. [Ixrii] for the case of two pairs of 

parnlkl tangpnts : it then follows by iii\)jcction for any two pairs of tangents, tho 
cross-mt io" haTiug d\ff«r€nt bat ooDBtAut values for different planes. See Art 133 
(ii) [P-312]. 

: Apollooii Fttgni J>e Smsthm BttimU 4e, Ub. l. pp. 6i-6» ed. HaUe/ 
(Om 1706). 
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Ime cat karmoimoallf by four fixed Imes is a oonie tonduDg 
tfaem (p. S94). The property of wbich this last is a speeial 
case was at length completely stated, simultaneously with its 
reciprocal (a), by Stelner and Chasles. It might have been 
deduced at once by projection from Lambert's solution of 
Sir Ciuristopher Wren's problem [p. 296j. 

(c) . A ooftte regarded as the projection of a cirde, 

Chasles, in his Sections Coniques (at the suggestion of 
M. J. Delbalat), defines a conic as the projection of a circle 
(p. 7), deduces its anharmonic properties, and founds his treatise 
upon tbem. The effectiveness of this method and the ability 
with which he applies it are known to all. NeverthelesSi 
however excellent in a snpplementaiy course of j^eometiyi 
it is less suited for beginners, owing to the difficulty of proving 
eonversely that every oonio — secondarily defined by the an- 
harmonic properties — can be placed in perspective with a circle. 
The problem is indeed solved concisely on p. 5, but not without 
references to a later paragraph and a separate work for further 
reasoning in justification of the construction. It naturally 
presents some difficulty to the tyro, being in fact a form of a 
problem which no geometer was able to solve generally before 
Desargues* 

(d) Momographicjigures in two and in three dimemiona* 
The general principle of " homographie" — as it was named 

by Chasles — is somewhat obscurely set forth in the works of 
DesargaeSi who regarded figures in homology as special cases 
of figures in perspective in space, at the same time taking for 
his Proposition Fondamentale de la pratique de la Perspective 
a form of the property of the anharmonic pencil.* The idea of 
transforming solid figures also is briefly hinted at by Desargucs 
[p. 329]. Poncelet studied the relations of figures in homology" 
(to use his own expression), and devoted a supplement of his 
TraiU dee Proj^. P^rqjecUvee pp. 869-416 (1832) to the pro- 
jective properties of figures m space. Not the least valuable 
part of the Apergu kielorique is the full exposition of the 



* Poodm (Bwrm i$ Jhmrgwu i. 42S. 
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principle of Homoffra^ie^ as applied to plane and to tolid 
figures, with which it condndes. 

510. The following works may be mentioned as having 
advanced the knowledge of the new geometry in this country. 
The essay on Transversals in the r2th edition of Iliitton's 
Course of Mathetuatics, by T. S. Davics, also an editor of tbo 
jonmal the Matheniatictan Salmon's compendious works on 
the Tarious geometrical and other methodsi to which we have 
■0 often referred ; Gaskin's Gefmeineal Constfuctum of a Conio 
Section; Mnlcahy'a JVineiplea of Modem Geometry; and 
Townsend*8 two volumes on the Modern Geometry of the 
Pointy Line and CiVc/e, which within their prescribed limits are 
as complete an exposition of the principles of the subject as 
could be desired. We must not omit to notice also Prof. 
H. J. S. Smith's article on the Focal Properties of nomographic 
Figures in yoL li. 196 — ^248 of the Froeeedinge of the London 
Mathematical Society, some of the resnlts of which are given 
bdoW) with especial reference to the case of reverM figures. 

Yrtx^ft^^ MPN be any angle which is equal to its reverse 

ofrerenc \^ ^ust be cqual to MON [p. 323]. Hence (1) for a 
given position of P there are an infinity of angles MPN^ each 
of which rererBes into an equal (or sapplementary) angle; and 
the arms of snch a system of angles constitute a pencil in 
inTolution, since the points MN always lie on a circle of the 
coaxal system through O and P. (2) If G and to be the 
points 6uch that the base-line bisects 00' and a)a>' orthogonally, 
every angle subtended at 0 or 0' reverses into an equal 
angle subtended at oi or (»'. (3) Every conic which has O or 
O for a focus reverses into a conic having eo or to for a focus 
[p. 817 (i)]. (4) An ellipse (or hyperbola) having 0 and (f for 
foci reverBes mto a hyperbola (or ellipse) having o> and for 
foci; their normals at reverse points Pp correspond — ^being 
fourth harmonics to the focal distances and taiiiients at P and 
p respectively; and therefore their centres of curvature and their 
evolutes correspond. (5J The coaxal circles of which 00' are 
the limiting points reverse into those of which »«' are the 
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limiting points. (6) The paraUels through m and m' to the 
base-line are sach that every segment of either reveraea into 
an equal segment* And (7) on any two reverse lines MP and 

mp there are two sets of equal corresponding segments, which 
determine two pairs of involutions having their centres on the 
base-line — as may readily be deduced from the constancy of 
the product MF,mp [p. 3*28] for given positions of the two 
lines. These results apply mutatis mutaindia to homographio 
plane figures in general, however placed. 

. §12. The organic description of curves has witHn the last uoatv^ 

few years received developments of the greatest theoretical « 
interest and practical importance, consequent upon the dis- 
covery (1864) by Peaucellier, an officer of engineers in the 
French army, of an apparatus for the Inversion of circular 
into rectilinear motion. Let AOB be an angle of equal arms, 
vaA AOBP % ihombns whose aides are leas than the arms 
of the angle. Then OCP is a straight line, and ihe product 
OC.OP^ being equal to OA*-AC*^ will be eontUmt if the 
sides of the rhombus and of the angle be constant. Let these 
be now replaced by bars or "links" jointed at the five points 
OABCP^ then the whole linkage is called a Peaucellier celL 

If this linkage be moved about a fixed pivot at 0 in any 
possible manner in one plane, then whatever be the locus 
of O the point P will trace its inverse with respect to 0, on 
account of the constancy of the product 00. OP, To make 
P describe a straight line we must make C describe a cirde 
through 0; which is at once efTccted by joining 0 to an 
" extra link" CQ^ w'hose end Q works about a fixed point 
at a distance equal to its own length from 0, This apparatus 
may evidently be applied also to produce Parallel Motion ; and 
we may make P describe an arc of a circle of as great a radius 
as we please by making the dbtance OQ suffidently nearly 
equal to the length of the "extra link." The principle of 
linkages is well explained by Mr. A. B. Kempe in his concise 
work JJow to (Iraxo a JStraif/Id LinCj a lecture on Linkages 
(Iiondon 1877), and references are given in it to the chief 
articles that had been written upon the subject To ooncludoi 
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in the words of Sylmter,* to whom Feancellter's method of 
linkages owes so mnch of its further development: *^It i$ 

poastbley hy means of an apparatus amststtng exclusively of rigid 
rodsj compass joints,, and jn'cots^ to convert circular into linear^ 
hyperbolicy elliptic^ and jjaraholic motion; aiidy in general, to 
describe any curve of the form x<f> (x'^y*) + ^ (a;*, y*) = 0, where 
<t>j ^ are homogeneout forms qffiuustianM of any degrte reapet^ 
tively in y." 



* Educational Times Reprint vol. xxi. 68 (1874). Later informatioa is tO bo 
■ought in the same and other adentific periodiariii 



NOTE. 

In eonfinuatim of Note f p. Ixx, 

The order of tlio surface is thus determined by Professor 
Townsend. For a given position of OA^ the plane OBC envelopes 
a c^uadric cone, 2n of whose tangent planes pass each through 
a generator of the director senm. These generatora give 2n 
positions of the plane ^BC and 2» of the pcnnt A ; and when OA 
coincides with Out all the ^'s ooalesoe at (u, which is therefore 
a 2n-fold point on the locus. Again, every line through w meets 
the scroll in n points, through each of which passes a generator ; 
and thc.>o generators severally determine n conies, cutting tho 
line through u> in 2n points, all of which, when tho line is wO, 
coalesce a^ 0. Thus 0 also is a 2»-fold point ; and every line, 
through 0 or w passes through 2a other points on the locus, which 
is aooordingljr oi the order 4fi. 
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A Conic Section, or, briefly, a Conic^ is a curve traced by 
a point which moves in a plane containing a fixed point and 
a fixed straight line in sach a way that its distance from the 
fixed point is in a constant ratio to Its perpendicular distance 
firom tiie fised straight line. The Conic Sections were so named 
firom the drcamstance that they are, and were originally defined 
•8i the plane sections of a cone. 

The fixed point is called the Focus ; the fixed straight line 
the Dmctrix] and the constant ratio the Eccentricity^ or the 
Detenn i ;i inq Ratio. 

A Conic is called an Ellipse^ a Parabola^ or a Ilyperhola^ 
according as its eocentricitj is less than, equal to, or greater 
than nnity. 

Similar Ooniie$ are sneh as have tbe same eccentricity. 
The Axis b the straight line through the focus at right 
angles to the directrix, and the point between the focus and 

the directrix in which it cuts the conic is called the Vertex, 

When the eccentricity is either greater or less than unity, 
the conic cuts its axis in a second point, which is also called 
a vertex. In such cases the term Axis may denote the Jinite 
straight line which joins the vertices. Its middle point is called 
tbe Centre of tbe conic, and the conic is called a Central Contc, 
No The Laiua Bectumj or, as it is sometimes called, tbe Raro' 
\ mtkf^ is tbe chord tbroogfa tbe focus at right angles to tbe axis 

B 
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DEFINITIONS. 



Other uses of these terms will be noticed in the coarse of the 
work. 

A Diameter is the locas of the middle points of a system of 
parallel chords. It will be shewn that the diameters of conica 
are straight lines. The points in which diameters and chorda 
meet the cnrve are called their ends or ExtremiHei. The 

extremities of diameters wliicli do not meet the curve will be 
defined in the eliaptcr on Central Conies. ^J'lie diameter at 
right angles to the axis of a central conic is called the Minor^ 
or Conjugate J Axis, 

Two diameters are said to be Conjugate when each bisects 
the chords parallel to the other; and two chords are said to 
be conjugate when they are parallel tQ conjugate diameters. 

Supplemental Chords are snch as join the extremities of a 
diameter to a point on the curve. 

A Tangent to a conic is the limiting position of a secant, 
whose two points of intersection with the curve have become 
coincident. Thus, if P, Q be adjacent points on the curve, 
and if the chord joining them be turned about P until its 
farther extremity Q coincides with P, the chord in its limiting 
position will have become the tangent at P. Hence a tangent 
is said to be a straight line which passes through two consecutive 
or coincident points on the curve. 

If the point of contact of a tangent to a hyperbola bo 
removed to infinity the tangent will coalesce with one of two 
straight lines through the centre, which arc called Asymp^ot' s. 

The Normal at any point of the curve is the straight line 
drawn through that point at right angles to the tangent. 

The perpendicular upon the axis from any point is called 
absolutely the Ordinate of that point; but the ordinates of a 
specified diameter are the segments of the chords which that 
diameter bisects. The term Abscissa will be defined later. 

The portion of the axis intercepted between the tangent at 
any point of the curve and the ordinate of that point is called 
the Suhtangent. 

The portion of the axis intercepted between the normal at 
any point of the curve and the ordinate of that point is called 
the BubnormaL 
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A straight line is said to be divided harmonically at four 
poiDts P, S, Q, By when PQj and FQ produced, are cut ia the 
Baoae ratio by 8 and so that 

BP: BQ=8P: SQ^RP-'JRSiItS'^RQ, 

sincei when this is the case, the lengths MPj £8^ are in 
harmonical progreflsion, the extremes being to one another as 
their differences from the mean* In the case in which i9 is the 
middle pomt of PQ, the pouit J2 is at infinity, or P8Q co is 
divided harmonically. 

The locus of intersection of the tan<^cnts at the extremities 
of a chord which passes through a fixed point, or Pole^ is called 
the Polar of the point. It will be shewn that the polar of any 
point with respect to a conic is a straight line; and that the 
polar of an external point coincides with the chord of contact 
of the tangents to the conic from that point. 

If abont any point in the plane of a oonicy other than the 
centre of the eonicy a curde be described, sadi that the ratio 
of its radios to the perpendicular distance of its centre from 
the directrix is equal to the Precentric it t/^ the circle may be 
called the Eccentric Circle of the Conic with respect to that 
pointy or, briefly, the Pccentric Circle* of the point. It ia evident 
that the circle will cut^ touch, or tali short of the directrix, 
according as the conic is a hyperbola, a parabola, or an ellipse. 

The chrcle which is described according to the same law 
of magnitude about the centre of an ellipse or hyperbola is called 
the Auxiliary CHrde of the curve. This latter is commonly 
defined as the circle described upon the axis as diameter, but 
it will be seen that the two dciinillous arc coincident. The 
circle described upon the Minor Axis as diameter is called the 
Minor Auxiliary Circle. 

In a central conic, the locus of intersection of tangents at 
right angles to one another is a curde, which is called the 



* The properties of this circle form the grouudwork of the treatise of Boscovicb, 
&«ti0M«M» Conkanm Slemmta nova quadam nutkodo coneimtatOy contained in his 
Sltmtnta Uuivenm Matketam, Ybnetiis, 1757. B<jscovich gaye no name to his drde^ 
but some later writers have called it the Centratimg CimU, iiiioe it affiocde ft nac^ 
neaDi of tncing aoonic whoee elemeata axe giren. 

B2 
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DSFUIinOMS* 



Director Omk. The correBpondiug locos in the parabola is 

the directrix. 

The Ordir^ or Degree^ of a cmrre ia detemimed by the 
number of pomta in which it can be met by a atrai^t line; 
and the CUm of a curve by the number of tangents which can 
be drawn to it from a point. Thns, a curve of the second 

order, or degree, is one which a straight line meets generally 
in two, and never in more than two, points; and a curve of 
the second class is one to which generally two, and never more 
than twO} tangents can be drawn firom a point. 
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CHAPTER I. 

DBSOBIFTIOXr 07 THB OUBYB. 

1. To froM a OPiite whoB^fiau^ dvreotnx^ and eooenbneiijf 
are given. 

Let i9 be Hie foeii8|* JOT tiie ^reetrixi and X the point 
in which the axis meets the directrix. In 8X take a point A 




ench that the ratio of Sxi to AX may be equal to the eccen- 
tricity. Then A is the vertex. 

Let a straight line cut the axis at right angles in About 
B as centrei with radius SF^ such that 

BPiNX^BAiAX, 

describe a circle cutting the straight line in P, P', From these 
points draw perpendiculars FM^ F'M' to the directrix. Then 
eTidentlv 

BF:FM=^SA:A2[f 



• The planeta describe approximately ellipses about the sun in one focus. For 
this n>.i<v^n the first letter of SoL ia beie iiMd| u hj Hewlon, to denote the Foeutf or 
M be ciiUttd itf the Umbilicus, 
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DBKSBIFnOM OF TAB CUBTB. 



or P is a point on the curve. And in like manner P' is a 
point on the curve. 

If now we SQppose the straight line PNP* to moTe parallel 
to itself, the points P, P' upon it will trace ont the entire carve. 

From this construction it ia evident that the curve ia symme- 
trical with respect to its axis, since its points are always 
determined in pairs, as P, F\ which are symmetrically situated 
with respect to the axis. It a[)pcars also that the tangent 
at the vertex is at right angles to the axis, since when the point 
N coincides with the vertez, 8F^ 8A^ BP' \ that is to say, 
the points P, P' coalesce at and the chord joining them| 
whidi is always at nght angles to the axisi becomes the tangent 
at A 

In order that pairs of real points may be determined by 
the above construction, it is necessary and sufficient that SN 
should be less than SP^ and therefore 

8NiNX<8AiAX^ 

a condition which enables us to discnminate between the three 

species of conies as follows: 

(i) The Parabola. 

If the eccentricity be equal to unity, we most have BNkNX^ 
a condition which is satisfied by taking N anywhere in XA 
produced. The point N therefore may be supposed to start 
from A^ and to move in the direction AS \o infinity, so that 
the extremities of the chord PF' trace out a single infinite 
branch. 

(ii) TheElUpse. 

If the eccentricity be less than unity, the curve will have 
a second vertex A' iu XA produced, and in order that the 
condition 

SNxNX<8AiAX 

may be satisfied, it may be shewn that the point N must be 
taken between A^ A. Hence the ellipse consists of one oval 
branch, as in the figure of Art. 8. * 

(iii) THa Hyperbola, 

If the eccentricity be greater than unityi the curve will 
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have a second vertex A lying in AX prodaced beyond the 
directrix ; and the point N may lie anywhere in AA prodaced 
either way, hnt not between A\ Hence, the hyperbola 
oonsiats of two infinite branches aitoated on opponte aides of 
the directrix. 

A point is said to lie within a conic when it lies between 
the extremities of a chord perpendicular to the axis; and all 
other })oInts in the plane of the conic, with the exception of 

those which are upon the curve itaelf, are said to lie wxtuout 
the conic. 

Let ON be the ordinate of an mtemal pomt and let NO 
be prodaced to meet the conic in P, then evidently 

SOiNX<SP :NX, 

< SA : AX. 

Next let O be an external point. Then if ^T, the foot of 

its ordinatOi fall within the curve, it may be shewn in like 
manner that 

80:NX>SA : AX. 
Bat if ^ fall without the curve, then 

8N:NX>8A:AX, 

and a fortiori SO : NX> SA : AX, 

Hence, in every case, a point will lie within or without a 
conk according a» the ratio of its focal distaneo to its j»er- 
pendicular di$tance from the directrix it less or greater than 
the eocentridtg. 

BCHOLIUM. 

Tbx Cibcle is the limiting form of nn ellipse whoso ccooutricity 
Is Indefinitely diminished, and whose directrix is removed to an 
infinite distimce from the foous. For if, in the next figvc^ 
PJf, P'M' be perpendiculars on the directrix from any two points 
P, P on a conic, and if tho dibt.mce of the directrix from S be 
increased indefinitely \vhilst *S'P, .S7'' remain finite, then (i ' tlio ratio 
/&'P : PM is diiuiuibhed iudelinitely ; and (ii) the ratio PMi PM' 
tends to etj^uality. iSut 

8P i SP'^PMiPJT. 

Therefore ultimately SP : SF' is a ratio of equality, and the oonie 
beoomes a otxole ehoni S as centre. 
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DBSCUPnOK OF THB CUBY8. 



2. The focal distances of aU points on a conio are to one 
another as their parallel distances from the directrix^ 

Ji6t ^ be the focus; P| jP' any two points on the curve; 




M, IT their projectioiiB upon the directrix* Hien from die 
definition 

BPiPM^SPiPM'. 

From P, P' draw a pair of parallels meeting the directrix 
in £f S!* Then hj similar trianglesi 

PMx PROFIT xFE. 

Therefore BPiFM^ 8F i Fit. 

Hence the focal radii BP^ 8F are to one another as the 
parallels PE^ FR\ and, whatever be the position of the point 
P on the cnnre, the ratio of SP to PR will be constant if 
FE be drawn to meet the directrix at a constant angle. 

3. A conic is a curve of the eeootid order* 

"Eost if P| Q be anj two points on a coniC| as in the figure 
of Art. 4| and if the straight line joining them meet the directrix 
in Rj theui drawing pcrpendicnlars Pflf, QN to the directrixi 
we have 

8Pi8Q''-PMx QN 
^PRi QR. 

Hence BR makes equal angles with iSP, BQ\ and, con- 
versely, if P be a point on the cnrve, and SQ be drawn 

meeting i?P, and equally inclined with SF to SR^ then Q will 
be a point on the curve. 

It is evident from this construction that no third point can 
be found on the conic in the same straight line with P, 
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Hence a straight line which meets a cooio will ia general meet 
it in two point8| and no straight line can meet a conic in more 
points than two. It is for this reason that conies are called 
curves of the second ordefi or of the second degree. 

Let a straight line jMraUel to the axis meet the ctireetriz 
in M and the cmre in P. Make the angle M8R eqnal to 
MSP, and let JiS meet MF in (^J then, from above, the 
point Q lies on the curve. In the case of the ellipse the 




points Fj Q will He on the same side of the directiiz; fyr^ 
since iSP is lees than PM^ the angle 8MP is less than MSPj 
and therefore the alternate angle MSX is less than MSP or 

MSB, Hence the straight line Sli falls without the angle 
MSX, and meets MP on the same side of the directrix with P, 
By similar reasoning it may be shewn that a straight line 
parallel to the axis of a hyperbola intersects the corve in two 
points on opposite sides of the directrix. In the case of the 
jporoMoy BB coincides with the axiS| to which MP is paralleL 
Hence a stnught line parallel to the axis of % parahola meets 
the curve in one point only. 

4* To detenhe a eonie of given focus, directrw^ and eoeait» 
trieity by meanB of ike eccentric eirde of any given point 

Describe the eccentric circle of any point 0 in the plane 
of the conic, and let a straight line through S meet the circlo 
in p and the directrix in R. Let RO meet the focal radius 
parallel to ^^O in P, and let OD^ PM be the perpendiculars from 
0, P to the directrix. 
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BESCBIFnON OF THB CURVE. 




Then hj parallelfl| 

8Pz Op "PR : OS 

or BPiPM^OpiOD 

stke eccentricity. 

Hence, as j» moTes round the oirdei P traces the conic which 
was to be described. 

In the case of the hyperbola* it may be seen that the 
directrix divides the circle into two parts, each of which cor* 
responds to one branch of the curve. 

5. To determine the pointe tin tohkh a given straight Une 
intereeete a conie of gieenfocm^ directrix^ and eooeniricitg. 

Let the given straight line meet the directrix in B* Describe 
the eccentric circle of any point 0 on the straight line, and 

let it cut bli in (£. Let the focal radii parallel io pO^ qO 



* Since the locus of /> is a continuous curve, the conic, which is the locus of P, 
ia also to l>e rcg'ardod a-< in all cases a rotititiimus rr.rve. In th'* case of the hy}>erboIa, 
ai the point jr; crusaea tlic directrix, the ixj'mi J' yit&scti from iuliiiiiy on one side of the 
wda to infinity on the other Bids of the uds. Hcnoe the two bnochca of the 
l^pertxda may be oonoeiTod ol m conneoted diagonallg «t infiaitj. 



uiyiiizca by Google 



OSSCfilPnOR OF THE OUBT& 



11 



meet the stnught Ime in P, Q. Then, as above, if OD^ FM 
be perpendumlan on the directrizi 

BP : P.l/= Op : OD 

8 the eccentricityi 

or P is a point on the oonic 

Similarly it may be shewn that Q is a point on the oonio. 

From this construction it follows that a conic is a curve 

of the same order as the circle ; that is to saj, it is a curve 
of the second order, as was shewn in Art. 3. 

6, A eomo ia a curve of the second class. 

If the points q become coincident, the points P, Q likewise 
become coincident, since Oy>, Oq are always parallel to SP^ SQ 
respectively; that is to fiaj, if BR toueUes the circle, liO 
touches the conic. 




Hence the problem of drawing tangents to a ''conic from 

a point O is reduced to that of drawing tangents from S to 
the eccentric circle of 0; for if the tangents from S to the 
circle meet the directrix in 7?, R'^ then RO^ R'O will be the 
required taugcnts to the conic. 
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Sinoe the snna nomber of tangents can be drawn fiom 0 
to the oonio as from j9 to the droLey it foUows that a conio 
is a curve of the same dass as the cuole} that is to saji it 
b a caire of the second dass. 

In order that two real tangents to the conic maj be deter- 
mined by the above coustruction, it is necessary and sufficient 
that S should lie without the circle. The point 0 must therefore 
be so situated that 80 may be greater than the radius of the 
cirdoi and therefore 

BO: OD>OpiOD 

>the eccentticl^i 
where D is the projection of 0 upon the directrix. 



When 0 is on the curve the circle passes through and 
the two tangents coalesce. 

No tangent can be drawn to a conic from any point between 
the curve and its axisi since at every such point 

SO : OD < the eooentridtj. 

Henoe no tangent can pass between the curve and its aadSi* 
and the carve is therefore concave at all points to its axis. 



EXAMPLES. 

1. If an ellipse, a parabola, and a hyperbola have the 
same focus and directrix, the ellipse will lie wholly within the 
parabolsi and the parabola wholly within the hyperbola j and 
no two eonics which have the same focus and direotriz can 
intevBeot one another. 

2. If parallels from the focus and any point P on a conic 
meet the duectrix In and if 2r be equal to half the 
latus rectum, then 

SP'.PR^LiSD. 



• laparticiilaritittolieiiotiosdthtt no taogmt oaa bo dntwn to ottiMrlmuieh 
of A bjpnboto fioi^ OBJ poist witUn the oUmv braadb 
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3. If the focQd and two points of a conic be giTODi the 
directrix will paas through one of two fixed pointa. 

4. If FN be the ordinate of any point P on a conic, then 

BPt L : iS^»the eccentricitj. 
Henoe shew tiwt \£FBP be any focal ohord| then 

1 12 

SF'^ SF" L' 

5. Betttinine tiie oonditum tiiat the chord of a como may 
be greater than, equal to, or leas than the diameter of tJie 

eccentric circle of its middle p<nnt. 

6. Inthefigoreof Art 4|if (^/fiPbeaqnadrilateralformed 
by drairing throngh Oy 8 tk pair d parallelB| and a pair of 
straight lines whidi InterMct on the directrix^ then p will lie 

without or within the eccentric circle of 0, according as the 
ratio of SF to FM is greater or less than the eccentricity. 
Prove also by means of this construction that a tangent at 
any point to a conic cannot meet the curve in any other point. 

7. If p be made to deacribe a series of drdes about O as 

centre, F will describe a series of conies having a common focus 
and directrix ; and the eccentricities of the conies will be to one 
another as the radii of the circles. 

8. If p be made to describe a carve of any degree, P will 
describe a cmrve of the same degree; and the corresponding 
arcs of the two carves will subtend e^ual angles at the points 
Oi 8 respectively. 

9. If jm be the pcrpendieolar from p to the dhreetriX| then 
PM.pm ss OD, 8X, Hence shew diat the som of the reciprocals 

of the segments of a focal chord of a conic is constant, and any 
focal chord is divided harmonically by the focus and the direc- 
trix. Shew also that if OF=OQ^ then MqSp is divided 
harmonicall y . 

la Shew from the constmction of Art. 6 that the tangents 

OFj OF subtend equal angles, and that EF^ RF subtend right 
anglesi at the focus. 
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CHAPTER 11. 

THB GBNlSBAIi OOmO. 

In tbifl chapter we shall prove some of the principal 
properties which are common to the Parabola, the Ellipse, 
and the Hyperbola, reserving for fhtnre consideration the 
properties which are distinctive of the three species of conies. 

. PEOPEETIES OF TANGENTS. 

PROPOSITION I. 

7. The UtngentB to a coniGfrcm any point on the dwedrw 
mihtend tight angles at the focus. 

Let P, Q be adjacent points on the cmre, and let PQ 
produced meet the directrix in R, Then, as in Art. 8, 




and 8R bisects the angle which 8Q makes with PB prodoced. 

Let P8 prodoced meet the conic in 0. Then since the 
angles RBQ^ BSO are always equal, therefore in the limit, 
when SQ coincides with SF^ each of these angles becomes a 
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riglit anr^le, and i?P, which becomes the tangent at Pj subtends 
a right angle at S. 

Hence, (i) to draw the tangent to a conic at a given point 
P CD the curve, make P8E a right angle, and draw PR to 
the point in which 8R meets the directrix; and (ii) to draw 
tangents to a conic from a given point B on the directrix, draw 
the focal chord OSPaX right angles to BB^ and join BF^ BO. 

Corollary, 

Hence it appears that^the tangents at the extremities of 
any focal chord FO meet at a point R on the directrix; and 
oonyerselj, if tangents be drawn from any point B on the 
directrix their chord of contact PO will pass through the focos. 

The IMrectrix is ther^ore the Polar of the Focus. 

PROPOSITION U. 

8« 1/frcm any point T on ike tanffeni at P perpendiculars 
TLj TN le draton to 8P and the directrix respetilvady^ ih/m 
BL : TN^ the eccentricity.* 

(ij For if the tangent at P meet the directrix in and 




if PM be a perpendicnlar to the directrix, then, since 8B is 
at right angles to 8Pj and is therefore parallel to TLj we have 

SL : Sr = TR : PR 

^TN'.PM. 



* It win be ■hewn eft Uie end of the chapter that this theoieni, whkh, with ita 
ai^licafcions as in the text, was discovered by Prof. Adorns, is the geemetrical 
eaalogae of the polai eqqation between jgJaad its infilinattoa io the axii. 
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Thmfore SLxTN^BP iFM 

where ^ ia the vertex, and X the foot of the directrix. 

(il) It appears from the above proof, that this propodtioii 
may be reg»^ed as a corollary from the preceding; bat the 

two may be proved at once, as follows, if we consider the 
tangent to be deEued nrntatia mutandis after the mamier of 
Euclid. 

Let P be a point on the curve, and E a point on the directrix, 
such that FM lobtends at right angle at 8, Take &oj point T 
in the same straight line with P, and let £»11 the pespeiH 
dicolan Pif, TIT on duectriaC| and the petpendieolar TL 
on 8P. Then, as before, 

JSL : TN=^ SA : AX. 

Hence 8T: TN> 8A : AIC^ 

and the point 2'lie8 without the carve in every case except that 
in which it coincides with P. The straight line FE is therefore 
the tangent at P* 

CaroUary, 

It is evident that if X, N be the projections of a point T 
npon a fixed focal chord and the directrix reqpectlvely, and if 

8L: TN^SA'.AX, 

the point T will lie on the tangent at one or other of the 
extremities of the fixed focal chord. 

Hence, a second constmction analogous to that of Art. 6, 
for drawing tangents to a conic from a given point T, About 
S describe a curdle equal to the eccentric circle of T, and 
draw TLf TM tonching the drde at X, if; then 8L^ SM 
will pass through the pobts of contact of the two tangents 
which can be drawn to the conic from T, There is an apparent 
ambiguity in this construction, since each of the focal chords 
through Lj M meets the conic in two points ; but to determine 
the actual tangents, draw SE at right angles to >SX to meet 
the directrix, and join RT; and draw SS! at right angles 
to 8M to meet the directxix, and join E^T. 
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P&OPOSITION III. 



9. itoo tatiffenti wkteh ean be drawn to a conic from 
onjf external jpoint euhUnd egual or supplementary angles at 
th* focus. 




For if TP, TQ be the two tangents, and TZ, m, TN be 
perpendtculan upon SP^ 8Qf and the directrix respectiyel/i 
then nnoe Tlies on the tangent at P, 

SL: TN^SAiAX. 

In like manner 

BMx TN^SAiAX, 

■inee 7 Ilea on the tangent at Q. Therefore in the right-angled 
triangles STL^ STMj the sides SL^ S}f are equal ; and the 
hypotenuse ST is common to the two triangles j therefore 

Now (i) if TP, TQ tonch the same branch of the conic, the 
angles which they subtend at S will be either equal to 7\SL 
and TSMj as in the above figure, or supplementary to TSL 
and T8M. In either case TP, TQ will sabtend EQUAL angles 

Bot (ii) if rPy TQ tonch opporite branches of a hyper* 
bolay so that one, and one only, of the radii 8L^ SM has 

c 
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to be produced backwards to P or then the angles l^SLj 
TSM being equal as before, the taogeuts TP, TQ will subtend 
SUPPLEMENTA&T angles at B.* 

ChroOary 1. 

If the chord of eontact PQ of a pair of tangents TP^ TQ meet 

the directrix in then ST^ SR bisect supplementary angles 




at 5, and are therefore at right angles to one another. And 
the chord of contact PQ is divided internally and extemallj in 
the same ratio SPi 8Q^ that is to say, it is divided harmomcalljr, 
at the points at which it meets 8T and the directrix. Since 
the straight line 8T is evidently the polar of R^ it follows 
that the chord PQ is cut harmonically by the point R^ and 
the polar of R» ' . ^ 



* But in tbii c«M also, we may nj that they aubtend equal angles, if, ia 
aoooidaiioe witb tba pflncipla of the Note on Pzop. vii, we ngHid TQ m siibfeending 
at iff, not the ani^ TSQt bat ita aoppleaient. 
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(kraUary 8. 

If O be any point on PQ^ or PQ produced, and M the 
projection of 0 upon the directrix, and if the perpendicular 
from O to /ST meet SP, or SQ^ In Z; then, since thU perpen- 
dicular ia parallel to jSB^ it folio W8| precisely as in Prop. li., 

8L I OM^ the eooentricity, 
THE NOBMAL. 

PItOPOSlTION IV. 

eccentricity. 

For if the tangent at P meet the directrix in i?, the circle on 
PR as diameter will pass through since the angle PSR is 
a right angle; and likewise through J/, the projection of P 
upon the directrix ; and FG^ which ia at right anglea to jRfi, 
will toach the circle. 




Therefore L 8P0 » SMP^ in the alternate segment. 

Also Z. F8G B 8PM, hy parallels. 

Hence the triangles 8GPf PSMm similar, and 

8Gi SP^'SPiPM^^SAiAX. 
G>nT«rBeljr, if in A8 produced a pomt G be taken such that 

8G : 8P=^ SA : AX^ 
then will PG be the normal at P. 

This suggests an obvious method of drawing a normal to a 
conic at a given point on the curve, or from a given point 
on the axis. 

C9 
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PBOFOBmOH T. 

11. The perpendicular let fall upon tke focal radiuM to any 
point of a conus from the foot of normai a# that point meetf 
the focal radtue at a dietanee i^ydl to half the lotus rectum from 
«tf extrem^. 

Let G be the foot of the normal at a point P whose ordinate 

U PiV, and let a perpendicular GK be drawa to SF. Then 




hj flimilar right-angled triangles 

Therefore by the precedbg propontion 

8K: BA^SNiAX. 
But, firom the definition of the curve, 

8Fi8A^NXiAX. 
Therefore jSP~ SKt 8A^8X i AX. 
Therefore SF'>^8Kj or FK^ is constant, and equal to half 
the latus rectum. 

ANGLE PBOP£BTI£S OF SEGMENTS. 

PEOPOSITION YI. 

12. The chords containing the angles in a focal segment of 

a conic intercept m the directrix lengths which subtend right 
angles at the focus. 

Let FSp be a focal chord, and PQp an angle which it 
sabtends at the circumference. Let PQ, Qp meet the directrix 
wlB^t respectivelj. Produce Q8 to q. 

Then ainoo BPx SQ^^PR : QR, 

and 8p ; SQ^ pr : Qr^ 
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therefore BM and Br biseet the mpplementtfy angles whioh £^ 
makes with Qq^ and consequently the angle B8r is a right 
angle, or Sr subtends a right angle at £L 

OoroUary. 

The opposite sides of a quadrilateral whose vertices are at 
the ends of a pair of focal chords PSp^ QSq intersect upon the 
directrix, and the portion of the directrix which they intercept 
sabtends a right angle at the foeos. For, proceeding as above, 
we see that each of the straight lines PQ^ qp meets the dureotriz 
on the bisector of the angle pSQ) and each of the straight 
fines Pq^ Qp meets the directrix on the bisector of the sup- 
plementary angle pSq ; that i^i to say, the two pairs of opposite 
sides of the quadrilateral intersect upon the directrix at points 

r, such thai Mr subtenda a right angle at 8, 

PBOFOSmON Til. 

13. The chords containing the angles tn a fixed segment of a 
tonic intercept on tlie directrix lengths which subtend constant 
angles at the focua^ the constant angles being equal or supple^ 
mentary to half the angle which the chard of the Uffment subtende 
at thejfbeue. 

Let PQ be a fixed arc of a conic, and PBQ a Tariable angle 
at the drcnmference. Let PS, QR meet the directrix in pj q 
respectively. 

Then aiiicc sr : SB = Fp : % 
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the straight line Sp bisects the angle B8Pj and likewise the 
straight line 8q bisects the angle MSQ^ externally or intemallj. 




Hence, by addition or subtraction, as the case may be, tlie 
mghpSq is equal or sapplementaxy* to iPSQ. For example, 
in the figure drawn, 

L BSq = J supplement of BSQ^ 

and JL MSp s ^ supplement of MSF^ 

whence, by sabtraction, 

LpS2 = iFSQ. 
Corollary, 

In like manner it may be shewn, by successive applicatioas 
of Prop. III., that if the tangents at P, Q meet the tangent 
at E in p and 9', the angle p'Sq' will be equal or supplemen- 
tary to pSq^ or iF8Q* 

SCHOLIUM 

The Anole Pbopebtibs of conies comprise some simple gene- 
ralisations of fundamental tliooroms in the goomotry of tho circle, 
as may bo seen by romovinp^ the directrix to intinity, when, as has 
boon already Bhewu, tho coiiiu becomes a circle about S as centre. 

(i) TJomoving tlie din-ctrix to infinity, wo have, referring to the 
figure of Art. 8, the tangent Fli parallel to ISlif and therefore at 
right angles to 8P. That is to say, at any point on a circle the 
tangent is at right angles to the rndius. 

* TIm theoram ftppe»ni to &I1 when P, Q ue on oppoilte bnuwhat of a hTpoilNilai 
in wliioh ouo il jv^g = complement of \PSQ. But in this case the chord of 

the segment is not the finite straight line PQ, which lies without the conic, but the 
portion of the unlimited straight line through P, Q which falls within the cxjnic. The 
aoglo subteudeii at S by the churd of the se^imeat ia ihereiore not PSi4t hut the 
aupploment of P8Q, 
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(ii) Removing tho directrix to infinity in Art. 12, we have PQ 
parallel to SR^ sioce i2 is at infinity ; and Qp parallel to Sr, since 
r is at infinity. Therefore PQ, Qp contain aa angle e^ual to MSr^ 
or the angle in a semioizQle u a right angle. 

(iii) Proceeding similarly with reference to Art. 18, we have 

PM parallel to Sp, since p is at infinity ; and QR parallel to S^f 
einoe q is at infinity. Therefore tho angle PRQ, or its supplement, 
ia equal to \PSQ. ITenco, by varying the positions of tho points 
upon tho circumference, wo como to the properties of the cirL-le, 
that the angle at the centre is double of the angle subtended by 
the same arc at the ciroomferenoe ; that angles in the same segment 
axe eqnal to one another; and that the opposite angles of an 
inscribed quadrilateral are together equal to two right angles. 
Lastly, by making R coalesce with P, we deduce that the tangent 
at P makos with a chord PQ an angle e^oal to PMQ in the alter- 
nate ficginent. 

DIAM£T£BS. 

PROPOSITION VIII. 

14. The locus of the middle pomieof any eyeiem of parallel 
ehotde cf a conic is a straight line fohick meeU the directrix 
<m the ttraight line ^trough ihefoeue at right angles to the chords. 

Let PQ be any one of a system of parallel chords, and V the 
point in which the focal perpendicular upon them meets the 
directrix. Let PQ meet 8V 'm and the directrix in R, 




X AS 
Then since SP : PB^ SQ : QR; 
therefore 8P*'^8Q' : <2j8*« SF* : PJi\ 
or, sabtncting 8Y* from each of the magnitodes 8P^ aod 

Py - Cr' : P^" - QB' = SP' : IE'. 
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^ But, i£ 0 bo the middle point of P<2, the sum of Pr and g r 
will be equal Ui20Y^ and their difference to FQ^ or vena* 

Therefore PY* QY'^^OY.PQ, 

and in like manner m^-^QE" ^^OM.FQ. 

Therefore 0Yi0R^8P* i PB^, 

whicb| by Art. 2, in a constant ratio for all parallel chorda. 
Hence the locus of 0 ia a straight line through K.* 

Caroltary 1. 

The tangents at the extremities of diameters are parallel to the 
ordinates of those diameters, since a bisected chord as PQ may 
be supposed to moTe parallel to itself until its segments Tanlsh 
together, and its extremities coalesce, vis. at the end of 
its diameter. Hence the diameter through the pomt of contact 
of any tangent meets the directrix at a point V such that 8V is 
perpendicular to the tangent. If a diameter meets the curve in 
two points, the tanj^ents at those points are panillul to one 
anotlier, and to the oidlnates of that diameter. Conversely, 
the chord of contact of any two parallel tangents is a diameter. 



Corcllary 3. 

If POQy poq be double ordinates of a given diameter Oo, 
then since PQ^ pq are both bisected by the same diameter. 




* 1 hiA may also be proved by meant of the eccentric circle of 0. For in Art. IH, 
if OP be nade equal to 00, then 1^ i8q=pR :qlt,i)it J^Sqh divided harmoiucAlly ; 
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tbe directtons of Qq will intonect at some point 2*011 that 
diameter. Hence, making pq coalesce with PQ^ so that P7| 

QTbecorne the tangents at P, Qy we see that the tangents at 

the extremities of any chord meet upon the diameter which bisects 
the chord ; and conversely, that the diameter through an external 
point biaects the* chord of contact of the tangents from that 
pmnt. 

Oirollary 3. 

If the ehord PQ be parallel to the axis, so that 8Y the 
foeal perpendicular npon it u parallel to the dureotrix, then, 
proceeding as beforOi and supposing PQ to meet the directrix 
in we have 

or: OM=SF' : PM*i 
and, tbe ratio of O IT to OM bewg thus constant, the locus of 




0 is a straight line perpendicular to the axis. Let it raect the 
axis in C, which (Det*. p. 1) is the d-ntre of the conic. Then, 
evidently, CO divides the curve symmetrically, since it bisects 
eTeiy chord PQ to which it is at right angles ; and the conie 
has therefore a second focus JST, and directrix NW, which are 
the exact counterparts of the original focus and directrix with 
reference to which the curve was considered to be described. 

From the symmetry of the curve, it is manifest that every 
chord through the centre is bisected at that point, and hence 
that ail diameters pass through the centre.* Other immediate 



ADdtlMnfontlMfoadpcrpendieDlarAriitli* poUr of It with ntpaet to the circle, 
and OT,OB, bdag eqqal to tho aqmre of the nOln, It in a conitaat i»tio to OJf, 
H tnolimtion of PQ to the directrix be invariable. Thenfan OTt OM yt » 

cooetant ratio, an-1 the locus of 0 is a stiaiglit line tlimutrh V. 

m diameter la •oiuetimes ddiood ae a straight Iwo through the centre. 
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conieqoenoes of the twofold symmetry of Bifocal Conies will 
be assumed as self-evident in the coarse of the work. 

In the case of the parabola, smoe 8F* : PM* is a ratio 
of eqnality, OY: OM and C81CX are likewise ratios of 

equality. Hence the parabola may be regarded as a conic 
whose centre is at injinity. Its diameters g,re straight lines 
parallel to the axis, since they all co-intersect at the infinitely 
distant point C on the axis; and converselyi every straight 
Ime parallel to the axis is a diameter. 

CorcUary 4. 

In a central conic, if one diameter bisect chords parallel to a 
second, the second will bisect chords parallel to the former. 
For if the two diameters meet the directrix in F, V\ and if 
/Srbe perpendicular to OF'; then, CS being perpendicular to 
VV\ the focus is the orthocentre of the triangle CVV\ or SV 
is perpendicular to OV, That is to say, if OF bisects chords 
parallel to 0V\ then CV bisects chords parallel to CV. 

If OVf OV be thus related, it b easily seen that 

THE SEGMENTS OF GHOBDa 

FBOFOflmOll IX. 

15. The semi'latm rectum ia a harmonic mean between the 
segments of any focal chord. 

Let a focal chord PSQ meet the directrix in i2, and let 
Pifi 8X^ QN be perpendiculars to the directrix. 
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Then JSF: SQ^-I'M : QN^ 

» PR : QB^ 

or PQ 13 divided harmonically at S and R, 

But hy parallels, and from the defiLnition of the currei if Jj 
be the Bemi-latus rectum, 

FBiSBi QB^FM'.SX: QN 

^SP : L : SQ. 

And, from above, Pli, SB^ QB are in harmonical progression. 
Tberefofe also SF^ L^SQm In harmonical progression. 

Corollary. 

This result maj also bo written in the forms 

and L.PQ^L{SP-h SQ) « 8Q. 

Hence, if FQ^ pg be any two focal chordS| 

PQipq^BP.SQi Sp.Sq^ 

or focal chords are to one another as the rectangles contained by 
Uidr segments, 

PBOFOSmON X. 

16. A chord of a conic heing divided at any pointy to determine 
the magnitude of the rectangle contained hy its segments. 

Let 0 be any point on a chord PQ of a conic, or on the 
diord produced ; it is required to determine the magnitude of 
the rectangle OF.OQ. 

Let the chord, produced if necessary, meet the directrix 
in 2?, and let OD be a perpendicular to the durectrix. Describe 
the eccentric circle of 0, and let it cut 8B in p and q. Then, as 
in Art. 5, the radii Op^ Oq arc parallel to PS^ Q8 respectively. 

Therefore OFiSp^OBx % 

and • OQx Sq^OBiBq. 

Hcnoe OF.OQ : Sp.Sq^ OB' : Bp.Bq, 

= OB* : Be^ 
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if Rt be a tangent from B to the circle ; or (Euclid ill., 35) 
if it be a aemi-cbord at right angles to tbe diameter through 
£j in the case in which E falls within the circle.* 

In this result it is to be noticed (i) that the magnitude 
Sp.Sq depends onljr npon the position of 0, since when 0 is 
giTen, its eccentric circle being given, S^,Sq is constant; and 
(ii) that the ratio OR' : R^ depends only upon the direction^ of 
PQ^ since when the angle ORD is given, OR^ varies as OJJ\ 
and therefore as OC^ and therefore as OM* '>* 0^^ or E^^ 

Corollary 1. 

If through any other point 0' there be drawn a chord FQ 
parallel to PQ^ and if ^ be the points corresponding Xop^ ^| 
viz. on the eccentric drcle of 0', then, the ratio OB? : being 
the same for any two parallel chords, it follows that, 

OP.OQ : Bp.Sq^O'F.O'Q : Sp'.S^, 

where the consequents depend only npon the positions of 0, (X. 
If therefore any second pair of parallel chords be drawn through 
the same points 0, 0\ we have the general theorem that : 

* This b^pflUB when P, <2 an on cppodte teufiiliiB of a hjpobdai d&oe j», q 
tlien lie <m oppodte ndM of tbe direotnz. 

t Tliis follows most readily in the case of the parabola, tinco then the circle 
tonches the directrix in D, and the ratio in qncstion beOOOMa that of HC^ to RJJI' 
which is constant for a given inclination of the chord. 
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Th6 ratio of the recUmgUi contained by the scgmenti of any 
two inUraecting chords of a conie is equal to that of the red" 
might contained by the tegmenta of any other tuo chorde parallel 
to the former^ each to each* 

Takmg special caae8| we see tbet this ratio is equal to 
tbat of the parallel focal chords (Prop, ix., Cor.); and to 
that of the squares of any pair of tangents parallel to the 
chords ; and, ia a central conic, to the ratio of the squares of 
the semi- diameters parallel to the chords. 

Hence also, any two intersecting tangents are to one another 
in the aobdapHcate ratio of the parallel focal chorda; aDd| in a 
central conic, ihej are in the mtio of the aemi-diameters to which 
ihey are parallel. 

Lastly, to take a case which will be made use of in Prop. Xll., 
if OTa touch a conic in T, and if OFQ, O'FQ be * pair 
of parallel chords, then 

or I QT^OF.OQ : OF.OQ. 
(hroUary 2. 

If a circle and a conic intersect in four points, their common 
chords will be equally inclined, two and two, to the axis of 
thp conic* For if FOQ, pOq be one of the three paii-s of 
common chords of a circle and a conic, the rectangles PO, OQ 
and pO. Oq will be as the focal chords parallel to FQ^ pq; 
and the same rectangles will be equal to one another, by a 
property of the circle. Therefore the focal chords will be equal, 
and therefore equally inclined to the axis. 

Corollary 3. 

Lei the conic be a parabola,t so that the eccentric circle 
tonches the directrix in J) ; and let 8D meet the circle again 
in 2i Then, for a g^yen in<^ation of the chord, the rectangle 
OF.OQ varies as 8D.BZ. Let F be the extremity of the 



• That \<i to ■ay, cich pnir of cl'.or ls will form an isosceles triangle with the wdi; 
but they will not be parallel to one another, except when they are parallel <» peipeD> 
iicular to the axis. 

t AtuNiiflr pioof will be given in the chi^iter on tiie Finbde. 
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diameter through D, Then, since OZ is equal to OD aod 
parallei to V8^ it ia easilj seen that 

OVi SZ^VD : 8D^ SD : ^8X. 

Hence OP.OQ varies as and is equal to F.OV^ 

where F ia the focal chord parallel to FQ* 

This may also be deduced as a special case from Cor. 1, 
by regarding any two diameters as chords Kao and V'to^ whose 
further extremities are at infinity; lbr| if the parallel chorda 
PQ^ P'Q meet the two diameters in 0 and then 

OP.OQ : 0'P'.ag= OV.OaoiO'V'.O'oo =07: 0'V\ 

since it may be shewn that Oco : (7od is a ratio of equality; 
and therefore OP.OQ varies as OF. 

POLAR PEOPERTIES • 

FBOFOSinON XI. 

17. y a chord of a come jfnss through a fixed potntj the 
tangenU ai its $xirmiHe8 wiU inieruci on a fixed sfrm^Al 
Ime; and eonveroely^ if pairg of tangmUa be drawn to a eonie 
from pomte on a fixed straight Une^ their chorda of ooniad 
will pass through a fixed point 

If 0 be any point on the chord of contact of the tangents 
from jT to a conic, and if TL be a perpendicular to SO^ and 




* The thaoiy of Pokan, although the uune it of later oiiglii, waa known to 
PeiaigiMa. 8ee Fotidia*b (Ewcru d$ Jhtmyim, toL t., p. 268» (Paro^ 1864). 
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Oif| TN be perpendiculars to the directrix, then will the 
nctangle 80, £[L be in a constant ratio to OM. TN. 

Draw BP to one of the points in which the chord meets 
the conic, and let TU be a perpendicalar to 8P,* Upon 8T let 
fall the perpendicnlar OK^ and produce it to meet 8F in L*\ 
Then, since each of the ratios SL' : TN, and 8L" : OM 
(Prop. 111., Cor. 2), is equal to the eccentricity, the rectangle 
8L',SL" is in a constant ratio to OM. TN. 

And because the angles at A', Z, L' are right angles, the 
points £, T, Zr, 0, and the points iT, L\ L'\ are concjclic. 
Therefore 

80. 8L^ 8K. 8T^ 8L'. 8L% 

which has been shewn to vary as OM, TN. Hence, if 0 he a 

fixed point, SL varies as TN^ and the locus of T becomes a 
straight line,t which meets the directrix at a point 7?, such that 
OSR is A RIGHT ANGLE. Conversely, if T be taken on the 
fixed straight line the chords of contact will co-intersect 
at 0. 

When the Pole 0 lies without the conic, its Polar, the 
locos of T^ is the chard of contad of the iangeniafram 0, since 
these points of contact are evidently points on the locos. 

Corollary 1. 

From the above investigation it is evident that, if a point T 
lies on the polar of 0, then 0 lies on the polar of T. Take 
any two straight lines and let a, b denote their poles. 

Then the polar of any point on A passes through a, and the 
polar of any pomt on B passes through 5, and therefore the 
polar of the intersection of A^ B passes through both a and h. 
That is to say, the intereedum of any two straight linee is <Ae 
Pole of the straight line which Joins their two Poles, 

CoroUarg 2. 

Since every point at infinity in the plane of a central conic 
is the point of intersection of a pair of tangents whose chord of 

* See t!ic lithographed figon, No. 1. 
t See ficboHnm B. 
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contact, being a diameter (Prop, viii, Cor. 1), passes through 
the centre, all such points at infinity are on the polar of the 
centre, and may therefore be regarded as lying on a Btriught 
line, which is called the Straight Line at Infinity^ 

Corollary 3. 

Since when 0 is a fixed point 8L Taries as TN^ the straight 
line which is the locos of T is a tangent (Art 8)| Til. at the 
point in which it meets SO, to a conic having the same focus 
and directrix, and whose determining ratio is that of 8L to TN\ 

and further, it will be a tangent to the same conic if 0 be 
no longer fixed, but subject only to the condition that the ratio 
of SO to OM is constant. Hence, if a point 0 lie on a conic, 
the envelope of its polar with respect to a conic having the 
same focns and directrix will be a third conic having the same 
focos and directrix, and conversely ; and the eccentricities of the 
three conies will be proportionals 

PROPOSITION XII. 

18. All chords drawn through any point to a conic cart 
cut harmanicaUy hy that jpaitUj and ita polar with regpect to 
the conic. 

Let HT^ HT be a pair of tangents to a conic, and PP' 
a chord which passes through i/, and cats the chord of contact 

TT m K\ 80 that -^is on the polar of JT, and IT on the polar 

of //. Through P, P' draw parallels to TT\ and let them 
meet the curve in Q, Q\ and the two tangents in 0, 0' and 
E respectively. 
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Then noce the itiaiglit line which bisects TT' and passes 
through ^bisects also OH and O^B'; and since, by Prop, viii., 
Cor. 2, the same straight line is the diameter which bisects 
the chords FQ, P' Q \ therefore the intercepts OQ^ FR are 
equal, and likewise the intercepts O'Q^ F'B!* 

Hence) and bj Prop, x., Cor. 1, 

^OF.FRiaF'.F'E 

= OH" : JP, 

by similar triangles. That is to say, IIOTO' is cut harmo- 
nically | and therefore UFKF' is cut harmonically. 

CJoroUanf. 

The diameter through 11 is divided harmonically at that 
point, and the point in which it meets the double ordinate TT', 
Let it meet the latter in and the curve in D and U, Then| 
if C be the centre of the conie, and therefore the middle point 
of 2>j2y, it foiiowB from the nature of harmonic section that 
CV.CE^ Clf. But 'm the case of the parabola, if Z> and oo be 
the extremities of the diameter through then HV is divided 
harmonically at J) and oo , and therefore HV ia bisected at 2). 

SOHOLIUK B. 

In Prop. XI, having shewn that 8L, tilie projection of ST on a 
fixed straight line SOf varies as the perpendicular distance of T 
from another fixed straight line, the directrix, we inferred that the 
locus of T was a straight line ; and that it met the directrix at a 
point Ji such that L OSli = a right angle. This is virtually proved 
in Art. 8, whsxe, leaving the curve out of consideration, we may 
regard the eooentricify as any constant ratio. In Prop. xi. there is 
the same ambiguity as in Prop, n, Cor., the locus of T apparently 
consisting of two straight lines through B. This arises from the 
circumstance that when the magnitude only of the ratio SO : OM\b 
given, the point 0 is not completely determined, but the choice 
nes between two points 0, 0' colliuear with the focus, each oC 
which has its own polar. ^ howem, the aotual position of 0 be 
given, as in tiie propositioiiy then taking into consideration the 
iign of the ratio SL : jfWas well as its magnitude, let the direction 
iS 0 be regarded as positive, and that of OS negative ; and let 
perpendioiUars to the direotxiz fiom its ^-side be positive, and 
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those from tho further side nej^ative. Then, 5Z, 71V he\u^ 
positive or neo^ative together, the locus of J^is seen to be the eingle 
fitniight Hue Tit. 

The polar of 0 is tho straight line through Ji varallel to the 
mriinaUt of the iikmtUr ikroHoh 0; fas it « be the polo of that dia- 
meteri and V its point oi oonoouise with the directrix, then 
(Prop, in., Oor. \) S <x) is at right angles to SV^ and is therefore 
(Prop. VIII.) parallel to the ordinates of tho diameter OV. In 
the case of central conies this follows at once from Prop. Yui., 
Cor. 1. 

If e denote tho eccentricity, then, rofoniug to the proof of 
Firop. zi., we eee that 

SO.SZ = e'. OM.TN. 

Hence (i) if 5^0 be less than e.O.V, then will SLt and a fortiori ST, 
be greater than e . but (ii) if SO bo greater tlian f. OM, then 
will SL bo less than e. 'TN, and ST, which may have any map:nitude 
not less than SL, may be either less or greater than e . TX. It 
follows that the polar of 0 will cut or not cut the conic according as 
0 Uet without or mtkm tho oonio. 



eOHOXJUM c* 

Thf, Polar Equation of a conic roforrod to its focus and axie 
maj be seen, irom Example 4, to be of the ibrm 

J -1 + •eosa, 

where r denotes SP; 6 the angle ASP; and e, I denote the eooen- 

tricity and the semi-latus rectum. The corresponding equations of 
the Tangent, the Normal, of any Chord, and of tho Polar of any 
point, may be deduced, as below, &oni geometrical theorems which 
we have already proved. 

(i) ThoTangmt 

In Prop. TT., lot r, 0 bo tho coordiiiatoH of and leto be the 
angular coordinate of the point of contact F. 

Then SL^8Tiso% T8L - r oos (0 - o), 

and 0 . rJV- e (-SX- ST cob AST) « / - d . r cosO. 

Henoe * ^ oosO+oosCO-a). 

Hi) T%0 Normal 

In Prop. IV., lot a parallel to the axis out SP in and PG in 
Q. Denote LASP by a, and let r, 0 be the coordinates Q. 

Then Z(i^e.ZP^t{SP^SZ), 

or c,SP'»Z(l\e.SZ\ 
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ainoe 8P, a are the ooordinfttea of a point on flie cunre. 

(iii) Any Chord. 

From Prop. lu., Cor. 2, it is easy to deduce the equation 



-me 0080 + sec/3 CO8(0 - a), 



tepmenting the ohofd whioh cute the oonio at the pdnto whose 
angnlar ocxndinates are a±fi resx^ectively. 

(W) The Polar of any Point. 

In Prop. XI., let r, 0 be the coordinates of and a those of 
0. Then it is easily seen that 

e.Ty^l-e.r cosQ; cOM^ l-^.p cosa; SK.ST^p C0B{d-a).r. 
Henoe^ equating SJST, ST to ^.OM. TN, we dedooe that 



1 1. Determine ibc pole of the latne rectum of a conic. 

12. Every tangent is the polar of its point of contact. 

13. The segments of any focal chord subtend equal angles 
at the point in which the directrix meets the axis. 

14. If two conies have a common focus, their common chord 
or chords will pass through the intersection of their directrices. 

15. The tangents at the ends of a focal chord meet the 
latus rectum at points equidistant from the focus. 

1 6. The focal distance of any point on a conic is equal to 
the ordmate at that point produced to meet the tangent at an 
extranity of the latus reetmn. 




which is the equation of the polar of the point (p, a). 



EXAMPLES. 



j>2 
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17. The directions of any two tangents to a circle are 
equally indtned to tbe diameter through their point of inter- 
section. State this tlieorcm In a form applicable to all couics. 

i8« Given the focas of a conic and a focal chord| the locos 
of the extremities of the latns rectum is a cude. 

19. Given the focus, tbe length of tbe latus rectum, a 
tangent| and its point of contact, shew how to construct the 
conic 

20. When tbe focus and tbree points of a conic are giveD| 
shew how to construct the carve. 

21. Given the focns of a conic inscribed in a triangl^ 
determine the points of contact. 

22. Given a chord of a conic and the angle which it 
snbtends at the focus, shew that the focal radius to the pole 

of the chord passes through a fixed point. 

23* With given focus and eccentricitj oonstmct a oonie 
which shall pass through two given points. 

24. Determine in what cases a chord of a conic will be a 
maximum or a mimmom. 

25. The portion of any tangent intercepted between the 
tangents at tbe ends of tbe parallel focal cbord is divided at 
its point of contact into segments whereof each is equal to the 
focal distance of that point. 

26. If the tangent at any point of a conic meet tbe directrix 
in D| and tbe latuii rectum in then 

27. If PMy QN be the ordinates of tbe extremities of a 
focal cbord l^Q^ and if tbe direction of tbe chord meet the 
directrix in 11 , then will £2^ meet MF at a distance from the 
axis equal to 

28. If if be the projection upon the dunectrix of any point 
Pon a conic, then will iSAf meet the tangent at tbe vertex iijwn 
the bisector of tbo angle tSI'Af, If a focal cbord of central 
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eonic meet the tangents at the vertices in F, give a con- 
stmction for determinbg the points in which the circle on VV 
u diameter meets the conic. 

29. Prove the following construction for drawing taiigeuta 
to a conic from a given point T. Divide ST'm so that 

where TN is a perpendicular to the directrix; about 8 as 

centre describe a circle touching the conic, and from t draw 
tangents to the circle, and let them meet the tanp^ent at the 
vertex in V'^ draw TV^ TV\ which will be the tangents 
required. 

30. If a chord of a conic subtend a constant angle at the 
focus, the locus of its pole will be a conic haviug the same focus 
and directrix. Sliew also that the envelope of the chord will 
be another conic having the same focus aud directrix, and that 
the eccentricities of the three eonics will be proportionals. 

31. The vertex of a triangle wbicb circumscribes a conic, 
and whose base subtends a constant angle at the focus, lies ou a 
conic. 

32. Two ndes of a triangle being given m position, if the 
tbiid sabtends a constant angle at a fixed point, determme 
its envelope. 

33. If a fixed straight line intersect a series of conlcs which 
have the same focus and directrix, the envelope of the tangents 
to the conies at the points of section will be a conic, have the 
same foeos, and tondiing both the fixed straight line and the 
directrix of the series of coDies. 

34. The focal perpendienlar upon any tangent to a conic is 
a mean proportional to the segments into which it divides the 
portion of that tangent intercepted between the tangents at the 
extremities of any focal chord. 

35. If iSFbe the focal perpendicular on tlie tangent at any 
point P to a conic, and X the point in which the axis meets 
the directri;c, then 

* • 8TxYX^8AxAX. 
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Determine the locus of and shew that it is the envelope 
of the circle on SF, 

36. If PN be tbe perpendicular from any point P on a 
conic to the latus rectum, the straight line connecting X with 
the point in which the axis meets the directrix will pass through 
the foot of the perpendicular let fall Irom the focus upon the 
tangent at R 

37. If the diameter at a point P on a conic bisects the 
chord normal at the diameter at Q bisects the chord normal 
at -P. 

38* In Art. 10, shew that the normal PG becomes eqnal 
to the flemi-latiu rectnm when P coincides with the vertex 

of the conic. 

39. The perpendicular from G on 8P varies as the ordinate 
of P; and the foot of thu perpendicular lies upon the straight 
line which passes through the foot of the ordinate of and 
is parallel to SM. 

40. If Q be anj point on the normal at P, and L and if be 
its projections on SPsnd the ordinate of P, shew that 

QL : FM=. SA : AX. 

41. The perpendicular upon a focal chord from the inter- 
section of the normals at its extremities meets the chord at 
a distance from one extremity which is equal to tlie focal 
distance of the other; the locus of the foot of this perpen- 
dicular is a conic \ and the straight line drawn parallel to the 
axis through the intersection of the normals passes through 
the middle point of the chord. 

42. If P be the pole of a normal chord which meets the 
durcctrix in sliew that the circle 8PQ passes through an 
extremity of the chord. 

43. If a circle touch a conic on opposite sides of its axis^ 
it will intercept a constant length upon the focal chords through 
the points of contact. When the circle passes through the 
focus, determine the focal radii to the points of contact. 
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44. The rcctoDgld contained hj the focal perpendicular upon 
the tangent at any point to a ooDtc and the portion of the 
normal intercepted between the carve and its axis is equal 
to the rectan^ contained by the semi-latos rectum and the 
focal distance of the point. 

45. If QQ' be a focal cliorJ of a conic, and if the normal at 
P be at right angles to the chord and meet the axis in then 

46. Shew also that, if a parallel to the chord be drawn 
through G and meet the direction of F8 in U, then PU'^iQQ. 

47. If the normal to a conic at P meet the axis in 6', and 
if SY the focal perpendicular upon the tangent meet the 
directrix in F, shew that 

FGi8Y^8V: VY. 

48. The ratio of the normals, terminated by the axis, at any 
two pobits of a conic is equal to that of the tangents at those 
points. 

49. Given an arc of a conic, shew how to construct the 
curve. 

50. The parallel diameters of two sunilar and rimilarly 
situated conies bisect the same systems of parallel chords. If 

the two conies be concentric ellipses or hyperbolas, or equal 
parabolas whose axes are coincident, shew that any chord of 
the exterior conic is divided into pairs of equal segments by 
the interior, and that any chord of the former which touches 
the latter is bisected at the point of contact. 

5 1 . The angle between any two chords of a conic is equal 

to the angle subtended at the focus by the portion of the 
directrix intercepted by the diameters which bisect the chords. 

52. The aims of the angle which a focal chord of a conic 
subtends at any point on the circumference meet the directrix 
upon diameters through the points of contact of tangents at 
right angles. 

53. The polar of any point with respect to a conic meets 
the directrix on the diameter which bisects the focal chord 
through that point* 
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54. The diameter tlurongli anj point, and the polar of that 

point, meet the directrix and the axis respectively on a straight 
line parallel to the focal distance of the point. Hence shew 
that the foot of the ordinate of any point in the plane of a 
central conic is at a distance from the centre which varies 
inversely aa the distance therefrom of the intersection of the 
polar of the point with the axis. 

55. From the preceding example deduce a construction for 
drawing tangents to a conic from a given point. 

56. The triangle whose angnlar points are the focos of a 
conic and the intersections of the tangent and the diameter at 
any point with the axis and the directrix respeetiyely has its 
orthocentre at the point in which the tangent meets the directrix. 

57* Given the focus and the directrix of a conic, shew that 
the polar of a given point with respect to it passos through a 
fixed point. 

58. If the polar of a point 0 with respect to a conic intersect 
a conic having the same focus and directrix in P, and if SQ be 
drawn at right angles to to meet the directrix in the 
locns of the intersection o£ QO and SF will be a conic 

59. Deduce from Art. 16 that the square of the ordinate at 

any point of a conic varies either as the distance of the foot 
of the ordinate from the vertex, or as tlic rectangle contained 
by the segments into which it divides the axis. 

60. A focal chord of a conic and the diameter which bisects 
it meet anj fixed straight line perpendicular to the axis at 
points whose ordtnates contain a constant rectangle; and the 

square of the ordinate of the middle point of the chord varies 
either as the distance of the foot of the ordinate from the focus, 
or as the rectangle contained by its distances from the focus 
and the centre of the conic 

61. If a chord of a come passes through a fixed point in the 

axis, determine the locus of its middle point, and in the case 

of a central conic, the locus of its intersection with another 
chord which passes through a fixed ])oiiit in the axis and is 
parallel to the diameter which bisects the former. 
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62. If a tftDgent be drawn parallel to any chord of a conic, 
tibe portion of it tenninated by the tangents at the ends of the 
diord is bisected at its point of contact 

63. Two tangents being applied to a line of the second 
order, if from any point in one of them a straight line be drawn 
psrallel to the other, the portion of it intercepted by the diord 
joining the points of contact will be a mean proportionsl to 
its segments made by the enrre. Examme the case in which 
die secant becomes a tangent. 

64. In Art. 16, investigate the case in which 0 coincides 
with 8j and shew that SX is then a mean proportional to the 
distances of F and p from the directrix. 

65. Shew also tliat, if SZ be drawn parallel to FQOR to 
meet the directrix, then 

OF.OQ ; Sp.S^^SZ* : 8Z^-L% 

where L denotes the semi-latns rectnm. 

66. If a chord of a conic subtends equal angles at the 
extremities of another chord, it likewise subtends equal angles 
at the extremities of any chord parallel to the latter. 

67. If J />6' be a triangle whose sides touch a conic at the 
points a, 6, c, then 

Ab.BcCa^ AcBa.Cb, 

68. If any oonie be drawn through four given points, and 
if a fixed stnught line meet the conic in P, Q, and one of the 
purs of straight lines joining the four points in ^, then will 

the ratio of the rectangle FA,AQ to the rectangle FB,BQ 
be constant 

69. Any tangent to a como is divided harmonically by its 
point of contact and the three points in which it meets any two 
other tangents and their chord of contact. Examine the cases 

in which two of these four straight lines become parallel. 

70. If from any point on a conic parallels be drawn to two 
adjacent sides of a given inscribed quadrilateral figure, the 
rectangles under the segments mtercepted by those adjacent 
and by the other two opposite aides will have a given ratio. 
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71. U ABC be a triangle inscribed in a conic, and if from 
any point 0 on the curve there be drawn a parallel to BA 
meeting BC and the tangent at A in P, (J, and a parallel to 
BC meeting AB^ AG m F, Q'\ then will OP,OQ bo to 
OF.OQ in a constant ratio, viz. that of the focal chords 
parallel to BA and BC respectively. 

72. If from any point on a cnnic pairs of perpendiculars 
be drawn to the opposite sides of a given inscribed quadrilateral, 
the rectangle contained by the one pair of perpendiculars will 
be in a constant ratio to the rectangle contained by the other 
pair. 

73. The perpendicular from any point on a conic to a fixed 
chord is a mean proportional to the perpendiculars from that 
pomt to the tangents at the extremities of the chord. 

74. If from any point on a conic straight lines be drawn 

at given angles to two adjacent sides of a given inscribed 
quadrilateral figure, the rectangle under the segments inter- 
cepted by those adjacent and by the other two opposite sides 
will have a given ratio. 

75. Hence shew that, if from a given point M there be 
drawn two fixed straight lines meeting a conic in >4, B and 
C D ; and likewise a variable straight line meeting the curve 
in'^, E'^ and the straight lines A C, BD in L ; then 

EIP : EM^^LE.EK : LE'.E'K-^ 
and investigate the form which this relation assnmea when the 
fixed straight lines become tangents to the conic. 

76. Deduce from the preceding example that, if J, By C7, D 
be any fonr points on a conic, the three straight lines joining 
the intersections of AB, CD', BC, DA; and CA, BD, are cut 
harmonically by the curve, and that each of these points is the 
pole of the straight line which joins the other two. 

77. Hence shew how to draw tangents to a conic from any 
external point with the help of the ruler only. 

78. If BVP' and QVQ' be any two intersecting chords of a 
conic, and if the cirdo through P, Q' meet FF' in -K, theu 
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will the ratio of VP' to VR be equal to tbat of the focal chords 
parallel to FP' and QQ. Examine the cases in which two or 
all of the points Fj Q coalesce. 

79. If FQ be any chord of a conic, and i^the parallel focal 
chordy and if the direction of F meet the tangent at P in 2] 
then 

FQ.ST=F.SR 

80. If there be a qaadrilateral figure inscribed in a conio 
section, and if from one of its angular points there be drawn 
parallels to the sides abont the opposite angle ; and if from the 

two remaining angles there be drawn straight lines to any point 
in the curve to meet the parallels ; the intercepted portions 
of the parallels, estimated from their common point, will have 
a given rati0| wherever in the curve the tifth point be taken. 
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CHAPTER III. 

TBCB PAKABOIiA. 

19. The parabola beiog a oooic whose detenniniDg ratio 
18 one of equalitj, some of its properties may be at onoe 
dedaced by equating 8A : AX to unity horn properties of the 
general conic ahneady proved; thns 8L becomes equal to TN 

in Art. 8, and SG equal to SP in Art. 10. The semi-latua 
rectum of the parabola is equal to that is, to SA + AX^ 
or 2SA. 

Other properties of the parabola may be derived from those 
of central conies by regarding it as a couic whose centre* an^ 
second focus are at infinity, and the farther extremities of whose 
diametersf are likewise at infinity ; but in the present diapter 
we shall give independent proofs of such properties, commencing 
with the orif^inal dcHnition of the parabola. 

The portion of any diameter intercepted between the curve 
and the ordinate of any point with respect to that diameter is 
called the Abscissa or Absciss of the point ; and any focal chord 
of a parabola is called the Parameter of the diameter which 
bisects it. 

CHORD PBOPEBTIES 

PAOPOSIXION I. 

20. The ordinate of any jwint on the parabola is a mean 
proportional to the abscissa and the latus rectum. 



• Bee Art. 14, Gbr. 8. 

t See Art. 1(1. Cor. 3. 

I Under tliis head are included such propositions only as can he proved ante- 
ccdcntly to the definition of a tangent ; but Hut Kiatrictiou docs uot appljr to Uie 
CurvUaricj from tho&c Pro^tusiLiuu^i, 
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Let AN be the abscissa of any point P on the cnnre, and X 
the point in which the directrix meets the axis. Then| hj 
Euclid L 47, and from the defimtion of the parahola, 




Hence FN* + (AN'CAS)* = (^+ ASf. 

Therefore PX"^ = iAS.ANj or PN is a mean proportional 
to ^.Y and -LAS^ which latter| hy Art. Id, is equal to the 
latus rectum. 

ConTeraely, if the square of the ordinate of any point P 
Tary as its abficiasa, the locoa of the point will be a parabola. 

The above propoaition anggeata an obviona method of tracing 
the cnnre, aince for anj aaanmed magnitude of AN the 
magnitude of FN and the position of P are determined. 

Corollary, 

Hence, to find two mean proportionala between a given pair 

of straight lines with latent recta equal to the given lines 
describe two parabolas, having a common vertex, and their 
axes {It right angles ; then will the ordinatcs of cither of their 
points of intersection be mean proportionals to their latera recta, 
as rcquured ; for it is evident that the ordinate in either parabola 
will be a mean proportional to its own latns rectum and the 
oidmate in the other. 



• This problttn, which is of great historical interest, was solved as abore by 
MtnsDchmua, according to the statement of Entokius. Compare BrctdchiMider'S) 
JHt Gtomdru und dU Gtumtttr vor Enktide$, p. lSO'(Lmpa<s 1870). 
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PAOP081TION II. 

21. The loeus of the middle points of any syHem of parallel 
chords of a parabola is a straight line parallel to tJic axis ; and 
the bisecting line meets the directrix on the straight line through 
the focus at right angles to the common direction of the chords. 

Take QQ\ any one of a Bjstotn of parallel chords, and let 
if and M' be the projections of its extremities upon the directrix. 

Let the focal perpendicular upon the chords meet QQ m 
and the cUreetriz in 0 ; and through 0 draw a parallel to the 
axis meetmg QQ \jk V. Then will V be the middle point 
of QQ. 

For C?ir= Oif^ Q2r= 0<y- SQT 

and OJT* may be shewn to haye the same value. 

Therefore OM^ OM' being equal, the straight line through 




0 parallel to the axis bisects QQ' ; that is to say, it bisects 
every chord which is at right angles to OS, 

Hence it is evident that every straight line parallel to the 
axis of a parabola is a diameter of the curve, and that all 
diameten are parallel to the axis and to one another. 

CoroUary. 

It follows, as a particular case of the above proposition, that 
the direction of the focal perpendicular SY on the tangent at P 
to a parabola meets the directrix at a point M such that FM 
is parallel to the axis. 
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Hence it appears that the tangent at P bisecta tlie angle 
SPM^ as will be otherwise proved in Art. 25; and it may also 
be deduced, independently of Art. 7, that the intercept on the 
tangent made bj the cutto and the directrix subtends a right 
angle at 8* 

PBOPOsmoR ni, 

22. To Jind the length of any focal chord of a parabola. 
Let QQ ho any focal chord; M and M' the projections 
of its extremities upon the directrix ; and 0 the point in which 




the focal pci-pcndlcnlar upon the chord meets the directrix. 
Let a parallel through 0 to the axis meet QQ' in v, wbicb| 
by Prop. Ily will be the middle point of the chord. 
Hencei and from the definition of the curve, 

QQ' = SQ + Sg= QM+ Q'M' 

And because 0^ is a right angle, and 8P^F0] therefore 

Pv^SP^rO, and therefore v0^28P. 
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Hence QQ = iSPj or the parameter of any diameter of a 
parabola is equal to fomr times tbe focal distance of the ex- 
tremity of that diameter. Id particular, as we have already 
seen, die latns rectom is equal to 4^. 

PBOFOBinON IT. 

23. The ordinate of any point on a parabola with respect 
to any diameter is a mean proportional to it$ paramet&r and 
ike alftcissa of the point. 

Let QFand PKbe the ordinate and absciBBa of any point Q 
on ihe cnrre; let VP meet the directrix in 0, and the focal 




chord parallel to QVmv\ and let 08^ which (Prop, n.) is at 
right angles to 89 and QV^ meet the latter in Y. 

Then, as in Art. 21, if D and M be the projectiouji of Q on 
the diameter PF, and on the directrix, 

And since, by similar triangles, the lenj^tlis QD^ 0^, SY 
are proportional to Q \\ OV^vV^ therefore, from above. 

And since Pv — SP^PO^ as in Art. 22, the sum of OFand 
vFis equal to 2PF, and their difference to 2SP^ or vice iwrsa; 
and therefore, in either case, the difference of their squares 
is equal to 26P.2PF. 
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Therefore QV*^l8P.PVf or the ordinate QVh a mean pro- 
portional to the parameter A8P (Prop, iii), and the abadaaa PF. 

Chrollary I. 

It may be ihewn that QUf^^a.PV^ and farther, that 
if a straight Ime he drawn mi any dwtcHon from Q to the 
diameter PF, it will be a mean proportional to the parallel 

focal chord and the abscissa PF. This follows moat readily 

with the help of the theorem (Art. 30, Cor. 1), that tf the hose 
of a triangle he parallel to the axis of a i)arahola the squares 
ofiU remaining sides will be as tlie parallel focal chords.* 

Corollary 2. 

If the tangent at P meet QM in i?, then the figure PVQR 
being a parallelogram, it follows that RP*ss^8P.EQ, Henoe, 
if i2 be any point on the tangent at a giTen point P to a 
paraboUi and if the diameter through E meet the oorve in 
then will BP* yaiy as MQ. 

CoroUarjf 3. 

On the tangent at a given point P to a parabola take any 
two points Tand and let the diameters through them meet 

in curve in E and Qj and let the former diameter meet FQ 
in F, ThoD, by Cor. 2, and by similar triangles, 

T£ : BQr' TP* : BP*^ TF* i BQ". 
Hence TE: TF^ TF : BQ ^PF x PQ, 

or, the portion of any diameter intercepted by any chord and the 
tangent at either extremity of the chord is divided at the curve %n 
the same ratio as that in which it divides the chord. ^ 

PROPOSITION 

24. A chord of a jmrahola being divided at any pointy to 
determine the magnitude of the rectangle contained by its segments. 

Let any chord QR be divided internally or externally at the 
point 0; and let the diameters through O and the middle 

* This may be deduced without the help of tangent-pTDpertiea from the second 
note on p. 28, or from Art. 22, where QQ! Tories as SQ.SQ', that is to say, as SO^, 
the angle Q0(^ being a right angle. It foUowi that the focal chorda of a parabola 
Tiiy invanelj M the svuttw of flM liiioi of their iacliiM^^ 
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point V of the chord meet the parabola in M and P. Then 
by Prop. lY, and by Euclid n. 5, Cor., if JfCTbe the ordinate 
of if with respect to the latter diameter, 

ASP. MO, 

or the rectangle whereof the magnitude was to be found varies 
as MOf which depends only upon the position of the point 0 ; 
and as the parameter 4t8Fj which depends only npon the 
dirdction of the chord QB* 

Corollary, 

HencOi if Qlt be any second chord through 0^ and ASP' 
the corresponding parameter, 

QO.OR: Q0,0R^4.8P\4.8P\ 
or these rectangles are proportional to the focal chords parallel 
to QR, Q'R^ ^ ^^"^^ proved also for the general conic in 
Art* 16. Hence also, the squares of any two intersecting 
tangents are as the focal distances of their points of contact 

TANGENT PEOPEBTIES.* 

PROFOBITION VI. 

C 2^ The tangent to a parabola at any point is the bisector 
of Jm angle tohtch the focal radius ifuJces with the diameter 
produced, 

* See alto the CoroUaiies in Articles 21, 23, 2i. 
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(1) Let the tangent at any point Pmeet tlie direotriz in ^ 

and let the diameter produced beyond the curve meet the 
directrix in if. 




Then anoe anbtends a right angle at iG^ and since 
BP^PM^ and PS is common to the right-angled trianglea 
BPB^ MPSj thereflm their angles at P are equal, or the 
tangent PR bisects the angle SPM. . . 

It is likewise evident that SF and 3fP make equal angles 
with BP produced towards f, as in the figure of Art. 21, Cor.; 
and that if Pi?, or Fli produced, meet the axis in the 
angles at F and T in the triangle 8FTj and therefore also 
the aides ^and ST^ will be eqoal to one another, 

(ii) Or wc may proceed as follows, taking Euclid's 
definition of a tangent. 

Draw the straight line bisecting the angle SFM, and take 
any point upon it. The distance of any such point from 8 ia 
eqnal to its distance from if, and therefore greater than Its 
distance from the directrix, except when the point coinddea 
with P Hence every point except P on the bisector of the 
angle SPM lies without the curve, and the bisector of ifiPif 
is therefore the tangent at P. 

Corollary 1. 

It ia erident from the abore that the tangent at P bisects 
the angle 8BM between the directrix >and the focal distance of 
the point B in which it meets the directrix; and, in like 

manner, that the second tangent BQ from B bisects the 

£2 
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Bapplementaiy angle SRN between 8B and the directrix. 
Hence the two tangents to a parabola from any point on its 
directrix, or at the extremities of anj focal chord, are at right 

angles ; and conversely, the directrix of a parabola is the locos 

of the iutersectioD of tangents at right angles. 

Corollary 2. 

To draw tangents to a parabola from any external point 
with centre E and radius ES describe a circle cutting the 
directrix in 3f and iV, and let the diameters through those 
points meet the curve in I* and which will be the pouits 
of contact of the tangents required ; since, as readily appeai8| 
^bisects the angle iSPJf and £Q bisects the angle 8QN. 

CoroUarff 8. 

The subtangent at any point is double of the abscissa ; since, 
in the next figore, 8T'^8F^NX''JN-{-A8^ and therefore 
AN^ 8T- AS^ATf or NT the subtangent is equal to 2AN. 

PROPOSITION YU. 

26. TJie normal at any point of a parahola bisects the interior 
angh between the diameter and the focal distance of the point. 
If the normal at F meet the axis in then, bj Art. 19| 




BG'sSP] and therefore PG makes equal angles with /SPand 
the axis, and bisects the angle which SF makes with the 
diameter through P. 

The same might have been dednced as a corollaiy from the 
preceding proposition. 
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OoroUoary. 

If AN he tlie abflelasa of P, thtn since ffG^SP^NX, 
therefore NX— SN= SX=2SAj or the subnormal is 

equal to the semi-latus rectum. 

PBOPOBmON Yin. 

27. The tangent at the vertex of a parahola u the locm of the 
foot of the focal perpendicular upon the tangent at any point; 
and the focal perpendicular ie a mean proporiional to the focal 
dieioncee of the vertex and of ike point of contact of the vaanabU 
tangent. 

(i) Let the diameter at any point P of a parabola be pro- 
duced to meet the directrix iu and let the tangent at A 
meet SM'm F. 

Then, SY being evidently equal to MY^ and SP being 
equal to Pif, and PY common to the triangles SPY^ MPY\ 
therefore PFis at right angles to 8M^ and it biaecta the aogle 
BPM^ and is therefore the tangent at P. 

Hence which by conBtmction lies on the tangent at 
is the foot of the focal perpendicnlar upon the tangent at P\ 
and conTersely, the locus of the foot of the focal perpendicnlar 
on the tangent at P is the tangent at A, 

This suggests an obvious method of drawing a Bccond tangent 
to a parabola from a given point on the tangent at its vertex. 

(ii) Again, since the two tangents from Y to the parabola 
sobtend equal angles at iS^ the right-angled triangles BAY^ 
ififKPare similar, so that 

aAiaY^aYiSF^ 

or BY^^SA.aP. 

Corollary, 

Since (Art. S4, Cor.) any two intersecting tangents to a 

parabola are in the snbdnplicate ratio of the focal distances of 
their points of contact, they are iu the same ratio as the focal 
perpendiculars upon them. 
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PE0P08ITI0N IX. 

28* The exterior angle between any two intereeettng tangentt 
io ajparabola ia egual to the angle whioh either of ihm ratoub 
at thefoem; and the ineimaiion of either tangent to the axie ie 
equal io thai of the other io the /heal dieianee of their common 
point, 

(i) Let the tangents at F and Q intersect in i?, and meet 
the axis in T and U \ and let 0 be a point in A8 produced* 




Then the exterior vertex angle F80 of the isoeoelee triangle 
F8T heing doable of the interior ban angle BTP^ and the 
angle Q80 in like manner being doable of 8UQ^ therefore by 
sabtraction, in the figure drawn, 

lFSQ^2TRU. 

ThereforOi since the two tangents sabtend eqoal angles at 
8^ the angle sabtended by either is eqoal to the exterior angle 
TR U between them. 

Hence Z TRU will be acute or obtuse according as the 
focus lies without or within the segment of the curve cut off 
by FQ. In either case it will be seen that the acute angle 
between the tangents is equal to half the angle which their 
diord of contact sabtenda at the focos. 

(ii) Since the angle TBUie equal to P8R^ therefore 

L 8R FSR + FRS = SFT 

m^BTFi 

or the angles which QE makes with SR are equal to those 
which TR makes with the axis. 



Digitized by GoogI 



TUB PARABOLA. 55 

Hence also, iubtracting the angle TRU^ 

L iSfiP* &TF^ m JJ^ 8UQ 

CoroUany 1. 

If from any point R on tbe tangent at a fixed point P the 

second tangent BQ he drawn, the angle SRQ will be constant^ 
since the equal angle SPR is fixed. If one of the tangents 
be the tangent at the YerteX) SR will be the focal perpeadicular 
upon the other. 

Corollary 9. 

The triangles SPR^ SRQ are similar, having their angles at 
8 equal, and likewise those opposite to 8P and SR respectively. 
Hence 8£^^8F,8Qf or the focal distance of the intersection of 
any two tangents to a parabola ia a mean proportional to the 
focal distances- of their points of contact; and each tangent 
is to the other as 6E to the focal distance of the point of 
contact oi the latter. 

CoroUary 8. 

If two fixed tangents be cut hy any third in points P 
and as in the next figure, the triangle SPQ will have 
its angles constant, since, by Cor. 1, its angle at Pis constant, 
and likewise its angle at Q. Again, in the same figure, if 
the three tangents be fixed) and if any fourth cut them in points 
Lf Jf| then, the angles of the triangles SLN^ 8MN^ 
b^ng constant by the former casCi the ratio of LN to MN 
is constant. GonTerselj, the enydope of a straight line which 
is cat in a constant ratio by three fixed straight lines is a 
parabola touching the three fixed lines. 

riiOPOSITION i. 

29. 2i%e draiinueribed circle of any iriangle who§e three cideo 
iowA a parabola paaee$ through the ficua. 

Let PQB be any triangle whose three sides touch a parabolaj 
and let FR meet the axis in T, Then, by Art. 28, 

l8MQ^8TF=^8FQ. 
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Therefore the points Sj P, i?, Q are concyclic ; that Is to say, 
the focuB 3 lies on the circumflcribed circle of the triangle 

Corollary 1. 

Let Pj he the points of contact of the tangents QE^ 

BP, PQ, and let PQ meet the directrix in />, so that Lr8D 

is a right angle. Let the perpendicular drawn from R to PQ 
meet the directrix in 0, and SO in N, Then the angles PQR 
and QSr are equal by Prop, ix., and therefore their com- 
plements are equal, so that 

or N lies on the cirde QBR, which also circomscribeB the 
triangle PQR. Moreover, PQ bisects the angle ODN (Art 25), 
and therefore also the line ON, to which it is at right 

angles. Hence 0 is the orthoccutre of the triangle PQRj or 
if any parabola he inscribed in a triangle^ iU directrix will ^asa 
tkrovgh the orthocentre, 

CoroUary 2. 

If four tangents to a parabola be given, its /ocu$ is de- 
termined by the intersection of the circumscribed circles of any 

two of the triangles formed by the four tangents, and its 
directrix is the straight line joining the orthoccntres of any two 
of them. Hence it appears that one parabola can in general 
be described touching four gi?en straight lines. 

* S«o the litliogiaittod figure^ Ko. 2> 
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CaroUarjf 8* 

Since (Art Id, Cor.) BQ and sobtend equal angles at 8^ 
and nnoe^in tbe <»rcle| iBPg^ SQR\ thefefore the triangles 
BPg;^ SQR are similar, so that 

Henoei and hj Art. 38^ Cor. S, 

QR : Pg^R^ : i?^ = Qp : PR\ 

or, if two tangents to a parabola be cot by any third, their 
ahemate segments will have the same ratio^ and this ratio 
will be oofistenl if the two tangents be fixed. 

SGH0LIX71C. 

The above proposition, with several deductions therefrom, Is 
found in Section I. §§ 15 — 24 of L H. Lambbbt's Imigniores OrUtm 
CotMtanm Proprietaiei (Augustfe Vindelicorum, 1761). Tho pro- 
position itself, together with Cor. 1, may be applied to prove 
certain properties of the straight line and circle, as below. 

(i) In any g^ven triangle, and with any point on its circum- 
Bcribed circle as focus, suppose a parabola to bo inecribod. Then, 
since the sides of the triangle are tangents to the parabola, tho 
feet of the three focal perpendiculars upon thorn must lie on the 
tangent at the vertex. HeUce^ if from any point on the droum- 
sonbed circle of a triangle perpendiculars be let fall upon its three 
sides^ the feet of the three perpendioulais will be oollinear. 

(ii) Supposing a parabola to be described touching four given 
straight lines, its focus must lie on tho circumscribed oirole of the 
triangle formed by any three of tho said linos. Hence the circum- 
scribed circles of the four triangles formed by any four straight 
lines meet in a point. 

(iii) The directrix of the parabola toucliing four given straight 
lines passes through tho orthocontres of tlie four triangles formed 
by those linos. Ilenco tho orthocontres of the four triangles formed 
by any four straight linos are collinear. 

For tho proof of Cor. 1 given above I am indebted to Mr. 
Hawdon Levett, of St. John's College, Cambridge. Another 
elementary proof, based upon tho property that tho foot of the 
focal perpendiculars on the^three tangents are collinear, was given 
In No. 160, p. 63, of the Laiy*$ and ffmtUiiHm'$ Dwry (18G3). 
The theorem in question, which is in reality a particular oase 
of Brianchon's theorem (Salmon's Conie Sections, Art. 268)^ was 
propounded by J. Steiner in Crelle's Journal filr die reine und 
angewandU MatAmatik, Yol. ii« p. 191 (Berlin, 1827), and was 
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demonstrated by him in Qerg^onne's AnnaUs de MatJUmatiquea pures 
et appliquiett yoL xiz. p. 59 (Paris, 1828), with the help of Pascal's 
tfaeofem, as IbUows. if 8 ob any point on a oonie, PQR an in- 
scribed triangle, and PP\ QQ chords through any point 0; then 
in the hexagon PP'SQQR the points {P' S, QR) and RP) 
will lie on a straight line through 0. If the conic be a circU, and 
0 tlio orthocentre of the triangle, the straight line through 0 will 
eyideutly meet the cuutiuuatiuus of the perpendiculars ^om S to 
the sides of the triangle at distances from 8 which are lespeotiYei^ 
double of those perpendiculars, and will tiierafoie be the directrix 
of the parabola drawn with S as focus to touch the sides. Steiner 
himself likewise applied his theorem as in §iiL (Orellei n. 97; 
Gergonne, xiz. 59). 

PROPOSITION XI. 

90. The portion of any dtameUr intereq^ied hy any tof^eni 
and the ordinate of ite point of oontact with respect to thai 

diameter is bisected at the curve* 

Lot the diameter at P be met by the tangent at Q in 
and by the ordinate of Q in and let the taugeat at P meet 
that at Q in B. 

Complete the parallelogram QEFO hj drairing FO parallel 




to HQ. Then the diagonal RO bisects the diagonal PQ^ which 
is also the chord of contact of the tangents EP^ II Q. Therefore 
BO is a diameter of the parabola| and hence| all diameters 
being paralleL 

or FTis bisected at P. 

* TUsisiadudca ia Art. 23, Cor.d. gee al£o ArU 18, Qor^ and Ait. 20, Qor. Z, 
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Corollary 1. 

Any triangle whoee base is parallel to the axis of a parabola 

baa its remaining sides in tbe ratio of the parallel tangents; 
for supposing those sides parallel to the tangents in the figure, 
their ratio will be that of RF to ET^ lyhereof the latter is equal 
ioMQ. 

Corollary 2. 

If from anj eztenial point B there be drawn a tangent 
meeting the eonre in and a ehord meetmg the cnrve in 
If, and the diameter through P in F, then by Oor. 1| and 

hj Art 16, Cor. 1, it ie easily shewn that BV^^LM.EN, 

OwoHaary 3. 

It may be deduced from the proposition that the intercepts 
upon any diameter made by any two tangents and the ordinatea 
of their points of contact are equal ; and hence, that tlic area 
between the two tangents and the diameter ia eqnal to half the 
area between their chord of contact^ the oidinates of its ex- 
tremities, and the diameter; and henee, that the triangle made 
by any three tangents is ecpial to half the triangle formed by 
joining their points oi' contact. 

QUADEATUBE. 

P&OPOSmON JLU. 

32. The area of the paraboHo segment upon any chord as 
hose 13 equal to once and onerUUrd of a trianc^le having tJie same 
iaee and altitude.* 

Take ER' as the base of the segment, and suppose it parallel 
to the tangent at P. 

Let the diameten throogh B and through an adjacent 
point Q on the cnrre meet the tangent at P in if and 0; 
and let the diameter throngh P meet BQ in T, and BB in CT; 



* This tbeoiem, one of flM gnat dleooTniM of ABcnxEDBi^ wm the fitst 
csKDipla of the ouet qnadntnra bj inftniteriBiaU of a oontiniiiras cnrrittiiMr kmu 

Itfonnstbc twenty^foaith and last proposition in his special treatise on fheQind" 
ntanoftlMPanibol*. SeetbsOslocdoditioiiof hia wo^IKi88(1782). 
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and let PV be the abscissa of Complete the pmUelomm 
UTLE hj drawiDg TL paraUel to the Uae of the Begmeot . 
to meet .^If produced. 

Let Q coalesce with Sj to that the chord QIl becomes a 

tangent, and F becomes the middle point of VT^ and therefore 
F21 biflects the parallelogram QL, 




Hence, and by Euclid i. 43, 

the parallelogram QU^ QL'^^QM. 

Through any number of points on the arc PS draw paraDela 
to BR and FU, so as to form with FU two series of paral- 
lelograms, the one correapondtng to QU and the other 

to QMj and let the number of the points be increased and 
their successive distances diniiuislicd indefinitely. 

Then, as above, the several parallelograms in the former 
series become double of those ia the latter, and the sum of 
the former, which is ultimately the parabolic area BFUy becomes 
double that of the latter, or of the parabolic area BFM, 

Hence the semi-segment BFU is equal to two-thirds of the 
parallelogram Mlf^ or to four-thirds of the triangle JSP27; and 
the whole segment BPR is equal to four-thirds of the triangle 
BFE\ which has the same base and altitude. 

Corollary* 

hdt the tangents at B^ E meet in T. Then the area of 
the segment is equal to two-thurds of the triangle formed by 

these tangents and its base, or the portion of the triangle on the 
concave side of the arc is double of that on its couvex side. 



Digitized by Google 

.i 



BZA1CPLE& 



61 



Wb might have been prored bj connecting the points R by 
an infinity of consecatiye chordS| drawing the tangents at their 
eKtremities, and shewingi after the manner of Prop, xi., Cor. 3, 
that the area between the saecesnTe chords and RB is double 

of that between the correspondrng tangents and the tangents 

EXAMPLES. 

81. The radius of the circle through the vertex and the 
extremities of the latus rectum of a parabola is equal to five- 
eighths of the latos rectum. 

82. A point on a parabola being given, if the focus also 

be given the envelope of the directrix will be a circle; or if 
the directrix be given the locus of the focus will be a circle. 

83. If two parabolas haye a common fbcos their common 
chord passes through the intersection of theur directrices and 
bisects the angle between them. 

84. The common chord of two parabolas which have a 
common directrix bisects the straight line joidtog thor foci 
at right angles. 

85. Deduce from Prop. i. that the ordinate of the middle 
point of a chord whose direction is given is of constant magni- 
tude. 

86. The perpendicular to a diord of a parabola finom its 
middle point and the ordinate of that point mtercept on the 

axis a length equal to the semi-latus rectum. Hence show 
that the locus of the middle point pf a focal chord, or of any 
chord which meets the axis in a fixed point, is another parabola. 

87. ProTo the foUowing construction* Let AN be the 
abadssa of any point P on a parabola, and let MP be equal 

and parallel thereto. Divide NP into any number of equal 
parts and through the points of section draw parallels Pii2\*-' 
to the axis, and divide MP into the same number of equal parts 
in points 1, 2, 3... . Then will the lines I'a*** iQ^t 

Al^ A2f AZ..» respectiydy on the parabola. 
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88. If be a focal chord of a parabola, SA.FQ^SF.SQ. 

89. If the ordmates or the focal distances of all points on 
a parabola be cut in a giyen ratio the locos of the points of 

section will in either case be a parabola. 

90. Cirdes whose radii are in arithmetical progrsssion toaoh 
a given straight line on the same side at a given point. If to 

each circle a tangent parallel to the given line be drawn it 
will cut the circle next larger in points lying on a parabola. 

91. Fbd the locos of tiie centre of a eude whidi peases 
ihroogh a given point and tonches a given straight Une; or 
which touches a given circle and a given straight line. 

92. If a parabola be made to roll upon an eqoal peraboli| 
tiimr vertices being initially coinddent, the locos of the focos of 

the former will be the directrix of the latter. 

93. Find the locos of a point which moves so that its 
shortest distance from a given cirde is eqatl to its perpendicular 
distance from a given diameter of that drde. 

94. The circle described on any focal chord of a parabola 
as diameter touches the directrix; and the cirde on any focal 
ndins tenches the tangent at the vertex. 

95. Given the focuS} or the directrixj and two points of a 
parabola, shew how to construct the curve, and state the nomber 
of solutions in each case. 

96. The diameters through the extremities of any focal 
chord of a parabola meet the chords joining them to the vertex 
upon the directrix and intercept upon it a length which subtends 
a right angle at the focos. 

97. Two circles whose centres are on the axis of a parabola 
touch the parabola and one another. Prove that the difference 
of their radii is equal to the latus rectum. 

98. Semidrdes being described upon the segments of a 
focal chord, shew that the squares of their common tangents 
vary as the length of the chord. 
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99- ^ ^7 ttigle in a focal segment ef a parabola 

meet the directrix at j^stanoea from the axb to which die aemi- 

latus rectum is a mean proportional* 

100. Shew how to place in a given parabola a focal chord of 
given length. . 

101. A parabola bemg given, find its azisy focns, yerteZ| 

and directrix. 

102. If a chord be drawn to a parabola from the foot of 
its directrixi the rectangle contained hj its segnittits will be 
eqnal to the rectangle contauied by the segments of the parallel 
focal chord. 

103. If AQ he a chord drawn from the vertex ^ of a 
parabola, and QE be a perpendicular to it at its extremity 
Q meeting the axis in Ej then will AH be equal to the focal 
diord parallel to AQ, 

104. If PQ be a focal chord of a parabola, and B any point 

on the diameter through then will be eqnal to the focal 

chord parallel to FE. 

10$, Find the locns of the pouits which divide parallel 
diords of a parabola into segments containing a constant 
rectangle. ^ 

106. The latus rectum is a mean proportional to the ordi- 
nates of the extremities of any chord which passes through the 
focus or tiurough the foot of the directrix ; and the rectangle 
contained by the abscisses of the extremities of the chord is 
equal to the square of the focal distance of the vertex. 

107. If a chord subtends a right angle at the vertex, shew 
that it passes through a fixed point on the axis, and that 
the latus rectum is a mean proportional to the ordinatesi and 
likewise to the abscisses^ of its extremities. 

108. Shew that the absciss cut off by any chord from any 
diameter is a mean proportional to tho abscisses of its ex- 
tremities with ngpect to that diameter| and that the com* 
sponding ordinates are proportionals. 
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tog. The distances from the focns at which the stnugbt 
linei joining the ends of a focal chord to the Tertez meet 
the latiu rectam are altematdy equal to the ordmates of 
the ends of the chord. 

no. In a given parabola inscribe, and about it circumscribe, 
a triangle whose aidea shall be parallel to three given straight 
lines. , 

IIS. A diord of a parabola and the chord joining the two 
pomts on the corre at which it snhtends right angles intercept 
on the axis a length equal the latus rectnm. 

112. Deduce from Ex. 54 that the intercept on the axis 
made by anj polar .and the ordinate of its pole is bisected 
at the vertex. 

113. The intercepts upon any diameter by any two polars 
and the ordinates of their poles with respect to that diameter 
are equal. 

114. On a chord through a fixed point 0 a mean pro- 
portional OM is taken to the segments of the diord. ^ew 
that the locus of JIf is a diameter. 

115. A circle being described on a chord of a parabola 
which is parallel to a given line, shew that its centre is at a 
constant distance from the middle point of its opposite diord 
of intersection with the parabola. 

116. If a circle cut a parabola in four points the ordinates 
of the points of section on one side of the axis will be together 
equal to the ordinate or orduiates of the point or points of 
sectbn on the other side* 

117. If three of the points of section coalesce their common 
ordinate will be equal to one-third of the ordinate of the fourth 
point ; and the common chord of the circle and the parabola 
will be equal to four times their common tangent Measured 
from its point of contact to the axis. 

118. Three chords of a parabola drawn at right angles to 
a focal chord through its extremities and the focus are pro- 
portionals. 



EXAHPLBi 



65 



1 19. If from the Tertez of a parabola a pair of chords be 
drawn at right angles, find the locus of the iorther Tertex of 
the rectangle of which they are adjacent sides. 

S20. If a chord perpendicular to the axis be produced to 
meet the tangent at an extremitj of the latus rectam, the 
rectangle contained hj its segments will be equal to the square 
of its distance from the focus. 

121. A chord of a parabola drawn from a given point on 
the corre is intersected by any ordinate of the diameter through 
that point and by the diameter through the extremi^ of the 
ordinate. Shew that the chord is a third proportional to its 
segments estimated from the given pouit to the ordinate and 
the diameter through its extremity respeetiTcly. 

122. The ordinate of a point Q on the curve being inter- 
sected by its diameter in F, by any other diameter in and 
by the strsight Ime joining tiie TertioeB of those diameters in 
shew that 

123. The straight lines joining any point on a parabola 
to the extremities of a given chord meet any diameter at 
distances from its extremity which have the same ratio as 
the segments into which it divides the chord. 

124. If from the point of contact of any tangent straight 
lines be drawn to two points on the curve, each to intersect 
the diameter through the other point, the two points of inter- 
section will lie on a parallel to the tangent. 

125. If the diameter througli any point jP of a parabola 
meet a given ehord in a, and the tangents at its extremitic 3 
in Cj shew that PiC = Pb.Pc^ and deduce the theorem of 
£x. 73* for the case of the parabola. 

126. lliree fixed points and a variable point being taken on 
a parabola, shew that the chords joining the latter to two of 
the fixed points cut ot^' abscisses from the diameter through the 
reiuaiaing fixed point which are in a constant ratio. 
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127. Shew that the preoedioig theorem it m tpecial caae ci 
Ex. 6a 

128. If a parabola which bisects tho sides of a triangle 
ABC meet it* sides again in a, 6| then will ^o, Bb^ Co be 
painllftlifi 

129. Through a given point within a parabola draw a chord 
which shall be divided iu a given ratio at that point. 

130. Describe a parabola through four given points; or 
through three given points, and having its axis in a given 
direction; and shew that the latter is a particular case of the 
former. 

131. Shew that a circle can be described touching any two 
diameters of a parabola and the focal radii to their extremities ; 
and hence, that any two intersecting tangents to a parabola 
•abtend equal angles at the focus. 

132. Tho four points of intersection of two parabolas whose 
axes are at right angles lie on a cirdci and the sums of the 
ordinatcs of their points of intersection on opposite sides of the 
axis of either are equaL 

133. If CP be a sector of a circle of which CA is a fixed 
radius, and if a circle be drawn to touch CA^ QF and the arc 
AP^ the locus of its centre will be a parabola, 

134. If a circle and a parabola touch at one point and 
intersect in two otherS| the diameters of the parabola at the 
latter points will meet the drole agam on a panllel to the 
tangent at the former. 

135. If a straight line be drawn from a fixed point on 
a circle to bisect any chord parallel to the diameter through 
that point, find the locus of its interseetion with the diameter 

through an cxticiuity of the variable chord. 

136. If the two tangents from any point on the axis of 

a parabola be cut by any third tangent, their alternate segments 
will be equal 
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137. If OP, OQhe the tangents at P and Q to a parabola, 
and Ppy Qq chords parallel thereto, the distances of 0 from 
and FQ will be in the ratio of five to one, 

13S. If there be three tangents to a parabola, whereof one 
is parallel to the chonl of contact of the other two, shew that 
the three tangents contain an area eqoal to half the area of 
the triangle whose vertices are at their points of oontact| and 
applj this result to prove Prop* zn. 

139. The locos of the vertex of a parabola which has a 
given focus and a given tangent b a drde. 

14a If the tangents at P and Q intersect in JS, the circle 
through P touching QB in R passes dirough the focus. 

141. The tangent at any point meets the directrix and 
the latns xectom at equal distances from the focus. 

142. A chord of a parabola being drawn throngh a given 
point, determine when the rectangle coutaiucd by its segments 
will be a minimum. 

143. Two equal parabolas have the same axis and directrix, 
and from a point on one of them two tangents are drawn to 
the other ; shew that the perpendicular from that point to the 
diord of contact of the tangents is bisected by the axis. 

144. If a leaf of a book be folded so that one corner moves 
along an opposite side the line of the crease will envelope a 
parabola. 

145. The three strught lines drawn through the points of 
intersection of three tangents to a parabola at right angles to 
their respective focal distances meet in a point. 

146. The centre of the circle through any two points on a 
parabola and the pole of the straight line joining them lies upon 
the focal chord at right angles to the focal distance of the 
said pole. 

F8 
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147. Anj two pambolas which hare a common focus and 
their axes in opposite directions intersect at right angles. 

148. The portion of any tangent intercepted by the tangents 
at two fixed points subtends a constant angle at the focus. In 
what case will the sabtended angle be a right angle? 

149. If be the ordinate of any point Q on a parabola, 
and if the diameter bisecting Q V meet the cnnre in P, then 

will VP meet the tangeut paralld to at a distauce from its 
point of contact e(^ual to iQV. 

150. The tangent from the vertex of a- parabola to the 
circle round SPN^ where PN is the principal ordinate of a 
point P on the curve| is equal to ^PN. 

151. The focal vectors to the points of contact of a common 
tangent to a parabola and the circle on its latus rectum as 
diameter are equally inclined to the axis. Express the distance 
between the points of contact in terms of the latus rectum. 

• 

153. Describe an equilateral triangle about a given parabola ; 
and shew that the focal distances of its yertices pass eadi 
through the opposite point of contact, and that the centre of 
gravity of the triangle must lie upon a certain fixed straight 

line perpendicular to the axis. 

153. The segments of the sides of a regular polygon cir- 
cumscribing a circle subtend equal angles at the centre. State 
an analogous property of the parabola. 

154. Find the envelope of a straight line which cuts the 

sides OA^ OP of a given triangle OAB in points Q such 
that the rectangle OP.OQ is equal to AP.BQ. 

155. Find the envelope of the straight line connecting the 

feet of the perpendiculars let fall from any point of a parabola 
upon the axis and the tangent at the vertex. 

156. If PQ be a chord at right angles to the axis of a 
paiabola, the perpendicular from P to the tangent at Q will 
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cat off from the diameter at Q a length equal to the latoa 
rectum. 

157. A circle being drawn through the fucus of a parabola 
to cut the curve in two points, compare the angles between 
the tangentd to the parabola and the tangents to the circle at 
those points. 

158. If the tangents to a parabola at P and Q meet 5n 0, 
and if the diameter through 0 meet FQ in K| shew that 
0F.0Q^208.0V. 

159. If the tangents at I\ Q intersect in 0 and meet the 
tangent at R in then will OR pasa through the inter- 
secUonofPQ'andP'Q. 

1 60. A parabola being inscribed in a triangle so as to bisect 
one of its sides, shew that the perpendiculars from the vertices ^ 
of the triangle upon any tangent are in harmonical progression. 

161. The vertex of a constant angle whose sides envelope 

a parabola traces a hyperbola having the same focus and 
directrix. 

■ 

162. In Art. 39, if PB and QM be perpendienlars to QR 

and the directrix, 0 the point in which the perpendicular from 
Q to PR meets the directrix, and PF a diameter of the circloi 
shew that 

SQ : QM^ QBiFQ^QO: FF, 
and dednce Steiner's theorem. 

163. To two parabolas which have a common focus and 
axis, two tangents are drawn at right angles. Shew that 
the locos of their intersection is a straight line perpendicular 
to the axis; and examine the case in which the directrices 
of the two parabolas coincide. 

164. Chords of a parabola being drawn to touch an equal 
parabola having the same vertex, their axes being in opposite 
directions, shew that the locos of the middle pouits of the chorda 
is a parabola, whose linear dunensions are one-third of those 

of the original parabola. 
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165. Two pmlioks lutTe a wmrnoa Teitez, and their aam 

are in opposite directions. If the latus rectum of one of them 
be eight times that of the other, the intercept on any tangent 
to the former made by their common tangent and the axia 
will be bisected by the latter. 

1 66. If the vertex of an angle of constant magnitude move 
on a fixed straight line, and one of its arms pass through a 
fixed point, the other will envelope a parabola of which the 
fixed point and line are the focm and a tangent. 

167. If a focal chord meet any tangent at a given angle) 
determine the locus of their point of intersection. 

168. If the tangents to a parabola at points P and Q 
intersect in 0 and meet the tangent at aoj point jS ia P' 
and ^1 and if OE meet FQ in then 

FZ: QZ=F'B': 

169. Tlie locos of the fbot of the foeal perpen^cdar upon 

a normal chord of a parabola is a parabola. 

170. If FQ be a chord normal at F and parallel to the 
£ml diord FF\ then 

FQiFF'^SY: SA, 

where is the yertez and 8Y the focal perpendicular upon 
the tangent at P. 

171. If firom a given point on a parabola any two diorda 
be drawn making equal angles with die normal at that point, 
the focal distances of their further eztrenutiea will contain 

a constant rectangle. 

172. The intercept on any tangent made by the corve 
and the tangent at the farther extremity of the normal at 

its point of contact is bisected by the directrix. 

173. If 7* be the pole of a chord FQ normal at P, and 
^^be the abscissa of P, shew that 

FQiFT^FNiAN. 
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174. The perpendicular to a normal to a parabola at the 
point in which the normal meets the axis envelopes an equal 
parabola, aod the focal vector of the point at which the nonnal 
is drawn meets the envelope at the point in which the per- 
pendicnlar tonchee it. 

175. The noraiab at the ends of a focsl ehoid intsfseot 
upon its diameteri tad the locos oC th«r intersection is a 

parabola. 

176. The normal, terminated by the axis, is a mean pro- 
portional to the segments of the focal chord to which it is 
at right angles. 

177. The sqnares of the normals at the extremities of a 
foosl chord are together equal to the square of twice the 

normal perpendicular to the chord. 

178. The normal at any point is e^ual to the ordinate 
which bisects the subnormal at that point 

179; The locus of the centre of the circle ctrcamseribing 
the triangle BYF^ where 8Y is the focal perpendicular on the 
tangent at any pomt P, is a parabola. 

180. All circles which have their centres on a parabola and 
touch the tangent at its vertex are cut orthogonally by a circle 
which touches the parabola at its vertex and whose diameter 
is equal to the latus rectum. 

181. Flrom a point on any donUe ordinate QQ a per- 
pendicular is drawn to its polar to meet the polar in M and 
the axis in N. Shew that Qj and the point b which 
the polar meets the axis are eoneydie with the feena. 

182. The continued products of the focal vectors to any 
three points on a parabola and of those to the poles of the 
chords jo'ming the three points are equal. 
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183. If the tangents at r intersect in P, as in 
Art. 20, and it' 0 be the point in which the diameter through r 
meets shew that 

Shew also that 

FQ.PR^Qr.Bq; QB.QF^Bp.F^; BF.SQ^Fq.Qpi 

and PQ.QRJiP--lYQr.Ep^Pr.Qp.R^, 

184. Prove that in general two parabolaaf and any number 

of central conies can be drawn through four given points ; and 

that no two parabolas or other conies can intersect in more 
than four points ; and that no two parabolas can touch one 
another in more than one point. 

185. If one triangle can be inscribed in a given circle 
(or ellipse) so that its three sides touch a given parabola, 
shew that any number of triangles can be so inscribedy and 
that the locua of their centroida is a straight hue. 

186. Any number of parabolas being described with the 
same vertex and axis, the polars with respect to them of all 
points on aJixed ordinate to the axis will meet in a point. 

187. If a polygon be described about a parabola the 
continued products of the abscissae of its vertices and of its points 
of contact respectively will be equaL 

188. If T be the point of concourse of the tangents to a 
parabola at P and and if q be the points in which any 
third tangent intersects themy then 

TF^ TQ 

189. If from any point on the chord of oontact of any 
two tangents to a parabola parallels to them be drawn each 

to intersect the other tangent, the points of intersection will lie 



• This is jiroved by ArOLLON'lUS in Lib. III., Prop. 41, of his Omics. 
t Two chords of a jianiljola being given, it may bo deduce^ from Art, 30, Cor. 2 
that tboK are two poaaibk directions of ite axia. 
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on the tangent at the extremity of the diameter through the 
ammed point. 

190. If P and Q be any two points on a parabola, and if 
PJiif QN be the principal ordinates of and AL the principal 
absciflfla of the pole of FQ^ shew that PM.QN^UiS.AL.* 
Shew also that If (7 be the pole of any chord drawn through 

any point 0, and 0'V\ OF bo the ordinatcs of 0' and 0 with 
respect to the diameter at any point P on the curve| then 

191. If two parabolas be described each touching two sides 
of an equilateral triangle at the points in which it meets the 
third side, prove that they have a common focus and that 
the tangent to either of them at theur pouit of intersection 
is parallel to the axis of the other. 

192. If two parabolas be described each toudimg two 
sides of any triangle at the points in which it meets the third 

side, determine the area common to the two curves; and if 
three parabolas be so described, determine the area common 
to the three. 

193. Any two tangents to a parabola intercept on two fixed 
tangeuta lengths which are in a constant ratio. 

194. If P and Q be fixed points on a parabola, and liB^ 
any double ordinate of a given diameter, then will MP and 
£!Q meet that diameter at distances irom the curve which 
will be in an invariable ratio. 

195. The projections of any two tangents upon the 
directrix by lines radiatmg from the vertex are equaL 

196. A triangle is revolving round its vertex in one plane; 
prove that at any instant the directions of motion of all the 
points of its base are tangents to a parabola. 



* This follows with the help of Examples 108 and 112, whereof the former maj 
be deduced from Art. 30, Cur. 2, or from Prop. iv. 
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197. If tbrco parabolas be inscribed in a given triangle, 
i¥hen will the area of the triangle formed by joiaing theur 
foci be a mazimnm ? 

19S. The Ilea •£ the parabolk sector cnt off by aoj two 
fecal radii is equal to half the area hanaded by the are of 
the segment^ the diameftara thioog^ its eztrBiiiities, and tfa« 
direetriz, 

199. The difference of the ordinates of two points on a 
parabola being equal to QD^ shew that the chord joining them 

will eat off a segment whose area is equal to 24^* What 

is the eavelopd of a straight ibe which eata off an area of 
given magnitode finom a given paiabola? 

200. If the foci of fonr parabolas whereof eadi tonchea 
the straight lines joining the foci of the other three lie on a 
circle, the tangents at dio yertices of the four parabolas will 
meot in a point. 
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CHAPTER IV, 

OBNTBAIi OOFIOa. 

In tbis chapter we ihall deal with the oommon properties 

of the Central Conies, and in the next chapter with certain 
properties, viz. those of its asjmptotesi which are peculiar to 
the Hyperbola. 

The AbmsiBM or Ahaciases of any point with respect to any 
diameter of a central conic are the segments of that diameter 
made by the ordinate of the point; and the Central Almsma 
18 the distance of the foot of the ordinate from ^e centre 
ef the oonie. 

TEE ORDINATE. 

PROPOSITION I. 

33. Th» Bquart cf the principal ordinate of any pomi on a 
central eonie variet ae the recUmgle eonUdnod htf it$ abeeiua^ 

Let the straight lines connecting the Tertices ^| ^' of a 
central come with any point P on the cnnre meet the directrix 
in Z and Z' ;* and let FN be tlic ordinate of I\ and X the point 
in which the directrix meets the axis. 




♦ For the hyi crUla, vmi the ligurc on p. 80, supplying the lines I'AZ^ PZ'A', 
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Then (Art 12) the intercept sabteods a right angle 
at 8^ and therefore ZX.Z'X has the oomtant magnitode 8X\ 

Aud alnce PN xAN -ZZ :AX, 

aad FN'. AN ^Z'X : ^'Z; 

therefore FN* x AN. A'N'^ ZX . Z'X : AX . AX 

^8X* lAX.A'X, 

which IB an invariable ratio. 

Let be taken at the centre C of the conic, and let PiVJ 

in virtue solely of the above proportion, and without refercDce 
to tbo form of the curve, become equal to 0/?, so that 

CB* I OA* « SX' I AX. A X 

Then FN* : AN.AN^FN* : (W« OT« : CA\ 




In the eUipse it is evident that CB is equal to half the 
oonjagate axis. In the hyperbola the oonjagate axis does not 
meet the onnre; nevertheless, for the sake of uniformity of 
expression, we shall define OB as the half of its length,* and 
the point B and a correspondlDg point B' equidistant from the 
axis as its extremities. 

OaroUary U 

If the ordinate of P be divided in the ratio of the transverse 
to the conjugate axis at the point ^, then pN*ssAN,A'N, 

* The oonjoiito aadt of wkj ceatnJ woic is oeoMfamaUj called its Mimr Am$, 
iltbongh not iMoeanrilj kai than the tnoffene Kdi^ imlfw the com be an 
dUpee. 
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Hence, when P lies on an elUpae, the locns o£ p u the circle 
deicribed upon its major axis as diameter, and when F lies 

on a hyperbola, the locus of p is the hyperbola whose transferee 
axis is AA\ and whose coujugate axis is ec^ual to AA', 

Corollary 2, 

If Pn be the ordinate of F with respect to the conjugate axis, 
it follows from the proposition that 

FN* : CA^-^Fn*^ CTf t CA\ 

and W I CB'-^Cn'^CA^i CB\ 

Hence aho it maj be shewn, after the manner of Cor. 1^ 
that the locns of the point which divides Fn in the ratio of the 
conjugate to the transverse axis is either the circle on BB as 

diameter, or the hyperbola whose transverse axis is BB\ and 
whose conjugate axis is equal to BW. Some of the uses of 
this corollary and the preceding will be pointed out in the 
chapter on Orthogonal Projection. 

CcrcMainf 8. 

From Gor. 1 it appears, converaelj, that if the ordinates of 

any number of points lying on the circle upon AA' as diameter 
be cut in any given ratio of minority CB : CA^ the points of 
section will lie on an ellipse whose transverse axis is AA\ and 
whose conjugate axis is equal to 2CB, The smaller CB in 
comparison with CA^ the less nearly circular is the ellipse; and 
vltimatelj, when CB vanishes, the ellipse becomes coincident 
with its major axis AA\ In like manner, the complement"* 
of AA' is the limit to which the hyperbola described upon it as 
transverse axis tends when its conjugate axis is indefinitely 
diminished. 

PROFOBmOM IL 

34. The square of tlie onh'iidte of cviy point on a central 
conic with respect to any diameter is in a constant ratio to the 
rectangle confainrd hy its abscissa: on that diameter* 

* It mkj ■ometii M i be omTenient to speak of the remainder of an unlimited 
■baight line from which any put has been taken away aa the Qm^pkmamt of that 
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For by Art 16| if QQ^ be any ohord parallel to a fixed 
fltraigfit line, and FP' be a fixed diameter meeting the chord 

in K, then the ratio QV.VQ : PV.VP' is constant. It follows 
as a special case that, if QQ' be a double ordinate of tho 
diameter PP', then QV* : PV.VP' is a constant ratio. 

It is evident in the case of the ellipse that this result is 
equivalent to 

Qir : PV.VP' ^QV* iCP'-CV'^^CD' iCP", 

where CD b the aemi-diameter parallel to the ordinate QV» 

In the case of the hyperbola, supposing that CP meets and 

CD does not meet the curve, we might define the length of the 
semi-diameter CD and the position of its extremity D hj the 
condition that CD^ must be to CP' in the above-mentioned 
constant ratio, yii* that of the focal chords parallel to GD 
and OP, so that 

0 : Pr. FP' » QF" : CP - CP* = CZ^' : CP*, 

and therefore QV' + CU^ : CJOfmOV :CP*; 

but we shall at present merelj remark that such a definition 
would be in aooordaooe with the oonyentions nsualljr adopted * 

THE SECOND FOCUS AND DIRECTRIX. 

PBOFOsmoN ni. 

85. Every central come ha» a second /oeua and directrix; 
a$id the sum of tlie focal distances <ff any j)oint on tks cwrvs 
in ihs was of ihs eUipse^ or the d^fkrsnoe of the same in tke 
ease i^ihe hyperbola^ is eomkaU and eqwd U> (he t r a nsners s 
axis. 

The existence of a second focos and directrix has been 
proved in Art. 14, Cor. 3 \ but it maj also be deduced from 
the relation 

PN^ : CM*-i^'= : Cfi*, 



* Upoo Uiit subject, soe 
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when FN vkd iVi are the ordinatee of any point P on the cnnre 
with respect to its transverse and conjngate axes. 

For since the ordinates widi reapeet to either ana of the 




points in whidi a parallel to that axis meets the cnnre are 

equal, and since, from the aboTe proportion, the corresponding 
ordinates with respect to the other axis must consequently be 
equal, it is evident that points on a central conic may be 
determined in pairs as jP, or p on opposite sides of and 
equidistant from the one axis, and likewise in pairs as P, p 
or P'l jp' on opposite sides of and equidistant horn the other 
aada* 

The cnrve is therefore divided sTmmetrically by its con- 
jngate axis as well as by its transverse axis, and it has a 

second focus S' equidistant with S from the centre, and a 
corresponding directrix meeting the axis at a point X' whose 
distance from the centre is equal to CX, 
HencOi if P be any pouit on the curve, 

SF i NX' = SA' : A'X'^^SA : AX^ SP : NX. 

Therefore 8P^ 8'Pz NX t NX' - 8A : AX. 

HencOi in the ellipse, since NX-^NX' or XX' is constant, 
therefore SP'^S'P is equal to a constant length, vis. to 
8A + ffA or A A' ; that is to say, the sum of the focal distances 

of any point of the curve is equal to the major axis. 

In the hyperbola, in like manner, NX^NX' is constant, 
and therefore SP'^ SP" is constant and equal to SA SA or 
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AA'] that is to say, the difference of the focal distances of 
any point on the curve is equal to the transverse axis. 

Corollary U 

Since 8 A :AX^ 8A' : A'X^ J {SA t SA') : \ {AX t A'X) ; 
and since the latter ratios are equal respectively to CA : CX 
and CS : CA^ or vice versa ^ therefore 

C8i CA^OA: 0X^8A : AX, 

and C8.CX^CA\ 

Corollary 2. 

It may now be shewn, as in the next proposition, that 
CB*^ CS"-^ CA*^A8.A'S. 

Hence, in the hyperbola, C8*^ GA*-^ CB^, or C8 is eqnal to 

the distance AB between two adjacent extremities of the axes; 
and in the ellipse, + CB' = CA% or SB is equal to the 
semi-axis major. In the case of the ellipse it follows more 
directly that, SB^^ S'B^sCAi and hence, conversely, that 

CB'^CA^~C8*^A8.A'8. 
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Hence 08.BXm0S^'^08.0X^08*'^0A*^0^f 

•ad 8X I CX^ C8. 8X : CS.CX^ CJE^ : CA\ 

THE LATUS BEGTUM. 

raOPOSITION IV. 

wad conjugate asBef, 

Since CS : CA = 8A : AX=8A': AX; 
tiierefoie Oe-^OAtOAmSA ^AX tAXm^aXtAXt 
and CS-^CA : CA = SA'-^AX : ^'X= /SZ : ^'X 
Heooei end bj Art. dd, 

08*^ CA* : 04*- AT : AX. AX^OB" t OJP^ 
and therefore 

C8''^CA\ or ^iS.^'iS, ie equal to CB'* 
Hence, by Prop, i., If 8L he either of the evdmatea oorre- 

spoudiiig to AS and A'S as abscissaj, 

ifiL« : A8. A' 8^ 8U : OB^^CB^ : CLl", 

or the aemi-lataa reetmn 8L]b% third proportional to CA and 
and therefore the whole latoa leetnm la a third propor- 
Uoiial to AA' aod BB. 

Corollary, 

If FF' be any focal chord| CD the parallel radios, and LL' 
the latos reetonii then by the proposition, and by Art. 84| 

FF' : LU^Cir : CB'^CV : JiX'.OI, 

or -^i^'.CLi-aaZ?''} 



• Hm ani bang » food ohoid* it lakfWt im Az^ dm;, tlut SL.CLi b 
equal to AS. A'S, which in the ellipee may be shewn to be equal to Cffi, la 

the case of the hyperfoola, the length CB may then be defined as • mean ptoportional 

to CA and SL. Apollowius (Lib. ill. 45) defined the points which we call 
the foci of central conies as certain points dividing the axis into eegments whose 
rectangle is eqoal to 8L . CA ; bat be nowhere mentions the focus of the parabola. 

O 
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that is to say, any focal chord Is a third proportional to the 
traoflvene aauB aod the diameter parallel to the chard. 

80H0LIUM A. 

Tbm Latus Bectum of the axis, according to Apollonius, was 
a certain straight line drawn at right angles to it from the vertez, 
equal to the double focal ordinate but defined without reference 
to ihe focus. The axis being regarded as DXay/a, the tranmmm 
side of the " figure," the straight line drawn as above was taken as 
its 'Opd/a, or ereet side ; the term " figure'' being used to denote 
the rectangle contained by those lines. 

If be the latus rectunii and if the ordinate FN in Prop. i. 
meet A'L in Q, then 

FN' I AN.A'N^JJ, : AA'^QN : A'N« QN.AK', AN. A N, 

It follows that the square of the ordinate FN is greater than the 
rectangle AL.AN contained by the latus rectum and the abscissa 
in the case of the hyperbola, and less than the same rectangle in 
the cane of the ellipse; and hence the name Hyfebbola, which 
signities except and the name Ellipse, which signifies deficimcff* 
The Parabola, was so called from the equality of we sq|nare of the 
ordinate of any point upon it to the rectangle contamed by its 
abscissa and the latus rectum. The names of the three conies have 
indeed been otherwise explained, but the interpretations of them 
given above are in accordance with the manner in which 
Apollonius introduces them. See Ilalley's edition of his works. 
Lib. I., props., xi., xii., lun., pp 31 — 37 (Oxon., 1657). Moreover, 
it is reported by Produs in his Oommentaxies on the first book of 
Endidy at the commencement of the fimrty-lbnrth propoeitioiiy 
upon the authority of " the Familiars of EudemQ8» ' that the 
terms parabola, hyperbola, and ellipse had been used by tho 
Pythagoreans to express tho equality or inequality of areas, and 
were subsequently transferred to the conic curves for the reason 
given above. The pass^e is quoted in the original Ghreek on 
page 18 of E. F. Augustus KtmUUw d$r gwmutirUekm Mrikode d^r 
AlUn in hasonderer Betiehuna 9mf die Flatonische Stelle im Meno 22d 
(Berlin, 1 843), and it may be seen in English in Thomas Taylor's 
translation of the Commentaries of Proclus, Vol. ii. p. 198 (London, 
1789). The whole work in tho original Greek was printed at the 
end of tditio princeps of Euclid's Elements (ed. Simon Gryneeus, 
Basil., 1583) ; and it has also been edited separately by Godfr. 
Friedldn (Teubner, Lbbpzio, 1878). 

More gcneraUy, the Latut Betium of any diameter was a length 
measured from its extremity upon the tangent thereat, equal in 
the case of the parabola to the parallel focal chord (although 
defined without reference to tho focus), and in other cases a third 
proportional to the said diameter and its conjugate. Some later 
imtSfSy as Mydorge, used the term FarameUr tor Latus Itectum in 
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all oases, that of the axis being distinguished as BecUt Parametir. 
Hamilton gjave the alternative, "Latus Rectum sive Parameter 
ifltius diametri, &c." ; but these expressions are now seldom used 
inj^eometrical treatises otherwise than as de^ed above on pages 1 



THE TANGENT. 
PBOPOsrriON ▼* 

87. The tangmU at any point of a central eottio maie$ e§pud 
angUi mth the tuoo/ooai dmioMea ofthnUpomL 

Let the tangent at any point P to an ellipse, or a hyper- 
bola, whoae foci are 5 and ififi meet the directrioes in J2 and 12'; 




and let a parallel tlirough F to the axis meet the directrices 
in M and M', 
Then since 

8Pi 8F^PMiPM'^PS iPR, 

and since PB and PR subtend right angles at 8 and S' rer 
ipectiTelj, therefore the triangles SPE^ 8PR are aimilari 
having their angles at P eqoal; that is to aayi the tangent 
at P makes equal angles with iSPand SP. 

In the ellipse, the tangent lies withont the angle 8Pff and 
bisects it externally. 

In the hyperbola (fig. p. 80), the tangent must cut the axis 
between A and A! (unce otherwise it could not lie whol^ 

a2 
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witfaoat tiie earfe)| and Ui«rofore betweeo B tnd iSf ; it mi»t 
thenfixre Inieet anglo BPff ^f«ma%.* 

Corollary, 

If P be one nf the four points of intenedaon of an eDiiwe 

and a hyperbola which have the same foci S and S\ their 
tangentB at P, being the two blBectore of the angle SF8'^ will 
be at right angles to one another. Hence cof\fooal conic* m- 
teneU ai r^fki ongU§* 

PBOFOBmON TI. 

38. The prqfecHona qf the/oci upon the tangent at any ^omi 
^aceiUnd eontb H$on its auxiliary circle; and the eemi-axh 
eoitfuyaia it a memjnvporiumal to lie dukmoeo <^ Ale fooi from 
ihik rtopetiUte jprojoo^^ 

Let B and ^ be the fooiy Y and Z Hieir respective pio- 
jeetioos iqpon tbe tangent at anj point P. Then will Y and Z 



z 




lie on the drcle described apon the axis A A* as diameteri and 
tbe reetaogle /Sr.JZ^ will be eqnal to Oa*. 

(i) For let a parallel to HP through Y meet BP in 0. 
Then the taxigent makes equal angles with BP and the parallel 



point Pon » hypexbolft from be «||mated toiUiin the cnire, in which case it will be 
the "coTapIement" of ffP, we may say of the hyperbola, as of tht aUVM^ thai the 
tangent biMcta the angle between the focal diatances esUmaUy, 
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to HF^ vis. the angles OPF, OYP^ and the complements of 
these aogleii Yis» O/Sr, (^Fifif are eqoili tbmfo^ 

OP- or- 05. 

Henooi the parallel to HF biaeots /Sfl| vis. at the centre 0 




of the conici and 

Or= COtOY=\EPt ifiPm ,• 

the upper signs bebg taken in the case of the eUipsey and 
the lower m the case of the bjpeihohk 

Hence, the anxiliary drde is the locos of the foot of the 

perpendicular from either focus to the tangent at any point 
of the conic; and, conversely, the straight lines drawn from 
any point on the auxiliary circle at right angles to the two 
focal distances of that point are tangents to the conic 

^ Let ZH meet die circle agun in F; theui tiie angle 
at Zbdng a right angle, VY passes through tiie centre O. 
HencCi evidently 8Y^ is equal to HV\ and therefore, 

BY.EZu^EV.HZ^HA.EA! ^ CB*, 

or OB is a mean proportional to the focal perpendicolan upon 
any taDgent.t 



* This result might alflo hare been arrired «t Iqr SBRpOitog BP tonfltt kn ft 
point S*, and shewing that CY = ^IIS' = CA. 

t In the figure on p. 88, if T be the point of conoourse of any tvro tangenta, then 
BY I HZ' = SY' : HZ. It follows Umt angle STY zz UTZ' or, conrenely, Irom 
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CoroUary 1. 

This proposition enables ns to draw a tangent to the oonie 

which shall be parallel to any given straight line, viz. by 
drawing (to a point Y on the auxiliary circle) at right 
angles to the given straight linOi and drawing IT at right 
angles to 8Y. 

(hrcUary 2. 

The points F, Z in which any focal chord meets the auxiliary 
, circle lie upon parallel tangents to the coniC| and the semi-axis 
, conjagate is a mean proportional to the perpendiculars MV^ HZ 
from either focns j9'«pon any two parallel tangents. 

Corollary 8* 

The diameter parallel to the tangent at P interoepts on 
either focal distance i2Pa length Fk eqnal to OF or OA. 

PBOFOBmoN vn. 

39. The distance from the centre at which any tangent meets 
a given diameter vcariea tnversely aa the cmtral abdcdaaa qf it§ 
point ofoonJtaU %o(ih rttipect to that diamOtfr. 

Let the tangent at any pomt Q meet a given diameter in 
and let OV be the abseissa of Q with respect to that diameter; . 
then will the rectangle CV.OTh% of constant magnitude. 

(i) Let CT meet the curve in and let the tangents at 
P and Q intersect in complete the parallelogram QEFO» 
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Then stnoe, in the parallelograin, EO bueetB FQ^ and sinoe 
FQ m the ehoid of oootact of the tangents from thmfoie BO 
paaaes through the centre 0* 

Hence, bj paralleli, 

CV: CF^- OO'.CB^CF: OT^ 

or OV.OT has tbe constant magnitode 0F\ and OT Taries 
inverMly as the abedsia 

(ii) Next, let t be the point of concourse of QT with any 
diameter of a hyperbola which does not meet the curve; and let 
the ordinate in the former case of the proposition he 
sopposed an ordinate of the conjugate diameteri aiMl therefore 
parallel to Ct. 




Then since Ct : CT^ Q V : VT, 

therefore QV.Ci : CV.OT^ QV^ i OV.VT. 

And since, by the former case, CV,CT is equal to CP*, 
therefore 

QV.Ct: CP*= QV*: CV* - CP'; 

and therefore (Art. 34) QV.Oi is equal to the sqnare of the 
semi-diameter " CD parallel to QV\ that is to sajr* Oi( Taries 
invemly as QF, or as the abscissa of Q with respect to the 
diameter on which Ct is estimated. 

OoroUary 1. 

• The relation CV.CT^ CP' implies that any diameter PP' 
which meets the conic is divided harmonically (Art. 18, Cor.) 
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at V and T. This likewise involves the equality of the recst- 
angle TO. TV to TP. TF\ which may also he deduced indepen- 
dently from tlie evident panUelim ^iF'Q and Gfi, tbns 

TP: TVrz TR : TQ^ TG\ TP'. 

Or again, supposing the tangents at Q and P' to meet in B^^ 
we might have inferred from Art 16| Cor. 1, that 

RPiRQ^SP'iEQ, 

and thence that TP^ TV^ TP' are in harmonic progreiuon. 

CoroUary 2. 

If CF and (7T be eitimaied on the transverM aziS| tiieir 
prodact will be eqnal to CA^\ or if on the conjugate aadsi it 
wOl be equal to OJ^. 

THE DIBECTOB CIRCLE. 
FBOraUTION Tin. 

40. The locus of the vertex qf a r^hl angle vaih<m nde» 
envelope a central conic ia a circle* 

Let T be the point of concourse of a pair of tangents at 
right angles; Y and Z the projections of the foci vsgon one 
of them ; T' and Z' theur projections npon the other. 



T 




(i) Draw the anxiliaiy dfde thfongh F, Z, F', Z'; and 

fii-st, if T lie witiiont it (that is to say, in the case of the ellipse), 
let TO be drawn touching it in 0. 
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Then 

T(ym TY'. rz*- ST.SZm OE^^ 

and therefore CT" = CO" + CB" = GA^ + OB', 

or the locofl of jT is a circle ooDcentric with the ooniOi and whose 
diametar is equal to the diagonal of the lectaagle eontained bj 
the axes. 

(ii) Next let T lie within the circle, as may happen in the 
case of the hyperbola. Then it may be shewn in like manner 
that 

4Xt CT'^CA^-^CB'. 




Hence, provided that the transyerse be greater than the 
conjugate axis, the locus of T will be a circle, the square of 
whose radius is equal to CA^ — CB'^ ; but if the conjugate axis 
be the greater, the locus will be imaginary, or an obtuse 
hyperbola am have no rtal kmgenta <U tiffM aiigle»,* 

OoroUary 1. 

In like manner it may be shewn that, if the sides of a right 

angle envelope two confocal conies whose semi-axes are CA^ CB 
and Cot, respectively, its vertex will lie on a concentric 
circle the square of whose radius is equal to OA* + C/S", or 
Cki^ i OB', When Cfi vanishes, one arm of the right angle 
posses ihxoiigh a focnS| and its Tertex Y (Art 38) lies on the 

• In thia caae it will be teen that the theorem is applicable to the Conjugate 
Hyperbola. In the limiting case in which the ajces are cqoal tbo loOM rodooM to A 
poioty the only tAngeata at right angles being the Asymptotes. 
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auxiliary circle. In the proposition itself, if CB be snppoaed 
to Taniah, thc( direotor circle becomes the drde on 8H as 
diameter. 

Corollary 2, 

A conic and its director circle are so related that any 
rectangle circmnscribing the former is inscribed in the latter* 

soRouinc B. 

The term Bnaoxon OnoLB has been used of late yean to 
denote the loons of intersection of tangents at right angles to a 
oonio» with reference to the circumstanoe that when Sie conic 
degenerates into a parabola this locus becomes coincident with 
the directrix (Art, 25). The analogous term Director Sphere '* 
was introduced by ProfoRsor Townsend in the Quarterly Journal of 
J*ure and Applud MatUmatUi, vol. viii. p. 10 (1867). Da LA. 
Hnus proved in his iSmImnm CMms (Pabis, 1685), lab. ym. 
props. 27| 28, that tiie tangents to a oonic firom any pdnt on a 
conoentrio circle whose radius is equal to ^(CA* + CJB^) meet the 
circle again at the ends of a diameter, and therefore iM?ntftln a light 
angle. He also gave the equivalent of Cor. 2. 

In some treatises the term Direotor Circle is used to denote the 
oirole deticribed about the further focus II with radius equal to the 
transverse axis, which poesesses a property aaalogoiia to ttiat of 
the directrix of the parabol a ; f or if F be anj point on the dream- 
Ibrence of the cirde^ and if /fJT meet the come in P, then 8P^ PT, 
or the focal distance of P is equal to its normal distance from the 
circle. This circle affords a construction, analogous to that in 
Art. 25, Cor, 2, for drawing tangents to a central conic from any 
external point. Nevertheless it scarcely deserves a distinctive 
name; mereaa flie ''dneefeor drole/' according to the Ibnner 
definttionf Is of considerable importance in the higher geomelij 
of conioB. The analogy of the circle in qnsstion to the directrix it 
the parabola was pointed out by Bosooyioh, {S^ejimnm CatMmrum 
Ekmmta, § 102)| bat he did not give it a name. 

POLAR PROPEHTY. 

PROPOSITION IX. 

41. The tanffenii ai <Ae eoBtremiUeB of any ekord drawn 
through a given point intertect an a faced ttradght Une paraUd 
ta ihe ardmaies of ffte diamekr ^vrough tkat point, 

(i) Through a given poiut O within or without the conic 
draw any chord, and let the tangents at its extremities meet 
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in I. Dn>w Ck Iniecting tbe chovd in and meeting the cmre 
in^, and let pUmn^ iThe ordinates of tbe diameter tlirongh 0. 

Let CO meet the curve in P, and let it meet the tangent 
at /?, which is parallel to oO, in F. 

Then 00 : OV^ Oo : 

and CUiCT^QpiCti 

and tiierofofe, the lengths Coj Cp, Ot bemg oontinned pvo- 

portionalfl (Art. 39), 

GO.CT^ OO.CV^ OF". 

Hence T is a fixed point, and tT^ which was ordinately 
applied to the diameter (7P, is a fixed straight line. 

Converaelji the chord of contact of the tangeota drawn to 
n conic from any point t on a fixed ordinate paaaea tiiroiigh 
a fixed point 0 attnated on the diameter of that ordinate. 

(ii) In the case of the hyperbola, either or both of the 
diameters Co^ CO may not meet the dure. 

If Co only do not meet the cnnre, let i\i be the ordinate of 
P with respect to it, and let the tangent at P meet it in 
tbeni Oo»Oi being equal to Cu,0v (Art. 89, §ii), 

CO i OP^Co I Ok» Cv I Ct^ CPi CTf 

as in the first case. But if CO only do not meet the curvo, 
the first proof is applicable as far as CO.CT»CU.CV\ and 
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it is known from Art 89, §iL that the lAtler reetanglo is of 
consttnt magnitade. 

Li the case in which nmther €h nor 00 meets thcLCurTO, 

if 6|p be taken a mean proportional to Co and Ct, and if F be 
drawn parallel to oO,* it will be seen that CU.CV is still 
constant, and tT will be a fixed straight line as in the cases 
previouslj considered. 

THE NORMAL. 

FSOP06ITI01I Z. 

42. The normal at any point of a central oomc bUeetB <fts 
€mgle hetwem the two/ooal dukmces of tJuU point. 

If P be any point on a oonic whose Ibei are B and it 
IbllowB as a eordUaiy from Prop. Y. that tlie normal at P 
bueots the angle BPS in the case of the eOipse, and its 
supplement in the case of the hjperbola. The same may 
also be deduced from Art. 10 (where 8 maj be either focus) 
as follows. 

If the normal meet the axis in then 

BG I 8P^ OBiOA^HGi JBP\ 

and therefore PG bisects the angle 8PH internally or ex- 
temallji according as G lies in SII^ as in the case of the 
eUipflCi or in the " complement" of BH^ as in the case of the ' 




« TlMHBetlimdfftimiaihtttaii0enfctt p to the ConjuffmBtftrMa,yAiA'M 
be daAMd in the next chapter. For another proof of the propoedtion, see Alt. 17. 
TIm pioof in Alt 41, § t apianii with olnrioiu mod^ 
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LypezMft. Li either ease the nmnnal biaeels the angle between 
Iboee portions of ^e focal dlstanoes which ikll w&km Ifta cmtm. 

If the circle round 8PH meet the conjugate axis in g and f, 
it is evident that Pg and Ft will be the two bisectors of the 
angle SFH] that is to say, they will be the tangent and the 
normal at P. This suggests an obyioos method of drawing the 
two tangents or nonnals to a conic ficom anj point on its 
eonjogate aads. 

CoroUary 1. 

The tangent and normal to a conic whose foci are 8 and H 

divide the straight line SH harmonically, and C8 is a mean 
proportional to the lengths GQ^ CT which the/ intercept on 
the axis* 

CoroUary 2* 
It IS likeme erident by sumlar triangles that 

FG.Fg^FT.Ft^BF.EF\ 

and it will be shewn that each of these rectangles is eqnal to 
Aie sqnaie of the semi^iameter parallel to the tangent at P. 

PBOPOBinOH XL 

43. At amy point qf a central conic the normal^ terminated by 
either axitf varies inversely as the central perpendicidair upon 
the langenij and directly <u the radius parallel to the tangenL 

Let the tangent and the normal at F meet the transverse 
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axis ID T and and the conjogate axis in i and ^, respectively % 
draw perpendicalars PiV, Fa to those axes, and let them meet 
the diameter pmllei to the tangent in M and m; and let the 
normal meet that diameter in F. 

(I) Then (Art. 39, Cor. 2), the angles at ^ and J* being 
right angleSi 

and| in like manner, the angles at n and F being right angles, 

F^.FF^Fn.P^^ ON.OTm. OA*; 
that is to say, FO and vaiy inverselj as FF^ which is equal 




to the central perpendicolar upon the tangent at P. 

(ii) It will be proved in the section on conjugate diametera 
that 

FG I CD'^ GD I Fg^ CBi GA^ 
where CB is the semi-diameter parallel to the tangent at P. 

GcroUary. 

It is henoe evident that 

NG : CN^NG : Fn^FG : Fg^ CB' : GA% 

or the subnormal varies as the abscissa. In like manner it may 
be shown that the subnormal ng on the conjugate axis varies 
as the abscissa Cn. 
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CONJUGATE DIAMETERS. 

PROPOSITION XII. 

' 44. Qupflemtntal chorda are panUld to wnjvigaU diamekn. 

Let OP^ OP be any two Bapplemental ohordsi and OQ^ CM 
the diameten to which they aie parallel; then will CQ, OMhe 




conjugate. For it is evideot that these diaraeters bisect OP 
and OP" respectively ; that is to say, each o£ them bisectB a 
chord paraUel to the other. 

This enables ns to deteraune the relation between the 
directions of any two conjagate diameters, for, in Art. 88| 

FN' : AN.NA'= CB" : CA\ 

where the supplemental chords AP^ AP may he supposed 
parallel to any assumed pair of conjugate diameters. Henooi 
if the ratio of FN to AN (or the duection of one of the 
diameten) be given, the ratio of FN to AN (or the duection 

of the conjugate diameter) is determined.* 

OmXIaary 1. 

It readily follows that if P and D be points on two diameters 

of a central conic whose ordinates PN and DR (as in Art. 45} 
are so related that 

PNx GR^DEx QN^QBx OA^ 

* An eqoivatent iwnlt au^ be dednood horn Ait. H, Cor 4 ind Art. 86^ Cor. 8. 

b* 

If Sand ^ Im the indinadoiH of conjugate diuMfean to fbeas^ taii9taa<|^=7^ 

(where a, 6 are the setui-azeB), the uegatiTe sign bemg taken for the ellipse and the 
poattire for the byperbolA. 
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then will CP and CD be conjugate, provided that they lie la 
adjacent quadrants in the case of the ellipse, or in the same 
quadrant or in opposite quadrants in the case of the hyperbola. 
If the ordinatea of F and Z>, in the case of the ellipaei be pio- 
daced to meet the anzUiuy cirde in p and as in the nest 
figure, Uie angle pOd totK a righi angU^ as will be notioed moie 
particolarlj in the chapter on Orthogonal Projectioni 

CoToUary 2. 

In the hyperbola it is evident that of every two supplemental 
chords one most lie wholly within and the other wholly without 
thecorve; and hence that onsatii? one on^y^eMf^ffioocoiifi^^ 
diameten meeti the curve. 

OoroUary 8* 

To draw a pair of conjugate diameters inclined at a given 
angl^, let a segment of a circle containing the given angle, and 
described on any diameter PP' as base, meet the conic again in 
Ol then will the diameters parallel to OF and OF* be inclined 
at the giTon angle. 

PBOF061TION ZItl. 

45. The sum of the squares of any two conjugate diameters ta 
constant in the dUpse^ and the difference of the eame ie ametaxU in 
the hyperbola, 

(i) If OP, OD be any two radii of an ellipae, and ON^ CB 
the central abedsMs of their extremities P and D respecdvely, 
then, by Art. 83, 

FN* : GA*- GN^^DE^ ; (LI"- (7^= GB" : GA\ 

Let CP and OD be supposed to lie ui adjacent qoadrantB, 
iodlet 

then the above proportions reduce to 

FN\ CM^DB I GN^ GB : GA^* 



* The same proportions will hold when the ordinates are oblique^ if CA and C£ 
be the lengths of the corresponding semi-diameten. 
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and theiefore (Art 44| Gor. 1) OP, CD are oonjngate, and 
oonTenal/. 




Hence also PAT" + Z>i2' = CR, 

and CP*'^CJy^ON'+PN^'^OB' + DB*^OA*'^CB'; 

or the sum of the squares of &ny two conjugate semi-diameters 
of an ellipse is constant and equal to the som of the Bqnares 
of the lemi-azes. 

(il) In the case of the hyperbola, let P be a point on the 
curvei and J) a point on the hyperbola whose trans veri^e and 
conjugate axes are MB' and AA' respectively ; then, by Art. d3| 

PN* : CIP^ CA*^DB? : OII?'¥ CA*^ GB» : CA\ 

Let CP and CD be supposed to lie in the same quadrant 
or in vertically opposite quadrantS| and let CD be regarded as 
Urminaied at the point D,* 

Let CN^'-CB^^CA*', 
then the above proportions reduce to 

FN: CR^DR : CN^ CB : CA^ 



* The radius CI) whicli does not meet the curve (Art. 44, Cor. 2) is here regarded 
as tenniuated by the Goojugate Hyperbola. For auother proof of the propotiitioQ, ia 
which the length of CD is dflfimedM Boggoted in Art. 84, the iMider is nfcoed to 
tha next chapter; and for a third proof, to the chapter on Orthogonal Ftejaction. 
It wiU he seen that the above conventions with regard to the length of CD are 
con<!i9tent with one another, but the true definition of thelflOgthB of diuteteoi which 
• do not meet the corre is that girea in Scholium C* 

H 
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and therefore (Art. 44, Cor. 1) CP, OD are conjugate, and 
conversely. 

Hence also DB^ - PN* = (7B», 

and CF*^CI^^ON*'\'FN*^(CB^'\'DS)^CA*^CJB^\ 

or the difference of the squares of any two conjugate "semi- 
diameters " of a hyperbola is constant and equal to the difference 
of the squares of the semi-axes. 

OoroUeay 1. 

Let the normal at P, which is at right angles to (72>, meet 
the transverse and conjugate axes in O and g respectively , then 
it may be shewn by similar triangles that 

FGx OD^FNi GE^GBx OA, 
and F^: CD^ CN : DR=^ OA-, GB. 

Hence OD is a mean proportional to FQ and Fg, 

(hroUary 2. 

If P be any point on a conic whose foci are S and then 
nnoe 0 is the middle point of BH^ 

^OF^-^^CS'^SP^+HP^^AOA^^^SP.HP. 

Hence CF* ± 8F. JiF^ CA' + CA' - CS' = CA' ± CB'^ 

and thereforei by the proposition, SF^HFib equal to 

PB0P08ITI0M XIY. 

46. The area <^ any pamUdogram uhume sidee are epud 
and parallel to two conjugate diameters of a central eomo %8 e^[ual 
to the area of the rectangle contained by tJie axes. 
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(i) Let A panllelognuii be fonned hj drawing panllels to 
two conjugate diameters PF, DIX of a central conic throngh 




their estremitieai and let the normal at Pm&siDLf in and 
let it meet the aads in G, 
Then tinoe (Art. 45, Cor. r), 

therafore PF.PG : PF.OD^ CB* : OA.OB 

Bat| by Art. 43| the antecedents of this proportion are equal. 

Therefore PF. CD^OA. CB, 

and the area of the whole parallelogram is equal to LPF.CDf 
that isi to %OA.%OB^ or to Uie rectangle contained by the axes. 




H2 
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la the case of the ellipse the parallelogram deacribed aa 
above eompletelj envelopea the aurre; but in the caae of the 
hyperbola two of its aldea only tonch the carve (Art 44, Cor. 2). 

(ii) The proposition might also have been proved by shewing 
that, with the construction of Art. 45, 

APOD - PDRN^ FCm J)CB^i( CN.DB ±0B. PN)^ 

"which last expression reduces to \ CA,CB, 

PROPOSITION ZY. 

47. The intercept upon any tangent hij any two conjugate 
diameters is divided at the curve into segments to which the 
partUlel radius is a mean proportionaL 

Let the tangent at P meet any two oonjngate diameters 
m T and f, and let CD be the radioa parallel to the taDgent 




Let PF, 2h be ordinates of the diameter CT^ and PJf an 
o^mate of Ot] and let the tangent at D meet the fonner 

diameter in t'. 

Then, by similar triangles, the tangent at I) being parallel 
to CR 

PT: CT=^CD: Ct\ 
and Pt : OV^Pti PM^ CD : Cv. 

Therefore* PT.Pt : CV.CT^ CD* : Cv.Ct' ; 
and the consequents in this proportion being equal by Art, 39, 
therefore PT.Pf- CI>", . 

* More briefly, the condition that CT, Ct should be conjugate (note^ p. 96) girei 
■tonoe the relation PT,Fi ;CP*=CJ)* : CI», 



i 
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or CD 18 a mean proportional to FT and Pt\ and when the 
point Pis given the rectangle Ft.PTtA constant. 

Corollary, 

If the tangent at any point Q meet any two parallel tangents 
in E and then will the radins parallel to the tangent he a 
mean proportional to QB and QB, For, in the figure of 
Art. 39, it 18 evident that CB and CR are parallel to the 

supplemental chords F PQ^ and are therefore conjugate 
diameters. Moreover, {{EC meet P'F in r, the semi-diameter 
parallel to BP will be a mean proportional to P'r, P'B'^ and 
therefore to FE^ FE'. 

aCBOLIUM c 

Alihongh the conjugate axis of a hyperbola and its other 
diameters which do not meet the curve are commonly regarded 
as terminated by the conjugate hyperbola, this convention is by 
no moans aocarate» but the true account of the matter is that given 

below. 

Given the relation (Art. 33) between the ooordinates of any 
point on the hyperbola 

tho tnio lon^h of the semi-axis conjup^ato ia found, by making CJf 
vanish, to be '/(- 1) CB. Let tliis be denoted by so that 

whidh shews that the hyperbola may be regarded as m dUpH whoH 

minor axis i» a certain imaffimMTf quantify. In like manner the trae 

length of the semi-diameter conjugate to CP, in the second case of 
Art 34, is VC- 1) CP ; and if this be denoted by C3, we may writ© 

QF' : CP*- CF*^ : CP", 

as in the case of the ellipse. Now, treatiDg /3 and 2 as if they were 
real points on the curve and supposing p to be the projection of i 

upon tho axis, we have, precisely as in Art. 45, § i, 

CN*-^ Cft^ ' CA*i FN* + Efi'm Cfi^l CP" Ch* CA* + Cfi^ ; 

which will be seen to be equivalent to the results of Art. 45, $ ii, 

OZr- CiP- CA*i PJV^'-DJP- - OB*; CP*- C/>»- CL4«- CB*. 

And BO in other cases (cf. Art. 40) we may pass at once to 
properties of the ellipse, in bo &r as they involve CB* and CD*, by 
writing in place thereof Cfi* and t72*, that is to say, hff changing th$ 
iignn of CB" and CP\ 

Next consider the hyperbola as a particular form of ellipse 
whoso determining^ ratio has become one of majority. When this 
ratio has increased up to unity the further focus and vertex are at 



Digitized by Google 



102 



CBKTRAL OORIOB. 



infinity ; but as soon as it exceeds unity they at once oome back 
from infinity to iTand A' on the opposite of ^1. The true length 
of the axis of the hyperbola is therefore A ac A'j the complement 
of AA'f and the distance between its foci ib S co 11^ the complement 
of 8M> In like manner the distanoe of any point P on the CDr?e 
from the farther focus JS* is to be regarded bb Jffto the oomple* 
ment of HP ; and thus the fundamental bifocal property aasomeo 
the indeterminate form SP +iraoP=:AccA'. In order to pass 
to the determinate form of the bifocal property of the hyperbola 
from the property of the ellipse, we may remark that a point 
moving in a straight line irom the further focus H of the former 
to a point P on iS>bianeh of the ounre may be supposed to move 
either (1) within the enrvef from JST to oo and from oo to P» always 
in the same direction, or (2) along the finite length UP in the 
opposite direction ; and we may therefore regard //P, drawn towards 
tne convexity of the jS-branch, as essentially negative, and the finite 
axis A A' as likewise negative. The ellipse property, SP-^ffP=AA\ 
thus becomes, in the case of the hyperbola, SP-i- (- UP) = (- AA')» 
6o in Alt. 15, Oor.| in the ease in wfaieh the fiN>al ohora meeta the 
nearer branch of a hyperbola in Q and its fbrther branch in P, wo 
1 12 

most write ^^^p^ + '^q ~ X* ^ accordance with the same prin- 
ciple the normal to a hyperbola at P bisects the inferior angle 
between PS and P oo U; and if two tangents TOf TO' be drawn 
from T to the same branch of a hyperbola, the angle &T0 will be 
equal to the angle between TO' and Too IT. 

Oombining the results of the two preceding paragraphs, we 
infer from the property SY.HZm CJ* in the eUipse, tiiat 
8Y. (- nZ) - (- CB") in the hyperbola ; and from SP.UP'^ CJD^ 
in the former, that SP .{"UP) - (- Ciy) in the latter. On the 
same principle, Prop. i. assumes the fonn 

pjniAir.('A'jr)^(^c£^: ca* 

in the case of the ^perbola. In Art. 3G, Cor., if the focal chord 
FF' be positiTe Clr will be nej^atiTe, and 9ie$ f#rM. From the 
result PP. CDm CA. CP, obtamed in evaluating the conjugato 

circumscribing parallelogram of the ellipse, we deduce in the case 
of the hyperbola that PF).V{- 1) CD = (- CA).y/{^ 1) CP| 
aud the final result is inaependent of the factor - !)• 

THE BIFOCAL DEFINITION.^* 

PBOPOSmON XVI. 

48. The tangent to a hifocal conic makes equal angles with 
tlie focal distances of itsjpoint oj contact, 

• The theorems in this section haro for the most part l>o«n already proved in 
other ways; but they aitt bm dttifed fiom the Ulocal property, SP X BPsiAA\ 
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(i) Let TFQt be a chord which meets the conic in the 
•djaoent points P and and let 8M be taken eqnal to 8F 




upon BQ^ and Iln equal to HQ upon HF^ so that 

Bt^BF^HQ^BQ'^BF^Qm. 

Now in tbe iioacelea triangles BmF, EnQ^ as the angles at 

8 and H are diminished indefinitely, each of the remaining 
angles becomes very approximately a right angle; and hence 
ultimately, when Q coalesces with P, the triangles FnQ^ FnQ 
become right-angled at m and n. 

And since these triangles have the common hypothenoie 
FQ^ and it has been shewn that JVi, Qm are eqnal^ therefore 
the angle 8QT of the one trian^^ is eqnal to the angle HFt of 
the other. That is to say, the point Q being supposed to have 
coalesced with the angle 8PT is eqnal to HFt^ or the 
tangent at F makes eqnal angles with the focal distances of 
that point. 

(ii) Or, conversely, taking EuouD'a definition of a tangent, 
we may proceed as follows. 

In the case of the ellipse, F being any point on the cure, 
and 8i 8' the foci, m 8F produced take F^ equal to F8\ 
draw the bisector of the angle S'Fa^ and take any point Y 
upon it. 

Then since 8'Y\% evidently equal to aY^ 

8* F- 8Y'¥ aY>88>8P^8'F\ 

that is to say, the sum of the focal distances of any point other 
than F upon the bisector of the angle SFa is greater than the 



by which the ellipse and hyperbola are sometimes dotted. From this property it 
is evident that an c>llip.<=« may be tmccd with the point of a peocU BIOTOd along A 
stxing, whexeof the ends are fixed, so as to keep it stretched. 
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tranuveree axis; every Bach point therefore lies without the 
curve, and the bisector of the angle 8'Ps is the tangent at P. 
The proof applies mutatis mutandis to the hyperbola. 

(JoroUaery, 

The normal at P bisects the angle between the focal 
distances of P, estimated within the curve ; and hence it easily 
follows that O being the point in which it meets the axis 

8G : SP^HQ : JZP- C8 : CA. 

PBOFOSITION XVII. 

49. The two tangents to a bifocal conic from any extemtd 
j^oint subtend equal or supph mentary angles at cither focus. 

This may be deduced from the LKMMA th.it a circle can be 
inscribed in any quadrilateral which is such that the sum or 
difference of two of its sides %s espial to the sum or differeMS 
qf its other two sides. 

If fonr straight lines touch a drde at points a, 5, and 
if they form by their mtersections the quadrilaterals POQR^ 
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SPHQ^ SOHB, as in the diagram, it readily follows, from 
the equality of the two tangents (as Oa^ Ob) from any external 
point to a circle^ that 

OF-^ QE^OQ-^PB; 8P+ HP^ SQ^ UQ-, 

and SO-MO^SE-HSi 

and, conversely, if one of these relations be given, a circle 

can be drawn touching the four straight lines. 

The LEMMA being assumed, if P, Q be points on a conic 
whose foci are and if, then since 

SPtBP^SQtffQ, 

a circle can be described touching SP, SQ^ II HQ^ and 
having its centre T at the point of concourse of the external 
or Internal bisectors of the angles SPII, SQll] xh.\t is to say, 
at the point of concourse of the tangents at F and Q.^ 

And since SP and 8Q touch a circle whose centre is 
therefore 8T bisects the angle between them; and in like 
manner ST bisects the angle between HP and HQ, That 
is to say, the tangents TP, TQ to the conic subtend equal (or 
supplementary} angles at either fucus. 

Corollary, 

One or other of the angles between any two tangents to a 
conic is equal to half the sum or difference of the angles which 
their chord of contact subtends at the focLf Taking the case 
of a pair of tangents TP^ TQ to an ellipse whose chord of 
contact (as in the next figure) does not pass between the foci, 
we may shew, by equating the angles of the quadrilaterals 
TPSQj TPIIQ to eight right angles, that the exterior angle 
between the tangents is an arithmetic mean to PISQ and PHQ, 



* If with 5 and 77 as foci an clli{>f'c l>e drawn tlirotijr]] P, Q and a hyiv_>rT)ola 
through 0, li, their common diameter through T will bisect P(l in thp one curve 
and OR in the other. Uence the middle points of the three diagonals of any 
^Uidrilattnil to wliich a dtde can be inscribed lie xipcm one diameter of the aide. 

t Thw theorem, with its analogue for the parabola (Art. 28), was proved by 
BosooviCH {^S^ionuM Coniearum Elemental § i6i). In a eliglitly different form it 
wfH be BoCioed egain in SchoUnin D. 
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PBOPOBmON ZTIII. 

• 50. The two tangents to a htfocal contc from any external 
j^int are equally inclined to its two focal distances^ each to each. 

Let TF, TQ be the tangents at P, (J to a conic whose 
fod are i9 and H\ then will the angles 8TQ^ MTF be equal 
to one another, unless P and Q He on the lame branch of a 
hyperbolai in which case they will be Mtji^p^mMiitary* 

(i) In the case of the ellipse, produce HP to anj point 
and let 5P, IIQ intersect in 0, 

Then since the tangent at F bisects the angle SFV^ and 




HT bisects the angle FHQ^ therefore 

and in like manner it may be shewn that the angle STQ is 
equal \o\QOS or \POH, 

Hence TP and TQ make eqnal angles with the focal 
distances of T.* 

(ii) If the tangents be drawn to opposite branches of a 
hyperbola, they will still make equal angles with ST and HT, 

(iii) If both tangents be drawn to the /S-branch of a 
hyperbola, and if HT be produced to a point H\ it will be 

* In Art. 87 tht points M, R and S^^ JP', Jf', R an oon^elio, at will 

likewise be the caae (Art. 9, Cor. 1) if be any straight Kn«, and P its polar. 
Hence, if X, A" be the foot of the directrices, SPR = SMX = S'M 'X' = SPJi'. 
It follows by the proposition thut the inlercijds on any chord made by tht curvt and 
its direetrieti tmitend eq[ual {or tuppkamiary) angles at the pole tifthe chord. 
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ieen that tiiej make equal angles with STtaid ^Trespectlrelj, 
which is in accordance with the principles of SchoUam C. 

Corollary 1. 

The bisectors of the angles between any two tangents to a 
bifocal conic arc the tangent and normal to the two confocab 
through their point of concourse. 

Corollary 2. 

The triangle whereof the base i$ equal to iht trantvene axU 
of a cofttb and iU rmaming eidea to the focai dietanoee <if any 
extemaljfomt ha$ it$ vertex angle equal to the angle heiween the 
tangents to the conic from that point and tfo remaining angUe 
to the angles which either tangent subtends at the foci. For in 
the lirst figure, if SP produced to a point //' be equal to the 
transverse axis, it is evident that the triangle TWP is identicallj 
equal to TMF^ and hence that the triangle 8TM' is of the 
specified linear and and angular dimensiona. 

SOHOLITTH D. 

The theoTem of Cor. 2 may be expressed as foUowa. If the 
straight lines in either diagram be regarded as a framework 
jointed at thoir ends, and if S and II be drawn apart (or brought 
toeether) until the distance between them is equal to AA\ then 
wul SPMmd, 8QE become straight lines, and the angles at the 
joints (except 8FB and 8Qff) will be equal to the angles at 
the same pomts in the original figure, the inner and outer anfflcs 
at T being interchanged. The angle STU in the deformed figure 
is in general equal to the angle between the tangents, but in 
tiie third case of the proposition it becomes suppUmentary thereto. 
The following are some applications of this theorem. 
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(i) If the angle between the tangents be a rifjht angh, tbon 
8T* + S^T^ = AA'*f whence the property of tho director circle 
readily follows. In any case, tho angle d between the two 
tangents from any given point T satieties the relation 

ST* + ST* - 2ST. MT 009 em A A". 

(ii) Since the exterior vertex anele of the triangle is eqnal to 
the ram of its angles at 8 and S, therofora the supplement of 
the angle between any two tangents to an ellipse is equal to 
M# turn oj th$ tmgUt wkuh ^thir Um^mi mibtmdt at the foci. In the 

hyperbola, as may bo proved in liKe manner, the difference of the 
angles which either tangent subtends at the foci will be equal or 
supplementary to tho angle between the tangents, according as 
they are drawn to opposite branches of the curve or to the 
same branoh. In the one case, P and Q in the delbnned figure 
inll lie on opposite aides of SK, and in the other case on the 
same side of it. 

(iii) It may be shewn from the deformed figure that 

TP* I TQm8P.ffP i 

Hence, having deduced (Art. 45, Cor. 2) from the bifocal 
definition that 

8P. EP^ CP'm CA'^ CB'mSQ.MQ + CO*! 

we infer, taking the ease in which CP, CQ aie eonjugaU^ and 
therefote equal and paiallel to the tangents at Q and P, that 

8P.MP'*C^\ SQ.SQmCIfi CP*¥C(^'^CA*^CB*i 

and henoe, that m aU mm the tangents aie as the parallel radii. 

PROPOSITION XIX. 

51. At any point of a hifccal conic the projection of the 
normal terminatid hij the conjufjate axis upon the distance of the 
j^int from cither foriLs is equal to the semi-axis transverse. 

Let the normal at F meet tho conjugate axis in and draw 
gh and gl perpendicular to 8P and HP respectiyelj. Then 
since the normal bisects the angle kPl^ therefore 

PksaPl^ and gk=gL 

And since also the bypothenoses of the right-^mgled 
triangles gkS^ glH are equal, therefore the side 8k of the one 

is equal to the side III of the other. 
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Hencei in the fint figure, 




Therefore Pk = i{Sr+nP) = CA. 

CoroUany 1. 

If OK be drawn, as in Art. 11, it follows from this pro- 
position, together with Art. 52, Cor. 2, that FK,CA = CB\ 

Corollary 9, 

By the converse of Art. 38, Cor. 3, the diameter Ck is 
parallel to the tangent at or perpendicular to the normal; 
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if therefore it meet the nermal in 

and PQ .PF^ PK. Pk = CB\ 



62. The distance of any point on a bifocal conic from either 
foeuB varies of ita diakmoe from a oorreopondihg fbooi dvrodrw 
perpendicular to the axia* 

Bisect the angle hetween the fbeal distancea of any point P 

of the locus, estimated within, the curve^ and let the bisecting 




line meet the axes in Q and g. Let a paraM to the tnnsveno 
axis through P meet g8 m M and gH in N\ and let per* 
be drawn to the axis through those pointS| meetmg 





7_ 
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it in X and W. We ahall shew that these perpendiculan 

Since z SMP» gSHm. gES^ QP8y 

the points 8j P, B being evidently concjclicj thcrefore| 
in the aimilar triaDglea SFM^ SGF^ 

8P : par- 8G : iSP- SGtaHi «P + PJT- 08iOA\ 

and therefore b in a eonalant ratio to PJUl 
Andaince BE i MN^ SG i PM^ CS" x 0A% 

therefore MN^ or 2 CX, is coDstant, and MX is a fixed straight 
line. 

The curve may therefore be described with 8 and MX^ or, 
in like manneri with H and NW^ as focus and dibbciux. 

CoroUarg 1» 

The line PG in the aliOTe oonstraction being evidently the 
normal at P| it follows that the focai ditkmoes of the point m 
which the normal at any point of the curve meets the conjugate 

axis pass through the feet of the perpendiculars from that point 
to the directrices. Hence an obvious construction for the 
normab from g with the help of the ruler only. 

Corollary 2. 

Since Gg : l^^BG : Pif» OS* : 0A\ 
Hierefora PG : OA^-^ CS" ; OA^^ OB" : 0A\ 

SOBOLnJlC X. 

The name Foous has reference to the optical property in 
relation to the oonio of the points to which it is now commonly 
appliedi vis. that rays proceeoing £rom one of them and refleofcea 
at the earre would converge to or diverge from the other (Art ^7)i 

or become parallel to the axis (Art. 25). 

Apoixonius, who introduces the foci somewhat late in his 
treatise, proves their pruperties in the following order (Lib. in. 
props. 45 — 52), Starting with the property, AS , A'S'^ CB*, he 
shews that the intercept on the tuiaent at any point P by the 
tangents at the vertlose subtends right angles at the fed; that 
the tangent at P and either of the fixed tangents midn equal 
tCDf^Lui with the focal vectors to their point of concourse (a special 
case of Art. 50) ; that a pair of the focal vectors to its points of 
concourse with the two nxed tangents intersect on the normal at 
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its point of contact ; that it makes equal angles with the focal 
diBtances of that point ; that the axis subtends a right angle at 
the foot of the rocal perpendicular SY upon the tangent; that 
the diameter parallel to HP meets the tangent upoa the ciiw 
cumference of the circle on AA% Tis. in the same point F; and 
laaiW,that«P+ /-/ . 

The property of the focus and directrix by which we defined 
the general conic is given in the Mathematical Collections of 
Pappus, Lib. vii. prop. 2o8 (vol. u. p. 1012, ed» Huitsch, 
Bebol., 1877). 

NswTON, to whom some later writers were indebted for their 

acquaintance with the property, mentions it in the /Vfiw^pM, at 
the end of Lib. i., 8ect. iv., in connexion with his conatmetkm (a 

modification of De la Hire's Lib. viii. 25, to which he refers) for 
an orbit whereof a focus and three points are given, viz. by 
determining a point of the directrix upon the chord joiiuug each 
pair of given points on the curve. 

£Ji:AMFL£S. 

201. 1^ All and CD be equal portions of two straight bars, 
and if they be cuniiected by hinges with two c([ual bars AD^ 
BC in such a manner that initially AB and CD form opposite 
sides of a rectangle and AD and BG its diagonals; then (I) 
if a ride of the rectangle be fixed, the remaining parts of the 
framework being moved about in any way in a plane, the inter- 
section of the cross bars will trace an ellipse; or (2) if a 
diagonal be fixed, the continnations oi AB and CD will ckobb 
one another upon the arc of a hyperbola. 

202. The ndes AD^ DC of a rectangle ABCD are diTided 
into the same number of equal parts, and straight lines are 

drawn from B and A respectively to the points of section. 
Shew that the corresponding lines of the two scries meet on 
an ellipse whose axes arc equal to the sides of the rectangle. 

203. A parallelogram ABCD has its diagonal A C at right 
angles to the side AB. If CD be divided into any number of 
equal parts and straight lines be drawn from A to the points 
of section, and MAC be divided into the same number of 
equal parts and straight lines be drawn from B to the points 
of section, then will the corresponding lines in the two series 
meet on a hyperbola. 
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204. The straight lines joining the vertices of a conic to . 
opposite ends of any segment of the directrix which subtends 

a right angle at the focus intersect on ihe curve. Hence shew 
how to trace an ellipse or hyperbola, and prove that the ellipse 
is a dosed carve giving wholly between the perpendicnlan to 
the aus at its vertiees. 

205. The locus of the point at which the distances of either 
vertex from a focus and directrix subtend equal angles is the 
auxiliary circle. Hence shew that the ellipse cuts the ordinates 
of its auxiliary circle in a constant ratio.* 

206. l( A31 and A'M he taken on the axis of a conic equal 
to the focal distances of any point P on the curve, shew that 

and dednce that the square of the ordinate of P varies as the 

rectangle contained by its abscisses. 

207. If a circle be drawn through the vertices of a conic 
and any point on the curvci find the locus of the second point 
in which it meets the ordinate of the former. 

208. If two ellipses whose major axes are equal have a 
common focus, they will intersect in two points only ; and their 
common chord will be at right angles to' the straight line 
joining their centres. 

209. Given a chord of a parabola and the direction of its 
axis, the locus of the focus is a hyperbola whose foci are at the 
extremities of the chord. 

210. The straight lines from either focus of a conic to the 
ends of a diameter make equal angles with the tangents thereat. 

211. A circle can be drawn through the foci and the 
mterMctions of any tangent with the tangents at the vertices. 

212. The intercept on any tangent by the tangents at the 
extremities of a focal chord subtends a right angle at the focus. 

♦ If /; be a point un tlie I.xus, then .S> : FX = SA : .LY = SA' : A'X, and therefor© 
A'p is the outer bisector of the angle SI'X, and is at light angles to Ap. Ucnce 
pN* - PN* ^a^^aP^ziifi (PX* - jyrA ») = ^ . and PN* Tarin ae p*V', or 

I 
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213. The major azu is the maximmn chord of an ellipse^ 
and the minor axis m its least diameter. When is the angle 

BubteDded at the curve hy the straight line joining the foci a 
maximum? 

2i4« The focal Tecton to any two points on a conic meet 
m two other pointa lying on a confocal conic, and the tangenta 
at the two pain of points cointerseet. Examine the case ui 

which the focal vectors are drawn to opposite extremities of 
a diameter. 

215. Find the locus of the centre of a circle which toucfaea 
two fixed curdes. Also^ if two circles, the som or difference 
of whose vadU is constant^ he described about fixed points^ 
find the locns of the centre of a circle of given magmtnde 

which touches both of them. 

2i(k l£ be a chord of an ellipse^ and if the ordinatea 
of its extremities to either axis be produced to meet the cor* 
Tssponding auxiliary drcle in p and then will PQ and pq 
meet on that axis; and if the tangent at p meet the same 
axis in T, then will TP touch the ellipse at P, and the 
abscissa of P will be a thiid proportional to CT and CA, 

217. If any tangent to an ellipse meet the axes in T and tf 

the tangents from those points to the major and minor auxiliary 
circles respectively will be parallel two and two, and their 
four points of contact will lie on two diameters of the ellipse. 

2 1 8. The perpendiculars to the axes from tiie points id 
which a common diameter meets the two auxiliary circles of 
an ellipse intersect two and two on the curve. Hence shew 
how to construct an ellipse with the help of two fixed con- 
centric circles. 

219. If two points on a s trsi i ght line move along the arma 
of a right angle, any other point on the Ime will trace an 

ellipse whose semi-axes are equal to the segments of the line 
between that point and the former two.* 



♦ The moving liv.c may be i^upix>scd parnllol to tlio "common diameter" W 
Ex. 218. Tiib tbuurvm cxpLuas the construction of the EUijttic CtmjMMCs, 



Digitized by Google 



EXAMPLES* 



115 



220* The ordiiiat«8 of the points in which any tangent to 
an ellipse or hyperbola meets the ctmre the tangents at its 

vertices and the conjugate axis are proportionals, and tbo 
product of the extremes or the means is equal to the s<^uare 
of the semi-axis coDjugate. 

221. If any ordinate to either axis be bisected in 0, and 

A Of AO meet the tangents at A and ^ in jT and T re- 
spectively, then will TT be the tangent at the extremity of 
the ordinate ; and the straight line joining the intersections of 
BT^ UT and &T^ RT^'^ be the normal at that point. 

222. If two ellipses with equal axes be placed vertex to 
vertex, and one of them then roll upon the other, each of 
its foci will describe a circle about a focus of the latter. 

223. GKven a central eoniC} shew how to find its centre, 

axes, foci, and directrices. 

224. Given a focus and two points of an ellipse, the locos 
of the other focus will be a hyperbola. If instead of one of 
the two points the length of the axis be giveni determine the 
lod of the centre and of the second focns. 

225. Given one focus of a conie inscribed in a triangle, 
shew how to determine the other focus. If an ellipse inscribed 
in a triangle have one foeos at the orthooentre, its other focus 
will be at the centre of the drcnmscribed circle, and its 

auxiliary circle will be the niuc-point circle of the triangle. 
Examine the case in which a focus of the inscribed conic is at 
the centre of the inscribed circle of the triangle. 

226. The angokr points and the sides of a triangle being 
taken as the centres and directrices of three ellipses which have 
a tommon focus at the orthocentre, shew that the sum of the 
squares of their major axes is double of the sum of the squares 
of the sides of the triangle ; their minor axes are equal to one 
another, the square of each being equal to the sum of the 
squares of the three laters recta; the sum of the squares of 
the eccentricities is equal to two; the intercepts made by the 
ellipses upon the sides of the triangle are conjugate diameters; 

12 
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tbe perpendlcalars of the triangle are the common chords of 
the ellipeesi and their aiz poles lie oo three focal chords parallel 
to the sides of the triangle. 

227. If CP be any radias of a conic, and if a parallel to 
it be drawn from the vertex A to meet the curve in Q and 
the conjugate axis in shew that AQ.AB is equal to 2Ci^. 

228. A straight line equal to the radius of a circle slides 
with one end on a fixed diameter and the other end on the 
convexity of the circumference. Shew that any intermediate 
point on the line traces an arc of an ellipse. 

229. From a fixed point 0 a straight line OF is drawn to 
a given circle. Find the envelope of a straight line drawn 
through P at a constant inclination to OP. 

230. The straight line joining tlic foci of a conic subtends 
at the pole of any chord an angle equal to half the sum or 
difference of the angles which it subtends at the extremities 
of the chord. 

231. If CR be the projection of any radius CD upon the 
axis of the conic, and OL the ordinate of the middle point O 
of any chord* parallel to CD^ prove that 

OL,DR : CL.CR= CB* : CA\ 

Hence shew that the diameters of conies are straight lines, 
and obtain the relation between the inclinations of any two 
conjugate diameters to the axis. 

232. The ellipse has a pair of equal conjugate diameters, 
which coincide in direction with the diagonals of the rectangle 
formed by the tangents at the ends of its axes, and which are 
equal to the sides of a square whose diagonids are equal ^to 
those of the said rectangle. 

What is the corresponding property of the hyperbola ?t 

• Art. 33 gires PN* QM* in terms of CN*'o*CM*i whence the reqoind 

nenlt reoflily follows. 

t It has two i>;iii > "f (infinite) conjugate iliametors wliicli are in n ratio of equality, 
and each pair coincide in direction with one of the e(jiui-coD jugate diameters of the 
ellipse which has thenme axes. 
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233. The common diameters of equal similar and concentric 
ellipfies are at right angles to one another. 

234. Find the loci of, the oentres of the fonr eirdes which 
touch the axis of a conic and tho two focal vectors to anj 
point on the curve. 

235. A chord of a conic whieh Babtends a right angle at 
the vertex pasoee through a fixed point on the axis. 

236. If a hyperbola touch the sides of a quadrilateral in- 
scribed in a circle, and if one focos lie on the circici the other 
will also lie on the curde* 

237. If three circles be described on the transverae axis 

and the two focal distances of any point of a conic as diameters, 
determine their radical centre. 

238. If the tangent at a point P whose ordinate to either 
axis is PN meet the corresponding anxiliaiy circle in Y and 
shew that (7, iV, Z lie on a cudei and that PN bisects the 
angle YCZ. 

239. If an ellipse and a hyperbola have the same axes, 
the director circle of the one will pass through the foci of 
the other. 

240. The diagonals of any rectangle circumscribing a conic 
are conjugate diameters.* 

241. The diagonals of any parallelogram eireumsertbing a 

conic are conjugate diameters, and the sldca of any inscribed 
parallelogram are parallel to conjugate diameters. 

242. The sum or difference of the reciprocals of any two 
focal chords at right angles, or of the squares of any two 
diameters at right angles, is constant. 

243. The locus of the centre of an ellipse which slides be* 
tween two straight lines at right angles is a circle. 

244. The circle described upon the straight line joining tho 
foci of a conic meets the conjugate axis in two points such that 

* This HipMi* from De la HlfO^t original proof of the property of tbo dinoCor 
dide^ in which ho amuMd the thmnnu «tf Aiti. 8S» 46. 
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the sum of the sqaares of the pcrpen^colan therefrom to any 
toDgent is eqaal to half the square upon the tramvene axis. 

245* DetenDine the positions of a ohord of an ellipae which 
sahtonds a right angle at each of the foci; and also the locus 
of the pole of a chord whidi subtends supplementary angles 
at the foci. 

246. The opposite sides of a quadrilateral described about 
an ellipae subtend supplementary angles at either focus. 

247. The angle which a diameter of an ellipse subtends 
at an extremity of the major axis is supplementary to that 
which its conjugate subtends at an extremity of the minor 

248. If a focal chord of a conic be drawn to meet at a 
given angle any tangent, or any chord subtending a constant 
angle at one of the foci, the locos of the point of intersection 
will be a circle. 

249. To what does the theorem that confocal conies intersect 

at right angles reduce when the two foci coalesce ? 

250. The drde described about any pomt on the axis of 
a hyperbola so as to cut its auxiliary drde orthogonally meets 
the ordinate through that point upon the circumference of an 
equilateral hyperbola. 

251. The pole of any straight line with respect to a central 
conic may be found by joining the points in which it meets 
the directrices to the nearer fed, and drawing perpendiculars 
through the latter to the joining lines. 

252* Thestraightlinesjoiningany point to the intefBections 
of its polar with the directrices tondi a oonfocal oonie. 

253. In Art. 4| if the centre of the circle be taken midway 
between the vertices of the conic, shew that the directrix will 
be the polar of the focus with respect to the drde. Hence 
shew that etery chord of an ellipse or hyperbola which passes 

through its centre is bisected at that point, and that the curve is 
consequently symmetrical with respect to its conjugate axis. 
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254. The locus of the vertex of a triangle whose baae 
•ad the ratio of whose sides are given is a circle, whereof 
a diameter is deterinmed hj dividing the base of the triangle 
externally and internally in the given ratio. Hence shew that 
a straight line parallel to the axis of a conic meets the enrve 
in general in two points, and that the two points are eqai- 
distant from a £xed straight line parallel to the directrix.* 

255. Apply the same method to determme the points in 

which any assumed straight line meets the conic ;t tokd, also 

to shew that the diameters of conies are straight lines. 

256. Prove the following constmction for drawing tangents 
to a conic whose foci are 8 and H from a given external point 

O, About 0 with radius OS describe a circle, and about H 
"with radius equal to the transverse axis describe a circle ; then 
will the required points of contact lie upon the straight lines 
drawn from H to the points in which the two circles intersect. 
Prove also that the two tangents as thas determined sabtend 
«qaal or sopplementary angles at either focos. 

257. If the diagonals of a quadrilateral circumscribing an 
ellipse meet at its centre the qaadrilateral most be a paral- 
lelogram. 

258. If a principal ordinate meet an ellipse in P and its 
auxiliary circle in (?, the distance of the former point from 
either focus will be equal to the perpendicular from that focus 
to the tangent at Q. 

259. The locus of the middle point of a focal chord of a 
conic is a similar conic. In what other cases will tlic locus 
of the middle point of a chord of a conic be a similar conic? 



* The two points aire detcrmioed as followB. Let the parallel meet the directrix 
in Q, and let Z and 7/ diride SQ. in a ratio equal to the eccentricity. Describe the 
circle on ZZ'y and let it cut the parallel in P and P'. The projection of the centre 
of ibis circle upon the axis of the conic evidently lies midway between the projectiona 
of E and Z* upon the nme^ that is to hj, midway between the Tertkea of the conio. 

t If the assumed line meet the directrix in d and make an angle a with the aadl^ 
divide S^l in the ratio e coso, and upon the intercept between the two points thus 
determineil dewxibe a dxde cutting the aasomed line in P and i^, which wiU be the 
points required. 
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260. If tangeDts be drawn to a conic at tbe extremities 

of a pair of conjugate radii, the focal vectors to their point 
of concourse will meet those diameters in four points Ijing 
on a circle. 

261. If SV be a focal perpendicular upon the tangent 
at P and CD the radius parallel to the tangent, 

BY^iCB'^aP'iCr^^SPi^CAt 8P. 

26j. The feet of the perpendicolan from one focne of » 
conie to a pair of tangents are on a straight line at right angles 
to the diitanoe of theur pomt of mtenectioa from the other 
focus. 

263. Find the greatest or least Tslae of the som of the 
flqoares of the focal perpendiculars on any tangent. 

264. The normal at any point of an ellipse is a harmonio 
mean to the focal perpendicolm upon the tangent at that pomt. 

265. If one focns of a conic which touches the sides of a 
triangle be at its centroid, the distances of the other focos from 
its sides will be as the lengths of those sides. 

266. If the normal at P meet either axis in shew that 
any circle through those points will intercept on the focal 

distances of P chords whoso sum or differeDce has one or other 
of two constant values. 

267. The diameters parallel to the tangent and normal at 
P intercept on SP a length equal to Z/P; and the latter dia- 
meter meets SP on the circumference of a circle. 

268. The circle described upon the central abscissa of tlic 
foot of the normal at any point is cut orthogonally by a circle 
described about that poiut and e<|ual to the minor auxiliary 
circle. 

269. The intercepts on the focal vectors to the points of 
contact of a conic with any circle which touches it in two 
points have one or other of two constant values. 
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27a Any tangent and its normal meet either axis in points 
2* and such that OG.CT^CS*. In what cases does the 
nonnal meet the conjugate axis without within or npon the 

carve? If a circle touch an ellipse in two points and also touch 
its directrices, its centre will be at an end of the minor axis. 

271* The intercept made bj the directrices npon any 
normal chord of a conic subtends at the pole of the chord an 
angle equal to half the snm or difference of the angles which 
the distance between the foci subtends at the extremities of 
the chord.* 

272. If two chords be drawn from any point of a conio 
equally inclined to the nonnal at that point, the tangents at 
tlisir further extremities will intersect upon the normal. 

273. Supplemental chords of a conic which are equally 
indined to the curve at their common point have their poles 
upon the director circlei and their sum or difference is equal 
to the diameter of the samcf 

274. The normals at the extremities of any two conjugate 
radii meet on the diameter which is at right angles to the 
chord joining those points ; and any two normals at right angles 
to one another intersect on the diameter which bisects the chord 
joining the points at which the normals are drawn. 

275. If on the normal at P a length PQ be taken equal 
to the semi-diameter conjugate to CF^ the locus of Q will be a 
circle of radius CA ± CB, 

276. If normals be drawn to an ellipse at the ends of 

any chord parallel to one of its equal conjugate diameters, 
the locus of their intersection will be a line perpendicular to the 
conjugate diameter. 



• If the normal at P meet the 5-directrix in B, wad 0 be iJie pole of the nonnal, 
ttie circle on OR will pass through S and P. 

t See Wobtenholme's Book of Mathematical Problems, No. 493 (London and 
Cambridge, 1807). li PQ^ PQ^ be two such chords they will evidently touch a 
oonfocal, and the paraUtl dunda will abo touch the aamc Hoace the tangent at Q 
win make equal angles with PQ and a parallel to PQ% and will be at right angles to 
the tangent at P. (Hherwiae thus : the tangent and normul at /' divide QCt ha> 
mooically, and the nomuJ ia an ordinate of QQ' and parallel to the tangent at Q, 



Digitized by Google 



122 



277* With the construction of Art. 62, ahew that 

£^ : BsfPG : 8M^Fg i gM^CSi OA. 

Shew also that the loci of the middle points of PQ and Fg are 
conies. 

278. If ^ be the projection of any point P on a oomc upon 
the tangent at a given point O, find the relation between the 
lengths of O^and PK* 

2'jg. If PQ be a chord of a conic which subtends a right 
angle at a given point 0 on the curvej and MN be the pro- 
jeetion of the chord upon the tangent at 0^ shew that 

FM QN 

OP* * * constant, 

and that PQ passes through a fixed point on the normal at O.f 

280. If PG be the normal at anj point P on an ellipsei 
Q the point in which the ordinate of P meets the aoxiliaiy 

circle, and R the point in which CQ meets the ellipse, then 
will QG parallel to the normal at R, Moreover, if any 
two chords of an ellipse be at right angles, its diameters 
conjugate to the corresponding chords of its auxiliary circle will 
be conjogate diameters of a certain ooncentric ellipie. 

281. If N\i% the projection of any point in the plane of 

a conic upon its transverse or conjugate axis, and T the point 
in which its polar meets the same, shew that CN.CT is equal 
to CA^ in the former case and to QB^ in the latter4 

282. If P, P' be anj two points whereof the one lies on 
the polar of the other, and N* \» thdr projections on the 
transverse axis, then 

ON.CN' PN.P'IT 

* Let the normal «t 0 meet the cam Again in M, and let NP meet the tangent 
at if in if; then ON Tariea as a mean pioportlonal to FN and PJf (Ei. 78, and note 

p. 65), and also as PX + PM OH. 

f Tho intercept on the normal varies as tlie diameter conjnpite to CO. 

X Let the diameter through the assumed point 0 meet the directrix in V, and let 
ite polar nwefe tha directrix in which will be the orthoccntrc (Art. 14) of Uie 
triangle BT7* Thco, TV Mng pazaUel to 80 (Art. 17), CN'.CXsCO'. CV 
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283. If P and Q be maj two points on a coniC| M and 
N thdr projections on dther azisy and T the point in which 
PQ meets the same, shew that 

OT{PM - Q]^) - FM.ON-- QN.OM.* 

284. Shew also that If OL be the central abscissa tipon 
either axis of the point of eoneourse of the normals at P and 

then OL.OTybiwb as CM.CN. 

285. If the normals at fonr pomts of a conic oointersecti 
and if the three purs of chords joining those points meet dther 
axis in T, T'; U, U' T, r ; shew that 

GT. GT '^GU.GU'^ GV.GV. 

386. If the normals at four points of an ellipse or hyperbola 
cointersect, each pair of chords joining the fonr points will 
be parallel to a pair of conjugate diameters of the hyperbola 
or ellipse which has the same azeS| and will meet either azn in 
points which are conjugates in an invidution determined by 
the latter curve.} 

287. The snm or difference of the squares of the perpen- 
diculars from the extremities P and D of any two conjugate 

Bcmi-dlamcters of a conic upon a fixed diameter of the same 
is constant ; and if CN and CIl be the abscissa? of P and D 
upon that diameter, and 2 CP' be its length and %CJy the 
length of its oonjogatei then 

and PNxGB^DEiGN^GLf iGF. 



* XqiMte the mm (CPT- CQT) voA {CPM+ PMNQ - QCN). 

t If Z. be the projection upon either axis of any point 0 on the normal nt P, and 
G be the point in wbic)i the noxmal meets that axis, then OL : PM = CG *<* CL : UG \ 
and CG and MG rary as CM. 

X The pain of points in Ex. 286 determine an inTolnUon whof« centre ie and to 
wlikh the ends of the asto ia qneetioii likewiie belong. If then poinle be on fha 
trantrene axis, CT, CT* s Ac s Cil . CA* = - Cil* j and if on the poojogate azii^ 
rr.cr'ifleq[aalto-C0*intiMCiieof theeU^ aadto -f CS*iiithecaieof the 
hjperbohb 
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288. The yertioes of the conjugftte circumscribing parallelo* 
gram of a conic lie on a similar conic, and their polan envelope 
another similar conic 

289. The inscrihed parallelogram whose diagonals are at 
right angles envelopes a circle, the reciprocal of the square 

of whose radios is equal to ± . 

290. If the polar of any point on an ellipse with respect 
to its minor auxiliary circle meet the major and minor axes 
in H and shew that 

CT" CA^ 

291. Supplemental chords being drawn to a conic from 

its vertices, the perpendiculars to them at their common point 
make an intercept ec^ual to the latus rectum upon the axis. 

292. If an ordinate of any diameter meet the curve In P, 
the diameter in Mj and any two supplemental chords drawn 
from its extremities In Q and shew that FM is a mean 
proportional to QM and BM^ and that QB is bisected hj the 
tangent at the intersection of the chords. 

293. If two conjugate semi-diameters OP, CD^ or their 
prolongations, make an intercept F'l/ upon a Ime which is 
parallel to FD and meets the conic in shew that 



294. From extremities of two conjugate diameters of 
ellipse a pair of parallels arc drawn to any tangent; if any 
diameter meet these parallels in F and Q and the tangent in 

shew that 

295. If PP' and Diy he conjugate diameters of a hjpep- 
bola and Q any point on the cnnre, then will QF^ + QF* 
exceed QD*-^QD'* by a constant quantity. 
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296. Find the axes of a given conic by means of Art. 44, 
Cor. 8. 

297. Given two conjugate diameters of an ellipse, sbcw that 
the locus of the centre of the circle through their coramon 
point and the points in which a tangent parallel to one of them 
meets any two conjugate diameten is a etraight line perpen- 
dicnlar to the other. 

298. Given two conjugate scmi-tiianieters CP, CD of an 
ellipse or hyperbola, prove the following construction for its 
axes. In the direction CF or in the opposite direction take 
J^Q a third proportional to CP and CD\ draw the tangent at 
Pi and through (7, Q draw a circle having its centre npon it; 
join 0 with the points m which the circle cnts the tangent. 
The directions of the axes bebg thus determined, shew how 
to find their extremities. 

299. Given two conjugate diameters CP, Ci? of an ellipse, 
with centre C and radius CF describe a circle, and let KK' 
be its diameter at right angles to CP; then will the axes of 
the ellipse be equal to KD±K'D^ and parallel to the bisectors 
of the angle KDK'* 

300. Shew also that, if DN be taken equal to CF and 
be placed so as to cut it at right angles in a point Zr, and 
if AB be that diameter of the circle round CLN which passes 
through 2), then will OA^ CB be the directions and DB^ DA 
the lengths of the semi-axes of the ellipse. 

301. Any point of or in the same straight line with a rod 
which slides between two fixed straight lines describes an are 
of an ellipse.t 

♦ See the Oxford, Camltrtdge^ and Dublin MtMtenger of Mathematict^ voL III. 
pp. 151, 227 (1866) ; and Uie MMsengmr nf Matkmatkg (New BexiM), roL v. p. m 

(ia76). 

f Of two conjugate radii of an ellipse lot CP be tlie ahorter and CD the longer ; 
dnw a perpendioular DB to CP, and in the prolongation of or wiUiiii SD take DQ 
equal to CP» Then if a atiaigbt line JTJf equal to £Q didea between CP and CQ, 

the point which divides it into segments KO and 03f cqoal to CP and D£ will be a 

point on the curve, viz. one wIkmc abacisci on CI) is terminated by the perpendicular 
from J£ to CP. As in the special case of Ex. 219, KO. Oil = C A . CB. See Lealie'a 
Ctomttrical AnalysUf and Gtometry of Curvt Line*, p. 257 (Edinburgh, 1821). 
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302. The chords joining the extremities of two diaineters 
of a oonic and of their conjugates respectively are either paiaUel 
or oonjagate in direction. If a series of chords pass throngli 
a fixed pouat, the chords of the corresponding conjugate arcs 
have the same property; and the diameters through the two 
fixed points arc at right angles. 

303. With the orthocentre of a triangle as centre two 
ellipses are described| the one touching its sides and the other 
passing throogh its angular points; prove that these ellipoea 
are sunilar, and that their homologoos axes are at right angles. 

304. The perpendiculars from opposite foci of a conic upon 
two conjugate diameters intersect on a oonoentric conic passing 
through the foci. 

305. If a chord AP drawn from the vertex A be divided 
in such a manner tliat A Q : PQ = CA* : CB*^ shew that the 
perpendicular from Q to the line jouiing Q to the foot of the 
ordinate of P divides the transverse axis in the same ratio. 

306. From the foot of the ordinate of any point P on a 
conic a parallel is drawn to to meet the diameter through 
F'm Q\ shew that AQ parallel to the tangent at P. Shew 
also that the bisectors of tiie angles A8F and AHP intersect 
on the tangent at P. 

307. If two conies whose transverse axes are equal be 
inscribed in the same parallelogram, their foci will be at the 
corners of an equiangular parallelogram. 

308. Any one of a series of conterminous circular arcs may 

be trisected by drawing a pair of hyperbolas whose determining 
ratio is equal to two, and whose centres and vertices trisect 
the chord of the arc. How does it appear from this construc- 
tion that the problemi to trisect a given angle, admits of three 
solutions? 

309. If any two conies have a common focus, one pair of 
their common chords cointersect with the corresponding direc- 
trices, and the other pairs subtend equal or supplementazy 
angles at that focus. 
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310. A duuneter meetB the oonio in its anzillaiy ctrde 
in Q, and the tangent at either vertex in 21 Prove that when 
the diameter through rcoalesoes with the axis Pl'and QTm 

in the duplicate ratio of the axes. 

311. The perpendicular drawn through any point of a conic 
to one of its focal distances and terminated by the conjugate 
diameter varies inversely as the principal ordinate of the said 
point, and the perpendiculars from the vertices upon the 
tangent at any point meet its focal distances upon fixed circles. 

312. A parabola of given linear dimensions being drawn 
to touch any two conjugate diameters of a conic symmetricallyi 
find the locus of its focus. 

313. The tangent at P meets any two conjugate diameters 
in jT, and TS, tff meet in (?; prove that the triangles SPT, 
BPt^ TQt are similar, and also that the area of the triangle 
CFT varies invenely as GFl 

314. The two points of a conic at which a given chord 
subtends the greatest and least angles are at the extremities 
cf a diameter equal to that which bisects the chord.* 

315. If an ellipse touch a given ellipse at adjacent ex- 
tremities B of its axes and also pass through its centre, 
the tangent at the latter point will be parallel to AB* 

316. With the normal and tangent at any point of a conic 
as axes a conic is described touching an axis of the former 
at its middle point ; shew that the foci of the conic so drawn 
lie on fixed circles, whose diameters are equal to the sum 
and difitonoe of the axes of the given conic. 

317. Two fixed points bemg taken in given parallel lines, 
a strait line revolves about each point and meets the opposite 
paralleL If the envelope of the Hue joining the pomts of 



* cilord mwt snbtend equal angles at either point and n consccutiTe point on 
flie carve. Tlte t wo points therefore lie on i^^e&te of drclee deecxibed upon the 
dioni ao aa U> touch Uie couic. 
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ooocoone be a oonte touching the parallels at the fixed pointB, 
djBtermiiie the loons of the point in which the revolving linear 
intenect. 

318. A chord of a circle which subtends a right angle at a 
fixed point envelopes a oonic whose foci are the fixed point and 
the centre of the circle. 

319. A straight line being drawn through a fixed point 
8 to meet a given pair of parallels in Y and shew that the 
envelope of the circle on YZ as diameter is a ooniC| of which 
the paralleb are directrices and 5 is a fbcos. 

320. On the axis of a hyperbola whose determining ratio 
is eqnal to two a point I) is taken at a distance from the focns 
8 equal to the distance of 8 from the further Yertez A% and 
A'F is drawn through an j point F on the curve to meet the 
latns rectum in JT. Prove that DK and 8P intersect on a 
certain fixed circle. 

321. The parallelograms whose diagonals are any two 
diameters of a conic and their conjugates respectivelj are 
of equal area. 

322. If tangents TP and TQ be drawn to an ellipse whose 
foci are 8 and if, and CF and CQf be the parallel semi* 
diameterS| 

TP.TQ-^OF.Cg^ T8.TH* 

323. Find the locus of a point such that the tangents there- 
from to a central conic contain with the semi-diameters to 
their points of contact an area of constant magnitude ; and the 
locus of a point such that the product of its focal distances 
varies as the product of the tangents. 

324. The distance between any point and any point on 
its polar is cut harmonically by the tangents at the extremities 
of any chord through either pointf 

• WehavetOBhewOuittlietriMigle^nr' (Art.50,Oor.S)iseqiuatoi>7Q-l-/>'eQ'; 
which foUows from Ex. 821, ttUog into Mooant tbat PCQ = i [PSQ + PUQ), 

f In the trnctiitc, Ih l.lnearum G comet r ten rum Proprutfitihus Gfnerolihiif, forming; 
the Appendix to A Jrtatise on Algdra^ <^c., by Coluk ilACLAUaur, late ProfMBor ol 
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315. If 0 and Pbe way two points ia the plane of a oonic- 
whose centre is the pcrpendieulan from 0 and 0 to the 
polar of P are to one another as the perpendicolan from P 
and C to the polar of 0. 

326. If two ooniea be eoBoentric and similarly situated, the 
pole of any tangent to the one with respect to the other will 
traoe a concentric conic; and if the two conies he also similar 
the thhrd will he similar to both. If the axes of the two be 

identical, the pole of any tangent to the one with respect to 
the other will lie on the former. 

317. Fmd a pomt which has the same polar, and a line 
which has the same pole, with respect to three conies, whereof 
one has dooble contact with the other two. 

328. An ellipse Las doable contact with each of two 
circles, whereof one lies within the other. Shew that its 
chords of contact with them meet in a fixed point on the line 
joining theur centres; the locos of its centre is a circle pasnng 
throngh their centres ; its eccentricity is constant ; and the locos 
of its foci is a circle concentric with the outer given circle. 

329. Any diameter of an ellipse varies inyersely as the pei^ 
pendtcolar focal chord of its aoziliary circle. 

330. If a parallelogram circumscribing a conic have two 
of its angular points on the directrices, the other two will lie on 
the auxiliary circle. 

331. If two paralleTogrsros be eonstmcted, the one by join- 
ing the ends of two parallel focal chords of a conic, and the 
other by drawing tangents to it at those points ^ the area of the 



Mathematics in the University of Fkiinbnrgh (London, 1779), it is shewn (Sect. i. 
}§9-ll. Cf. Sjiltuon'B Higher Plant Curves, Art. 60), that if a straight line rerolring 
abooftaflzed point P meet a onrfo cf fha ccdir Id « pofaitib and Ito tMBgiato 
fboM point! meet any aMamed ■tndght Hue tlumigh P iaK, L, M, 4e., tlMB will 

+ jgip + Ac. the constant; and if the assumed line through P meet the 

qwe^ Til. in the « points il, J?, C, 4c, Cliis comtant will be eqoal to ^ -f ^ 

4-40. Inthepaitienlareaaeof Ex.824, it is efident that the point i^ifeapolar, and 
tke tangents at the eactienitica of any eboidlluioiigh P divide anjafenigfat line from 

PhanBonicallT. 

K 
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one will ybxj directlji uid that of the other inyeneljr, as the 
projectioii of one of the focal chords upon the conjogate axis, 

332. SY, II Z be the focal perpendiculara upon the tan- 
gent at Pto an ellipse, and 8Y\ HZ' perpendiculars upon the 
tangents from P to a confocal ellipsey then will the rectangle 
YY\ZZ' he equal to the difference of the ■qnarea of their 
major (or minor) eeml-axea. 

333. Determine the condition that the intercept on anj 
tangent to a bifocal conic by two fixed tangents mxj subtend 
equal angles at the focL 

334. The tangents to a conic from any point on a circle 

through its foci meet the circle again in two points such that 
the second tangents therefrom intersect upon the circle* 

335. Given an ellipse and a circle through its ibci ; prove 
that their common tangents touch the circle in points lying 
upon the tangent to the ellipse at an extremity of its conjugate 
axis. 

336. If the tangent to a conic at a given point be met hj 
any two parallel tangents, the focal distances of the points of 
concourse will meet on a fixed drdoi whose centre will be on 
the normal at the given point. 

337. The product of the tangents to a conic from any point 
is to the product of its focal distances as the distances of the 
point from the centres of the chord of contact and of the conie 
respectively. If the tangents from any point to a conio be 
in a constant ratio to the parallel diametersi determine the locus 
of the point. 

338. Given an ellipse and one of its ^^cerdes directeurs,"* 
shew that an infinity of triangles can be described about the 
one and inscribed in the other, and that all will have tiie same 

orthocentre. 

339. An ellipse may be described by means of an endless 
string passing round two fixed points. If one focus be taken 



: : * See the leoond pangnph of Scholium B (p. 80) and oompwe £z. 236b 
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ttoywliere on a given Btnight line whibt the other remaint 

constantly fixed, the envelope of all the ellipses described with 
ft given string will consist of two arcs of parabolas. 

340. Shew that the line joining any point outside a oonie 

to its centre, and the radical axis of a pair of circles throagh the 
point, the one passing through the points of contact of the 
tangents from the point, and the other passing through the 
foci| are equally incUned to the focal distances of the point. 

341. Ka normal to a conic meet the curve again in Q and 
the directrices in ^| and if 0 be the pole of the chord and 
8j 8' the foci; prove that OR and OB intenect on 
the normal at Q. In the case of the parabolai any normal 
chord produced to meet the directrix suhtends a right angle 
at the pole of the chord ; and the polar of the middle point of 
the chord meets the focal vector to its point of concourse with 
the directrix upon the normal at its further extremity. 

342. At any point Pon the auxiliary circle of an ellipse a 
tangent is drawn meeting the axis in and PA^ PA are drawn 
to the vertices meeting the ellipse again in D and E\ prove 
that the chord DE passes through T. 

343. The polar of any point 0 with respect to a conic and 
the perpendicular to it from 0 meet either axis in points T 
and Q such that 

344. If a point he taken anywhere on a fixed perpendicular 
to either axis of a conioi the perpendicular from it to its polar 
wiU paflB through a fixed point on that axis. 

345. If perpendiculars SYy HZ^ GM^ FN be drawn to the 
polar of any point P, and if PUf meet the axis in shew that 
SY.BZ'^OM.NG; CM.PG'^OB'i and that the nonnal at 
a point on the curve which has the same central ahedssa as P 

is a mean proportional to NG and PG, 
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346. The poles of a giren straiglit Kne witli respect to s 
ieries of oonfocal conies lie vpoii a seeond straight line perpen- 
dienlar to the former. Hence shew that if a chord of one conic 
touch another conic having the same foci, the tangents at its 

extremities will meet on the normal at its point of contact, and 
conversely the foot of tlic perpendicular from their intersection 
to the chord will be its point of contact 

347. If a triangle inscribed in a conic envelope a confocal, 

its points of contact will lie severally on three of the four circles 
"which touch the sides of the triangle. 

348. If a chord of an ellipse be drawn tonching a confocal 
ellipse, the tangents at Its extremities meet the diameter parallel 

to the chord on the circumference of a fixed circle, aud the 
intercept on the chord by the diameter parallel to either tangent 
is of constant length the chord varies as the parallel focal 
chord of the outer ellipse, and conversely a chord which so 
Taries envelopes a confocal; the projection upon the chord of 
the normal (terminated by either axis) at an extremity thereof 
is of constant length ; if any circle tondi a given ellipse in two 
points, the chords which can be drawn to the circle from either 
point of contact so as to touch a fixed confocal are of constant 
length, and conversely the envelope of a chord of constant 
length drawn to the circle from cither point of contact is a 
confocal ellipse. Examine the case in which the minor axis of 
the inner ellipse is evanescent. 

349. If the arms of a right angle envelope two confocal 
ellipses the line joining the points of contact will envelope a 
third elUpse confocal with the former two; and if two parallel 
positions of each arm be taken, the perimeter of the parallelo- 
gram formed by joining the points of contact will be oonstant| 

• If a, A and a', b' bo the semi-axes of the outer and inner ellipses and 
V = o' — a'' = — b"*, the interoept on the chord is ~; the projectionB ap(m it o{ 

the normals are ~ and ^ ; and its length in terms of the parallel focal chord / is 

See the Oxford, Camhridtfe, nn<l J)uhlin }[t'^sfvycr of }fiUhtiiuUlcf, vol. IV. pp. 11—22 
(1868), in which article scTcrnl of the cxainplcs following arc likewise solved. 
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•od each pair of its adjacent aideB will make equal angles with 
the tangent at their point of conconne. 

350. An ellipse which haa double contact with each of two 
fixed confocals has a fixed director circle ; and an ellipse which 
has double contact with one of two fixed confocal ellipses, and 
has its foci at the ends of any diameter of the othery has' a 
fixed anxiliary circle. 

351. Four tangents being drawn to a conic, if one pair of 
their points of intersection lie on a oonfocal each of the 
remaining two pairs will lie on a confocaL If TF and TQ 
be a pair of tangents to a oonio, and tangents be drawn from 
Pand Q to a confocal and intersect In points 8 and J7, then TF 
and TQ subtend equal or supplementary angles at 8 and jET; 
the four tangents from F and Q touch one and the same circle ^ 
and 

352. Given two oonfocal ellipseSi shew that the latus rectum 
of any ellipse which has its foci on the Inner fixed ellipse and 
tondies the outer is of constant length.f 

353. The locus of the centre of a conic which has four-point 
contact with a given conic at a given point is a straight line 
diroQgh the centre of the fixed conic. 

354. Prove Graves' Theorem, that the sum of the tangents 
from any point on an ellipse to a fixed confocal ellipse exceeds 
the intercepted arc of the latter by a constant quantity.^ Prove 
also that the difference of the tangents to an ellipse from any 
point on a confocal hyperbola is equal to the difference of the 
aegments into which the mtercepted arc of the ellipse is divided 
by the hyperbola. 

^ 8ee the aitide reiimd to in Uw note on Es. 848. 

2\» 

t "With the notation usotl above, its length is — r . 

ab 

X Sec Salmon's Conic ikriiom, Art. 399. The theorem may also be deduced from 
Ex. 351 as in the article referred to ia the note. Adding the perimeter of the inner 
ellipee, wotee Uwt tbo outer conlOMl tie doeribed with the help of a loop of 
■faring placed roond the inner cnnre^ n oonstmetian wfaich beoomes equiTefant to *hf i^ 
of the note on Art. 48 when the Inner eUipee ledooee (faj the eTeneseenoe of ite minor 
•sis} to the line joining ite fod. 
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355. If three ellipses be des^bed as in Ex. 362, haviog 
their nx foci at three points on the inner confocal, the snm 
of the areas of their minor aaziliarj circles will be constant. 
MoreoTeTi if anj number of ellipaes be described with the same 
number of points on a given ellipse as foci (every each point 
being a focus of two of them], and tf the several ellipses tooch 
as many fixed confocals, the areas of their minor auxiliary 
circles will be connected by a linear relation.* 

356. If every vertex but one of a polygon circumscribing a 
conic trace a confocal conic, its remaining vertex will likewise 
trace a confocaly and the perimeter of the polygon will be 
constant. 

357. If two points trace an ellipse (in the same direction) 
vith velocities which are always as the focal chords parallel 
to the tangents at those points, the tangents will intersect on 
a fixed confocal eUipee, and their angular velocities about their 
points of contact will be as the central perpendiculars upon them. 

$$B* If a parallelogram can be inscribed In an ellipse whose 
■emi-4xes are A and B so as to envelope a coaxal ellipse'whoae 
semi-axes are a and 6, 

« 

359. If a single quadrilateral can be described about one 
of two given conies and inscribed in the other, any number of 
quadrilaterals can be so described, and they will have one 
diagonal in eommon.t 

360. If the normal at any point P to an ellipse meet the 
two perpendicular tangents to a confocal ellipse in K and 
•hew that PK,FL is constant and equal to the difference of the 
aqnares of their major or minor semi-axes. 



• If /3 Ix; the minor semi-axia of one of the variable ellipses and «p the arc joining 
its foci, then fi^ = c {<p + c'), where e and c' ore certain constants (Exx. 352, 354). 

f The quAdrilateral and its circumscribing conic can be projected into a rectangle 
■nd a drde, which latter mut be the director ciide of the projeetim of the ineoribed 
eonie. See alio Bz.88S. 
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361. If from the inteneotionfl of anj two parallel tangents 
to an ellipse with the tangent at a fixed point four tangents be 
drawn to a given confocal eUipsei the four interBections of the 
latter will lie on a certain circle having its centre on the normal 

at the fixed point ; and the radius of the circle and the intercept 
made by its centre upon the normal will varj aa the perpen* 
dicular diameter of the outer conic* 

362. If a tangent to a conic (or other conre) cuts off a 
constant area horn anotheri it will be bisected at its point of 
contact, and conTerselj.t 

363. A central conic which passes through four given points 
has a pair of conjugate diameters parallel to the axes of the two 
parabolas which can be drawn through the same four points.) 

364. Give a constmctimi for finding a point P such that 
if straight lines PQ, PS, FS^ FT be drawn from it to meet four 
given straight lines AB^ OD^ AOj BD at given angles, the 
rectangle FQ.PB may be in a specified ratio to PS,PT. Hence 
shew how to draw the tangent at any given point on the locus 
of and determine a pair of conjugate diameters of the Bame.§ 

365. If a parallelogram A8PQ has its opposite vertices A 
and P on a conic, and its sides AQ. AS meet the curve in 



• The four tangents in any assumed position will intersect on a circle (Art. 60). 
Any other quxuJrilaternl in.scril)e<l in the sarne circle so to envelope the inner 
ellipse will have the intersections of its opposite sides at points /' and Q on the 
JbatdUtrngtud (Ex.859); and it may be ihewn mavenely that the second tangents 
from P and Q to the outer elHpee are panlleL Making one of the parallel tangents 
floiocide wftfa the tangent at the fixed point, we see that tlie centre 0 of the circle 
most lie on the nonnal. Let M now lie the intersection of the diagonals of the 
quadrilateral. A' the fixed point, CD the semi-diameter conjugate to CN^ and p the 

mdinaof thedide; then (Ez.848) i\rO = ^ Ci>{ JfA^s^CD; p>= O)", 

8m also JlfAewMi fa rf QiieidoiM^ ^cfnm lAe Bduoatioval TniMy ^ xiiz. 91. 

t See Salmon'h Conxo Stetums, Art. 898. 

X Let TP, TQ be tangents to an ellipse, and O.-iB, 0(^D chords pamllel to 
TP, TQ. Determine a diameter of each of the two parabolas through D, C, D 
(Ex. 184) ; then it is easily seen that PQ and the diameter through T in the ellipse 
mn penUd to the diametan of the p M ab ol ae. 

§ See Nbwtoi«'8 Priae^ta, Lib. i. sect lemma 19. The next tan — —pUff 
are mostly solved in the same Section, which will npaj a OMiflil Sfeod^. 6m alao 
Book u. of Leelie'a Gtemetrjf <if Curve Linei, 
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B and C ; the straight lines joining any point on the curve to 
^ and C will meet P8 and PQ in points T and £ sach that PM 
Taries as PT^ and convenelj. JBenoe ihew how to draw a 
tangent to the conic at any point; and shew how to draw s 
conic throogh five given points, and prove that one conic onlj 
can be so drawn. 

366. If two straight lines BM^ CM turn ahont fixed poke 
B and O so that their intersection M moves along a fixed 
straight line or directrix, and if BD and CD be drawn at given 

angles to BM and CM respectively, the point of concourse D of 
the second pair of lines will trace a conic passing through the 
poles B^ C7, and converselj.* 

367. By the foregoing construction (or otherwise) determine 
any number of points on a conic passing through five given 
points.t 

368. Describe a conic passing through four points, three 
points, two points, or one point, and likewise touching one, two, 
three, or four straight lines respectively. Examine the cases in 
which two or more of the given points or lines coalesce. 



* For diitinctne« of oonoeption ]«k the points A, Pia the following lolatioa 
bt rappoaad to Ua (ia tih* cite qwdfied) on one teaaeh of • hjpeibote sod C 00 
the other Iwiiidi, u in Nkwtoii's figure (l<^ninia 21). Now wboii tha morin^ poinl 
Jifhasan assnmed position X on the directrix let P be the rorrepponiling fixed point 
on the locuB of 7). Draw BDT, CDR tlirough nny other jxjsition of IJ, and make 
the angle BPT equal to B^M and CJ'Ji equal to CNM ; then it may be shewn 
that PTiHM^PBiNB, mA PMtyMsPCtNC, Heaoe PT vaxiei m PX, 
■adHwnfora bf Iks piwading Umnm (Ex. 866)»m Nswtov abmpClj conclndei 
the loona of 2) is a conic throogh the points B, C, P. The last step (sec Le Boaor 
and Jacqnier's edition of the Principia) is explained as follows : when XM becomes 
infinite, let J) assume the position A ; then it may be proved that JiA is parallel 
to PT and CA to PR, Let PT, CA meet in and PJi, BA in Q, Then ASP(i 
if the parallelogram off Bx. 066^ and PTbM hem diewn to TB17 PJL 

t Still nsing Oia mom fignxe^ let J, ^ P, J> h« llw gifia polato. TWke ABO 
and ACB as the given angles which are to rotate iboot B and C as poles. The 
other two points P and D enable us to determine two points M and .V on the 
directrix, and the whole curve can then be doscribod. Or again, if A, B, C, JD, E 
be five points on a conic, let AC, BE meet in F, and draw from D a parallel to 
CA to ineei BB\nG\ tlm to detenniae the pobit B ia wUofa the paiidld neeli 
the com again, we have B6.GH : BO,OS = AF.FC : BF.FB. The diameter 
hliecting the parallels con now he drawn, and in like BMBBer • aeoomd ^ametor 
dm be detennined. Hence the centre is known, dbc. 
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369^ UAFF^ BQG be the taogentB to a conic at the ends 
of a diameter.^, and FG and PQ be tangents to the same and 
intenect in 0, shew that 

AF: BQ^FFi QQ^FO : OG, 

and that FQ^ FQ^ AB oointenect 

370. If in a parallelogram LMIK any conic be inscribed 
tovchbg the sides ML^ IK, KL, IM iu A, (7, Z>, any fifth 
tangent to the conic will meet those aides in points F^ E 

such that 

MEiMI^BK iKQ^ 
and KHiKL^AMiMF. 

371. If the inscribed conic in the preceding example be fixed, 

KQ . ME » EE. MF^ a constant 

Moreover, if a sixth tangCDt be drawn to meet DE in e and IQ 
in ^1 then 

KQ : IhmKq : ME^ Qq : Ee. 

372. Hence shew that the disgonals of the quadrilateral 
EqQe are bisected hj one and the same diameter of the coniCi 
and that the locns of the centre of a conic inscribed in a giren 

quadrilateral is a straight line bisecting its three diagonaLs. 

373. If IBy //> be the tangents at given points B, D of % 
conic, and EQ the intercept made by them on any other tangent 
to the same, shew that lE.IQ varies as ED. QB,* Hence, if from 
two fixed points in a given pair of straight lines any other two 
lines be drawn, each to meet the opposite fixed linOi shew that if 
the straight line joining the points of concourse enyelopes a 
conic touching the fixed lines at the fixed points, the locus of 
the intersection of the yariabie lines will be a conic satisfying 
the same condition, and eonTcrselj. Examine the case in which 
the fixed lines are parallel. 



* B7 making the ilzth tangeat in ESc 871 ooindde waeotmMj irttli IE aad IB 
w dednoe that the two ractnghs an u l£f to MJ>» Whm if ia at inSni^ Hhtf 
beoona aqnal (Sz. 188). 
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374* Given five tangents to a conic, detennine its five points 
of contact with them and given five points on a oooiC| deter- 
mine the five tangents thereat. 

375* Given the centre of a oonie and a self-oonjogate triangloi 
shew how to determine the diameters conjugate to its sidee and 

to describe the curve. Hence (or otherwise) shew how to 
describe a conic touciilng five given straight lines. 

376. Given a tangent to an ellipse, its point of contact, and 
the director circle, shew how to construct the ellipse. 

377. Two ellipses have a common focus and equal major 
axes, and one of them revolves about this focus in its own plane 
whilst the other remains fixed : prove that their chord of inter- 
section envelopes an ellipse confocal with the fixed ellipse. 

378. The condition that a straight line which makes intei^ 
cepts CB and OD on two fixed straight lines should envebpe a 
conie touching the fixed Imes is of the form 

where the ratios of a, hjCjdm constant. Determine the points 

of contact of the envelope with the fixed lines ; and explain the 
result when the intercepts are connected hj a relation of 
the form 

G^.ODs a constant 



• If ABCD be the pentagon formed by the five tangent*, the straight line joining 
Z> to (/IC, BE) paaaes through the point of contact of AS, as appears moat simplj 
bj Buppodng two ridet of the «nT«lopiiiirlM)n0Oii In Britiioiioiili theomn to coaleDe. 
Wbm fifo pdnti an given, the tangents thereat may be drawn and number of pointa 
on fbe cnrre may be found with the help of PMoel'e hcacagon. fiee SalmoBli 
Conie Sections, Art. 269. 

f Call the straight line bisecting the three diagonals of a quadrilateral its 
DuMiTsa. The dinmeleni of any two of the qoadiilatenla fomed taj the flvo 
tanflBDta determine the centre of the cpoie, end any one of the qnadfOaterala giw 
n self-conjogate triangle. For another solution, in which the five points of contact 
are first found, sec Lib. I. Sect, v of the Vrindpiit ^prnp. 27, prob. 19); and see 
Ex. 374 (note), and Besant'a Conic Sections treated Gfoiiutriralhj. Art. 229 (1875). 
It is evident that the diameters of the live quadrilaterals formed by five straight 
Ihm meet in one point, vis. the centie of the coaie totwfaing the Ave IfaNti 
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379. la order that the eavelope in £z. 378 may be a 
parabola the ratio of a to the other conBtants most yaDiBb.* 
Henoe shew that the polars of a fixed point with respect to a 
aeriea of confocal oonicBy and likewise the normak appertaining 
to the tangents drawn to them from that pomt, envelope a 
parabola touchiog the axes of the confocals. 

380. If OP and be the tangents from a fixed point 0 
to woj conic which has two given points for foci, each of the 
eorriaeponding normals is the polar of 0 with respect to a conic 
having the same foci ; and the circle about OPQ passes through 

a second fixed point such that CF and CO He on opposite 
sides of the transverse axis and make equal angles therewitb, 
and CF.CO^OS: 

381. A tangent being drawn from an extremitj of one axis 
of an ellipse to a coaxal ellipse, find the length of its intercept 

on the other axis and the ordinate of its point of contact to 
either axis. 

382. Deduce from £x. 356 that, if a single fi-gon can be 
described about a given conic and inscribed in a given oonfocali 
any number of n-gons can be so described. 

383. If a triangle can be circuminscribed to two confocal 
ellipses, the straight lines joining the extremities of the axes 
of the outer must pass through the intersections of the tangents 
at the extremities of the axes of the inner ellipse.f 

384. If PQR be a triangle circuminscribed to a pair of con- 
focal ellipses and P' be the point of contact of QR^ shew that 
^e confocal hyperbola through P passes through P' and the 



* The general oondiiioD of Ex. 878 ia implied ia Ex. 373, and the condition that 
tiMeufdoiwiimyheftiMnlwlftlsMemdfi^ & what folloira, sapposing 

Ay i( to be the C'x>rdinate8 of the fixed point, we see from Ex, 848 (or Bz. 870) that, 

if the enveloping line make intercepts C/. nnd CM on the transverse and conjugate 
MDBBy h,CL-k. CM = CS^ ; and conaequeudj that the envelope is a paxaboU whidi 

t Tho pioof majr In liinpliifcwl bj wnwlitering the qiedal caae in wbidi a tide 
ol tho triangle it paialld to aaaziB of tliaoUipieo. Tbe semi-axea a, ^ and a', y of 

the outer and imiveUipOM axe oonnaotedl^ thetelation- + r si. 

O Q 
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point diametrically opposite thereto, and that if the outer eliipee 
be regarded as traced by means of a loop FP'P passed round 
the inner, the loop will be bisected at P'. 

385. The area of au ellipse is a mean proportional to the 
areas of its auxiliary circles. 

386. A quadrilateral can be circuminscribcd to two coufocal 
ellipses if the common diflference of the areas of their major and 
their minor auxiliary circles be equal to the area of the inner 
ellipse ; the locus of the pole of any chord of the outer ellipse 
which touches the inner is a circle whose diameter is equal to 
tiie som of the axes of the latter; the tangents to the inner horn 
any point on the enter dlipee are as the parallel focal diorda 
of the latter; the chord joining the ends of a pair of semi-axea 
of the outer touches the inner ellipse and is divided at its point 
of contact into segments equal to the semi-axes of the latter. 

387. ProYO Fagnani*8 theorenii that a quadrant of an ellipoo 

can be divided into segments which difier by the difierenoe 

of its senii-axes, the greater segment being that which is termi- 
nated by the minor axis.* 

• 

388. If C be the common centre of an ellipse and a drde 

of equal area, P the point in which the circle meets a quadrant 

A QPB of the ellipse, and CQ he equal to radius conjugate to 
CP; shew that the middle point of the quadrautal arc AB lies 
within the arc PQ, 

389. If a hexagon can be circuminscribed to two coutbcal 
ellipses, and AP, BQ be the tangents to a quadrant A'B of 
the inner from the extremities of the semi-axes C^l, CB of the 
outer ellipse, and F be Fagnani's point of diyision of the quad- 
rantal arc AB^ shew that 

aio F Q - arc A'Pw^ are ^F- arc AF^ OA - C!A f 



• The point of contact last mentioned (Ex. 8S6) dirides the Inner ellip** in the 
manner specified. For another gt^jmetrical proof soe Salmon's Cvnic Stctions, Art. 400. 
t If \» = C^' - CA'* = CH' - (JB'\ and if the tangent at B' meet the outer 

eOipM in it maj be aliewn tfaat ^ = 7k } BfO= OP^ki AO=C£Ao, 
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390. Any circle through the focus 8 and the farther vertex 
Ji* of a hyperbola whose ecoeDtrieitj is two meets the cnnre 
in three points P, B which determine an eqailateral triangle,* 
and conTersely the circnmscribbg cirde of anj equilateral 

triangle inscribed in a hyperbola whose eccentricity is two passes 
tbrough a focus and the further vertex ; the focal vectors SP, 
8Q^ SR meet the curve In three other points which likewise 
determine an equilateral triangle; if F be any point on the 
iS-b ranch of the carve the angle A'SF is double of the angte 
SA'Ff and if Q he any point on the opposite branch the snpple- 
ment otA'BQ is double of the sapplement of 8A'Q\ anj diord 
tbroagh 5 subtends a right angle at A'*y the eqailateral triangle 
PQR envelopes a fixed parabola having 8 and the Mireetriz 
for focus and directrix ; the tangents to the hyperbola at P, R 
form a triangle F'Q'Ii' inscribed in a fixed hyperbola of eccen- 
tricity foor; the tangents to the latter at P*, Q\ R form a 
triangle inscribed in a fixed hyperbola of eccentricity eightj and 
flo on continually. 



* This hyperbola— whose directrix bisects iS^'— is one of the TRiSBCTons (£x. 308) 
of M17 drculAr are whereof ii'i9 ii tbe choid; and the mmSiOig oi the lemarkable 
mmwij that PQB ia aa aqnOateril triangle b that lAe pro^fan ^ hittOiiijf u gkm 
amgte a admits of the thrte dittinet toivtiont ^a, \ (3ir ± a). Since the solatkn must in 

nny eve l>e threefold, it ia erident n priori that it cnnnot be effected by means of a 
Btraight line and circle, which can intersect in two jKjints only. All this is fully 
pointed out by lioscovicu in his Sectiunum C'micarum Elemental §§ 274— 279, 
KaWTOK diewed (JrHftanlioa {TfiHMrwa/tt, piolk. 89) that the loena of the vertex of 
a tadani^ on a given baae and having one haw angle differing ftom twice the other 
hj a eoutaat angle ia a cabic curve, which reduces to the hyperbola in question when 
the constant angle yanishef* ; and he remarked that '/' Ijcing a point on the N-hratich) 
the angle at in the triangle A'^V is ec^ual to okk xuiud of the exterior angle at 



The nndermentioned Examples and others are solTed wholly or 
in part in vols, i-xxiz of Mathematieal QfnuUimt with ihtir SohUiotu 
Jrom (he Educational Timi-» (London, 1864 — 78) : 

Ex. 79 (vol. XXII.); 174, 222, 226 (i.) ; ;324 (xxii.); 328 (11.); 
831,332(111.); 334 (XII.); 336(xiii.); 33li(xxi.); 339, 840 (XXU.) j 
841 (XXVI.) i 347, 348 (iv.); 361 (xiu.). 



• 
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53. The Asymptotes of a hyperbola are two diameter* 
equally inclined to the axis and ancb that, if ^ be anj point 
on either of them and CN its central absdaBai then 



in other words, the a^mptotes are the diagonals of a certain 
rectangle which is determined hy the two axes of the hyperbola. 

If any two conjugate diameters meet EN and its prolongation 
in L and J/, it follows from Art. 44 and the aboTe relaliiMi tiiat 

and hence that in the limiting case in which the diameter CL 
coalesces with an asymptote OE its conjugate OM ooalesoee 
with the same, or on asymptoU may he regarded a§ a diameter 

conjugate to itself. 

Two hyperbolas are said to be conjugate when the tran verse 
axis of each is coincident with the conjugate axis of the other; 
thus, the transverse and conjugate axis of a hyperbola being 
AA' and BB'^ those of the Conjugate Hyperbola will be BB 
and AA*, It is evident that a pair of conjogate hyperbolas 
haye the same asymptotes but lie on opposite sides thenof. 

54, LimUing posiHons qf TangenfBm 

The asymptotes are so called beeanse, being produced, they 
continnally approximate to the curve (Art. 56) but without 
actually meeting it until produced infinitely. We shall shew 
that such lines may be regarded as tangents whose points qf 
contact are at infiniUf, 

The tangent at any point P meets the axis in a point 2*sadi 
that OT varies inversely as ON the abscissa of P (Art. 59) 
and therefore vanishes when ON is infinite. To determine thp 



EN I CN^CBiCA) 
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position of a pair of tangents which pass through the centre 
of the hyperbola, draw the tangenta from /9 to the Anxiliaij 
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Circle (Art. 6), and draw the diameters through the points in 
which they meet the /S-dircctrix. The points in question will 
lie OQ the circle, since the diameter AA of the circle is divided 
hannonicallj at S and and the directrix is therefore the 
polar of S with respect to the drde. The tangents to % 
iiTperboht from its centre are therefore those diameters which 
pass through ikt inienecHons of the direUnoes vM the Auxiliary 
Circle, 

It is easily seen that the said diameters possess the property 

ENiCN^CBiOA, 

and are therefore identical with the asymptotes. 

It is likewise evident that they possess the property, 

CN : CE= C8iCA = the eccentricity ; 

and hence that all hyperbolas which have the same (or parallel) 
asymptotes and lie on the same ndes thereof are similar 
conies ; and the cuymptotes themselves taken together are the 
limiting form to which the curve tends when its axes are 
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diminished indefinitely, and they tna^ be regarded as cansUtuting- 
a similar hyperbola,* 

The hyperbola may be called AaUe or Obtum according 
as Ihe interior angle between ita aaymptotea is less or greater 
than a right angle ; that ia to say, according j» ita conjugate 
axis is less or greater than ita transverse ucis. In the iiH 
termcdiate case, when they are equal, it is called Rectangular. 

It is easily seen that any two tangents tcr the same branch 
of the hyperbola intersect within the interior angle between 
the asymptotes and themselves contain a greater angle; and 
likewise that any two tangents to opposite branches contain an 
angle less than the exterior angle between the asymptotes; 
and hence that on obhue ht/petMa can have no real tangenU 
at right angles. 

65. A construction for the Normal, 

If P be a point on the curve whose ordinate to either axis 
meets the nearer asymptote in and if the normal at P meet 
the axis in then (Art. 43, Cor.) in the case of the transverse 
axis, 

and therefore CN.NG is eqnal to EJP and the angle CEO is a 
right angle, as may be shewn likewise for the case of the conju- 
gate axis. Hence the following construction for the normal 
at a given point P: 

Let the ordinate of P to either axis meet the nearer asymptote 
in and throwjh E draw a perpendicular to CE to meet the 
$ame axis in G; then will PG be the normal at P. 

When CNiB mfinite the normal itself coincides with EG and 
is perpendicular to the asymptote. 



* Notice in Art. 88 that when SY touches the cirek its diameter through T 
■boaU be llw tangent to hyj^erbola; and abo that in ttiis case 5Fs CB = HZ 
Mdnoirer (Axt. 14, Oar. 1) fhe diaoMier oec^grta to Cm mub bo paalld to the 

tangent at oo, and must therefore coalesce with Cm itadf. The HTPsasOUL ia 
distinguished as the cuiiir which has a pair of tangents whose points of contact are 
at infinity aiul whos»,' cliorti of contact is therefore the Straight Line at Infinity 
(Art. 17, Cur. 2; j and the Fa&abola is distinguished as the conic to which the 
lineal infinity to a tangent, nnee (Art. 27) 87*^8A,8PsaA,8Tt and therefora 
whan 5Pb«ooaNainllBito the taagenft TTtonmored wboUjtoinSoify. 
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PROPOBmON I. 

56. If a parallel to either axis of a hyperbola be drawn 
ikrovgh a$^pomi on the curve to meet the aeymptiotee^ the product 
qfUe eegmaOe between the point and the asymptotes vnU be equal 
to. the square of the eem>axie to whieh it ts paraUd. 

First let a principal doable ordinate FF be produced to 




meet the asymptoteB in E and E'; then will FE,PE' or 

FK.FE' be equal to CB\ 

For by Art. 33 and by a property of tbe asjmptoteSi if PP* 
meet the transverse axis in 

or PN'-{'CE' = EN^', 

and therefore 

PE.PE^^P'E.FB'^EN^'^PN^^ OB". 

In like manner it may be shewn that CA is a mean pro- 
portional to tbe segments Pe and Pe of a straight line drawn 
through P parallel to tbe transverse axb to meet the asymptotes. 

Hence it appean that the distance of F (or F') from the 
nearer aqrmptote varies inTcrsely as tta distance from the 
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otber, and when the latter distance is increased indeBnitelf 
the former is diminished indefinitely; the cnnre therefore as 

it branches out continoally approximates to its asymptotes, 
but without actually meeting them at any finite distance from 
the centre. 

It is easy to shew by a reductio ad ahsurdum that no 
diameter other than CE or CE' have the above property, 
or m other wordB| that the hyperbola cannot have more than 
two asymptotes. 

If PO be drawn parallel to one asymptote J^O to meet 

the other asymptote EC, then will FO vary as PE and CO 
t^PE\ and therefore P(9.00 (fig. Art. 60) will be constant; 
and it may be shewn by taking F at the vertex that it ia 
equal to IGS" or i i,GA* + CB*). 

PB0F08ITI0N II. 

57. Hie tnUreepU en any tangent to a hyperbola heiwem 

iJie curve and its asymptotes are equal to one another and to 
the parallel semi-diameter ; and the ojyposite interce2)ts on any 
chord hetwem the curve and its asymptotes are equal to one 
another.* 

(i) Let the tangent at P, supposed parallel to the semi- 
diameter (7Z>, meet any two conjugate diameters in X and ; 
then by Art. 47 

FL.FL'^Cir. 

Hence in the case in which L' coalesoes with L and CL 
therefore becomes an asymptote, PL* is eqnal to Ci/; and m 
like manner, if the same tangent meet the other asjrmptote in 
PIP is equal to Olf. 

Therefore PL = FM^CD. 



• n»e hjTKjrbola and its Ast/mptotes being rimilar conica (Art. 54), the abore ia 
• special cam of Ex. 50. The latter follows at once from Art. 14 Rincc, when 
tha rfSriodMtoC COT tnd tht magmihiA otCSiCX un giTen, if the dinxtiou of CV 
be amiiiMd that of iSfK (which is peipeodiciilar to the cvdimtai of CV) it itoUrmfncxI 
It is cvidoDt that a pair of oonjngata hypecbolaa alao maka aqnal infiempli 
()<r* n' 9a any oboid. 
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(ii) Keart let be any chord of the hyperbola meeting the 
•sjrmplotes m it| Ti aad let LPM be one ef the tangents to 
which It is paraDflL 

Then ^ diameter OP biaeeta the diord Qq^ and ftom above 

it b evident that it likewiae bisects Br ; whence it followB that 

QB'^fTf and Qr^qB. 
raovosmov m. 

as. The product of the eegments into which any chord of the 
o&ifm^pMtB i$ dinded bjf either of the pointe.in tMck it MMte Ae 
emvt 4$ eqwA to fSk^ w^nare efth^paroM radiue* 

(i) Using the same constrnction as in Prop, ii., let V be the 
middle point of the chord Qg. Then by Art. 34 and by parallels 
(first taking the case in which Q and q lie on the same branch 
of the cnnre}| 

Qir-^OIf : OV*mO£^ : OF^^PU x OP^ 

or QV^^Ciy^EV\* 

Hence BQ.QrMmBq.qr^RV*- QV^CU^, 

or OD is a mean proportional to i^Q and Qr, and to £q and qr. 
The aboTe proof may be adapted to the case in which q 

• CSonTencly, if this relation he assumed iho. jioint R must always lie on one 
of two straight linn which oontinnaUjr appfoach the can% that k to m^, on one 
of the aMymptotea. 

L2 
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lie on opposite bnmches of the hjperboU hj writbg — CP* for 
CD* and - CD' for CP. 

(ii) These results maj also be deduced as fallows from 
Prop. I. 

From any point Q on the enire draw QER in any given 
direetion to meet the asymptotesi and draw QEE' parallel to 




the transverse or the conjugate axis to meet the same. Then 
QE varies as QE and QR as QE\ and therefore, QE. QE' 
being constant, QR, QR is likewise constant. 

Supposing RB to become a diameter or a tangent, according 
as its direction cuts both branches of the curre or one only, 
we see that QB. QR is equal to the square of the parallel 
semi-diameter or of the intercept on the tangent between the 
curve and either asymptote. 

Corollary 1. 

If the tangent at P meet the asymptotes in L, M (fig. 
Art. 60), and if 0 be the middle point of CL^ and OP be there- 
fore parallel to CM^ then (Prop. i. Cor.) 

CL.CM^^CO.^PO^ C8*; 

and therefore the area LCM is constant, that is to say, tlie area 
of the triangle bounded by the asymptotes and any tangent is of 
eon$tant areay and it is equal to CA»CB, It is otherwise evident 
that the triangle in question is one-fourth of the conjugate cir- 
cumscribing parallelogram (Art. 46). 

Corollary 2. 
Moreover, if PK be drawn perpendicular to CL, 
CP* - PL* ^CK^'^ LK ' ^2 CO. 2 OK; 
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where OJTTaries dtrectlj as OP aad therefore inversely as CO. 
Hence another proof that ihB differetiee cf the squares on two 
conjugate diameten is constant (Art. 45). 

CoroBarjf 3. 

So long as the chord RQr is drawn in a specified direction 
Qr varies inverselj as QR. If the chord be taken constantly 
parallel to the <Msymptote OJf, so that the point r recedes to co , 
it follows that Qco varies inversely as QB^ or directly as Ofi; 
and moreover, that if he any finite portion of the chord| 
then Oco likewise varies as CB^ and the rectangle Q0,0 co 
varies as Cli.QO. If YOZ be a chord drawn iu any other 
specified direction and meeting the chord parallel to the asymp- 
tote in Oy then (Art. 16, Cor. 1) 0F.(5Z varies as Q0,0 co j or 
as CR.QO'j and in the special case in which Qoo is a fixed 
chord OY.OZ varies as the length QO. 

SOEOLIUM A* 

If the hyperbola be defined as the locus of a point P such that 
if 0 be its projection npon one of two fixed straight lines CL, CM 
(the asjrmptotes) by a straight line parallel to the other, CO.PO « a 
constant ^, we may prooMd to investigate the properties of the 

onrvo as follows. 

If LM bo drawn in a ipccifitd diroction through any position of 
the tracing point P, it is evident that PL . FJI is constant, aud also 
that iu the case in which LM becomes a tangent it is bisected at its 
point of contact P. In this case CL, CMm 2 C0,2P0 - 40^, and the 
triangle CLM'i^ of constant area. It may now be shewn that (withi 
tho notation of Art. 57) QR = qr\ CP bisects Qq and all other 
chords parallel to the tangent at P ; ^^T^ varies as CV^-CP-; and 
that the diirurence of the squares of any two conjugate diameters is 
constant (^Art. 58, Cor. 2). 

A straight line parallel to either'asvmptote CM meets tho curve 
in one point only, ainoe (figure of Art 60) if CO be supposed 
constant CO*PO vanishes when P is at 0, and increases eon* 
tinuously up to qo as P recedes from 0, and is therefore equal 
to <^ for one position of P only. Hence at any point P between 
the curve and its asymptotes CO.PO is less tlian c*. Moreover, 
for any a-ssumed ])u.silion of tho intercept LM it is evident that 
PL.PM is a maximum, and therefore PO CO is a maximum, when 
PZ • PIC Hence at the point of concourse P' of any two tangents 
to the same branch of the curve P'O.CO is lees than and 
P' therefore lies between.the eorve and its aqrmptotes, or the ourve 
is ean9s» to its a^mptotes. 
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LasUv, if the hyperbola be regarded as the envelope of a 
Btndghi jine ZJf wlueh wnlaiiw * tiiaiigle of comtaat «a ivifth 
two fixed Blnight Hum CZ and CMf it may be ahewn by the 

following method (which applies also to Ex. 362) that XJf !• 
bisected at its point of contact. If P be the point of concourse 
of the tangent line in any two positions LM, L'M\ the areas LPL,* 
and MPM' are equal, and PL. PL' « PM.PM' ; and therefore in the 
case in which L'M' and LM ooalescei PL* » PM*, or LM ia 
bisected at the point P of the onTolope. The hyperbola may also 
be ngaided m a special ease of tne eiiTelope in Ex. 878, iHiidk 

— d — d 

makes intaroepts <^d upon the fixed tangentsi and thmforo 
tOQohM thm al n^/kni*^ wW h and 9 wuah. 

PBOPOBITION IT. 

59. Any tangent and its normal meet the asymptotes and the 
axes respectively in four paints lifing on a circle which jMme$ 
through the centre of the hyperbola. 

The circle whose diameter ia the intercept Og made by the 
BXM on any normal paaaea tfarongh the centrOi ainoe the aii^ 
gOO is a r^t angle. 




Let this circle meet the asymptotes in Z, 3f, and let LM 
meet Gg in P. From any point E m CL draw EN peipen- 
dicolar to GO. 

Then L ECN=^ G CM=^ QLP^ in the same segment| 

and L CEN^ ECg =LGP^ in the same segment; 
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•nd therefore the triangles CNE^ LPQ are limilari to that the 
angle at Pis a tiglu amgl^ and 

FG : FLmENi OZf- OB : OA. 

Simikrl/ FLi I^f^ CBi OA. 

Henoe FQ i F^ OS^ x 0A\ 

or P is the point at which Og is normal to the cunre (Art. 52, 
Cor. 2) ; aad LM^ which is at right angles to 6^, is the tangent . 
9XF. 

Oarolhry, 

From this construction it appears again the tangent LM 
is bisected at its point of contact; and that 

FGxCD^ODiPg^OBi OA^ 

where CD is the semi^Hiiameter paraiiei to the tangent. 

PROPOSITION ¥• 

60. The diameUrs of a hyperbola bewg regarded a$ tmninaied 
ai ihe jfomii t » wkiek (key nuet <ls curm at tito eanfufftOef 
amy tw9 ocnjugaU diamelen am ike dhgamib i^f a paraXUiogram 
nehoae nde$ are parallel ia and are Heeded hy the aaymptotesj 
the tangents at their extremities meet on the asifmptotes^ and the 
d iff trance of their squares is constant, 

(i) From a point L on either asymptote of a pair of 
conjugate hjrperbolas let a tangent be drawn to each, the one 
tangent meeting its cunre in P and the second asymptote m 
and the other meeting its curve in D and the second asymptote 

in M', Then will (7P, CD be conjugate semi-diameters, and 
FD will be parallel to MM\ and will be bisected at the point 
O in which it meets CL. 

For since (Art. 57) the tangent LM is bisected at P, and 
LM' at i>, therefore PD ie parallel to the asymptote MM'^ and 
it ahw bisects OL. 

Kowme (Art SS^ Cor.), 

PO.CO^iiCA*-^CIP)=-DO.CO, 

or FO u equal to DO; that is to say, FD ie hieeeted by the 
asymptote OL. But FD likewise biseeU <7X, and therefore CD 
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18 parallel to the tangent at P and is conjugate to CP. And 
if the parallel tangents touch the curves in P and iX, as in 
the diagram, the one will evidently pass through M' and the 
other through and P'D will likewise be parallel to one 
asymptote and bisected by the other. 

(ii) Lastly, if PN be the ordinate of P to the transverse 
axis, and if it meet CL in it is easily seen that 0(?= OP. 
And in like manner the ordinate DR to the conjugate axis 
meets CL in a point Q such that OQ'=OD= 0F= OQ] that 
is to say, it meets it in the same point Q, 

Hence CQT-CP*^ QN" - FN' = CB\ 

and CQ'^CB'^QR'-DB^^ CA' ; 

and therefore Cr - CD' = CA' - CB\ 

Corollary, 

To describe a pair of conjugate hyperbolas with given 
straight lines CP and CD as conjugate semi-diameters : draw 
CO to the middle point of DP and draw CM parallel to 2>P; 
then will CM and GO be the asymptotes, and the axes will 
be the bisectors of the angles between them, and the foci will 
be the points in which the axes are cut by a circle whose radius 
CS is a mean proportional to PO and 2 CO, 
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soHOLnnc b. 



CknrjuGATE Hyperbolas are by no means to bo regazded oe 

organically related and together making up one continuous oorro; 
but tho one is a sort of auxiliary curvo to tne otheTi ao the oivoleoill 
its major axis is, for example, to the Ellipse. 

(i) The two branches of a single hyperbola are to be zegatded 
as ooiistitating one continuous curve as was pointed oat on p. 10, 

and as may be further illustrated in the ft)llowing^ way. Let the 
hyperbola be oonsidorod to be traced by the extremity P of a focal 
vector SF (see fig. p. 145) moving lound in tho direction of the 
bands of a watch from the initial position SA, As SF turns 
through an Infinitesimal angle its extremity passes to a oommifym 
point on the onrve^ till at length by the contmuons xotation of the 
looal vector the point P recedes to infinity, 8P having become 
parallel to the asymptote CE: it then passes instantaneously to 
the opposite position at infinity, that is to say {!SP revolving 
gradually as before) the point P passes at once from the extremity 
of the line C£<x> to the extremity of the line £Cco: at this 
infinitely distant point the onne tr$$m ii$ atymptote, and P 
prooeeds to trace the opposite branoh in the dixeotion p*A\ and 
so fbrth. The two infinitely distant extremities of an asymptote 
or of any straight line may therefore be regarded as consecutive 
points, which likewise results from considering any straight line 
as (1) a circle of infinite radius in its own plane, or (2) as one of 
tiie ^eat circles of a sphere whose radius has become infinite. 
Carrying on the latter illustrutiou, we see that (since the length 
of a great drde on any sphere is constant) any finite straight line 
in a given plane together with its complement (p. 77) may be . 
regarded as making up a constant infinite length ; as was implicitly 
assumed in Chap. iv. Scholium G (p. 102), for if the bifocal pro* 
perty of the hyperbola, 



(ii) It may be useful at this stage to give a conspectus of tho 
several ways of viewing those diameters of the hyperbola which 
are not geometrically terminated by the curve. 

0. By introducing the conception of imaginary points we may 
treat the hyperbola as a quaei-ellipsc, and ignore tho distinction 
between intersecting and non-intersecting diameters of the onrre. 

h. If we assign certain real mag^tades to the non-intersecting 
diameters TArt. 34) — arbitraxily, indeed, but in accordance with a 
partial analogy — we may then proceed to shew (Art. 57) that any 
such diameter is equal to the intercept on tho parallel tangent 
made by the asymptotes, and may prove as in Art. 58, Cor. 2 that 



be equiyalent to 



then 



MP^SPmAA', 
ITioP-^SPmAot^A', 

irp+ir<x>p^AA''¥Aoi>A'. 
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the diiforonce of the aqaares of any two ooigugate diametera is of 
constant magnitude. 

c. The non-mtoneoting diameters WKf also be treated as ter- 
minated by the conjugate hyperbola, as m Arts. 45 and 60. The 
objection to this mode of treatment is that it not only proceeds 
upon an artificial analogy but tends to obscure the fact of the 
essential continuity and unouess of the two branches of the 
hyperbola. 

d. Another metliod — very simple in practice, but presenting 
of course the same diilkuliios at the outset — is to start with the 
Equilateral Hyperbola (some of the properties of which can be 
TOOTed in tenns appUoaUe likewise to the oiide or Equilateral 
Ellipse) and to tnmsfer the results thus obtained to the genenl 
hyperbola by the method of Orthogonal Fkcjeotioik. 

(iii) Apollonius, in Lib. i. prop. 14 of his Conies, defines the 
two branches of a hyperbola as Opposite Sections ('Avr^ci/ifvai). 
At the end of the same book (prop. 56) he shews, quite indepen- 
dfloifly of the asymptotes, how to oonstraot two jpairs oppocito 
■eotions with one and the same giren pair of conjugate diametoffSb 
and he defines the curves so drawn as ConjugiKh (2v4VytIc). Ha 
afterwards proves in Lib. ii. prop. 15 that opposite sections have 
the same asjmptotes, and in Lib. ii. prop. 17 that conjugate 
opposite sections have the same asymptotes. The term Conjugate 
has also been sometimes applied to the two branches of a single 
hyperbolay as ibr example m prob. 86 of the Ariikm$Uea Um9§niii»^ 
miwe the words *'oonTeoiant ad c9t\iu§0iUm Hyperbolam" x^far 
to the fbrther branch. 

EXAMPLES. 

391. The eccentric circle of any point with respect to a 
hyperbola cots the directrix at two points lying upon radii 
which are parallel to the asymptotes. Trace the hyperbola 

by the method of Art. 4, shewing that the two points in 
which the circle cuts the directrix con'cspond to the points 
at infinity upon the asymptotes, and the segment of the circle 
beyond Uie directrix to the further branch of the hyperbola. 

392. The circle described abont either focus of a hyperboibi 
80 as to bisect the semi-latns rectum cats the hyperbola at points 
whose focal distances are parallel to the asymptotes; and the 
concentric circle which teaches the asymptotes has its diameter 

equal to the conjugate axis. 
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393. Express the eccentricity of a hyperbola as a fanction 
of the angle between its asTmptotes. If the eccentricity and 
two points on the cure be giTen, and if one asymptote pass 
througli a third fixed point in. the same straight line with the 
former two, the loons of the centre will be a curcle. 

394. if the abscisses upon either asymptote of any number 
of points on a hyperbola be in arithmetical progression, their 
ordinates will be in harmonical progression, and conTersely. 

395. The ordinates to either asymptote of the extremities 
of any chord of a hyperbola and the point of contact of a paiallel 
ta&gextt are proportionals. 

3q6. The intercept made by the directrices of a hyperbola 
on either asymptote is equal to the transverse axis. 

397. A hyperbola being regarded as the locus of a point 
whose distance from a given point is eqaal to its distance from 
a fixed straight liue estimated in a given direction, prove that 
the given direction is that of an asymptote. Shew also that 
the straight line drawn from a focus to the nearer directrix 
parallel to an asymptote of a hyperbola is equal to the aemi- 
latus rectum and is bisected by the cure* 

398. The distance of any point on a hyperbola from either 
focus is equal to the intercept on either asymptote between the 
ordinate of the point and the corresponding directrix. Hence 
proTe in Art. 60 that if 8 and if be the foci| 

8P.HP^ C(f' OA*^ CD". 

Also prove that the diflference of the distances of the ends of 
two conjugate radii of a pair of conjugate hyperbolas from their 
nearer foci is equal to the difference of the semi-axes. 

399. Every chord drawn to a hyperbola from a fixed point 
on one asymptote is divided harmonically by that point and a 
fixed parallel to the said asymptotCi and is bisected by a fixed 
parallel to the other. 

400. The tangpents at the Tertioes of a hyperbola meet its 

asymptotes on the circumference of the circle of which the 
straight line joining the foci is a diameter. 
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401. For what position of the tangent to a hyperbola ia ita 
intercept between the asymptotes a minimam? 

402. The tangent to a hyperbola from the intersection of 
an asymptote with a directrix touches the cnnre apon a focal 

vector which is parallel to that asymptote. 

403. The iDtcrccpt on any tangent between the asymptotes 
subtends at the further focus an angle equal to half the aogla 
between the asymptotes: it also subtends a constant angle at 
the intersection of the corresponding normal with either axis 
of the cunre. 

404. Every chord of a branch of a hyperbola which subtends 
at its focus an angle equal to the angle between the asymptotes 
touches a certain fixed parabola. 

405. Find the relation between the intercepts made by any 
tangent to a hyperbola on two hxed straight lines parallel to the 
asymptotes.^ If OA and OB be two straight lines given in 
position and AB the intercept which they make on any tangent 
to a fixed conic which touches them, deduce from £x. 378 that 
the locus of the point P which completes the parallelogram 
OAPB is a hyperbola whose asymptotes are parallel to OA 
and 0/?; and examine the case in which the fixed conic is a 
hyperbola having its centre at 0. Also find the locus of Q if 
A and B be the points of contact of the given lines with any 
parabola which likewise touches a third given line* 

406. The chords of intersection of any circle with the asymp- 
totes of a hyperbola are equally inclined to either axis; the 
products of the segments of any two intersecting chords of the 
asymptotes are as the pai'allel focal chords ; and if be any 

• If 5 ft'itl u be the reciprocals of the intorcojits ro.nle by a variable straight lino 
on two fixed axes, tlie j^ciicnil condition that the variabk' line ^^hould envelope a clonic 
is that ^ and v should be conuccLeU by au equation of the seooad degree. This 
qrBtem of ''tangential oooidinatea " ia folly developed in A TVeoltte on torn* Nwm 
Gtometrkal MukoU (vol. L, 1878) by tlie late Dr. Jamea Booth, ivlio had alao giren 
an aocoant of his method in a separate tnict pnbli-hed thirty years caxlier. His 
discovery hft<l however l)een anticipated by Prof. I'liicker of Bonn, whose method 
given in Crellc a Journal, voL vi, pp. 107— MG (1830), and date<i Oct. 1820, is in reality 
identical with the above. See tho obituar}' notice of Dr. Booth in the MonUkl^ Soikt4 
oftkt Ro^ AiirQMmietU Sodetg, rol XXXIZ. pp. 219~22& (Feb. 1879). 
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point on a chord PQ parallel to the radint CD of the hyperhola, 
and X| if the points in which it meets the asymptotes, then 

OL.OM'>^ Or.OQ= CD\ 

407. The tangent to a hyperbola at P meets one asymptote 
in Tand TQ is drawn parallel to the other to meet the curve 
in Q\ prove that if PQ meet the asymptotes in L and 3f, the 
Une LIT will be trisected at Pand Q. 

408. The straight lines joining the points In which any two 
tangents to a hyperbola meet the aqrmptotes are parallel ; and 
the intercepts which the tangents make npon the asymptotes are 
bisected by their chord of contact. 

409. If one diagonal of a parallelogram whose sides are 
parallel to the asymptotes of a hyperbola be a chord of the 
eoirei the other diagonal will lie npon the conjogate diameter; 
and conversely if the three sides of a triangle be taken as 

diagonals of three parallelograms whose sides are parallel to 

two given straight lines, their other three diagonals will pass 
through the centre of a hyperbola which circumscribes the tri- 
angle and whose asymptotes are parallel to the given lines. 

410. In Art. 89, if CM and €N be the central abscissa of 
the points in which the tangent meet the asymptotes, then 

CV.CT^CM.CN^'CP'. 

411. If the ordinate of a point on the hyperbola to a given 
diameter be equal to the conjogate semi-diameter, the ])roduct 
of the corresponding abscissae will bo equal to the square of 
half the given diameter. 

412. Given the asymptotes of a variable hyperbola and a 
line parallel to one of them, if from the point in which it meets 

the curve a parallel to the other asymptote be drawn equal 
to either of the semi-axes, the locus of its extremity will be 
a parabola. 

413. If an ellipse and a branch of a confocal hyperbola 
intersect in P and the asymptotes of the hyperbola pass 

through the points on the auxiliary circle of the ellipse which 
corrcspoud to Paud Q, 
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4i4« A variable ellipee having its oeDtva on a hjperbola ani 
tooehtng its asymptotes has in every potition the mansnmi 

area: shew that its chord of contact with the asymptotes will 
envelope a similar hyperbola having the same asymptotes. 

415. A parabola being drawn to touch the axes of a hyper- 
bola at an extremity of each, prove that one asymptote is a 
diameter of the parabola and that the other la p||Ndlel to its 
ordinatefl. 

416. If a parallelogram be formed by drawing two pairs of 
parallels to the asymptotes of a hyperbola, its sides will meet 
the curve at the extremities of two chords which intersect upon 
a diagonal of the 'parallelogram ; and fortheri if anj three 
hyperbolas have their asymptotes parallel| three and three^ their 
three common chords will oointersect 

417. The tangents to an ellipse at P and Q being tiia 

asymptotes of a hyperbola, prove that a pair of thmr conimoii 
chords are parallel to PQj and that if the tangent to the hyper- 
bola at an extremity of one of these chords pass through P the 
tangent at its other extremity will pass through Q, 

418. With two conjugate diameters of an ellipse as asymp- 
totes a pair of conjugate hyperbolas are drawn; prove that if 
one of them touch the ellipse the other will touch it, and that 
the diameters throngh the points of contact will be eonjngate. 

419. If from any point P on a hyperbola whose centre ia C 
straight lines FM and FN be drawn parallel to and terminated 
by the asymptotes, and if an ellipse be drawn having OM and 
ON for conjugate radii, the direction eonjugate to OF will bo 
the same in both curves. 

420. Given the base of a triangle and the difference of its 
base angles, or given the base of a triangle one of whose base 
angles is double of the other, it may be shewn that the locus 
of the vertex is a hyperbola. Determine the asymptotes and 
the eccentricity of each by sopposing the vertex of the triangle 
to he at infinity. 
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421. If tangents be drawn to a hyperbola finom any point 
on the oonj agate bypeibola, their chord of contact wiU tondi 

the opposite branch of the latter and be bisected at its point 
of contact. 

422. The fbnr normals to a hypeibola and its conjugate at 
points lying upon a perpendicular to either axis meet one another 
upon that axis. 

423. Find the loons of the centre of gravity and the loens 

of the centre of the circumscribing circle of a triangle of con- 
stant area contained by one variable and two fixed straight 
lines. 

424. A parabola and a hyperbola have a common focus and 
the asymptotes of the latter touch the former; prove that the 
tangent at the* vertex of the parabola is a directrix of the 
hyperbola, and the tangents to the parabola where it meets 
the hyperbola pass through the farther Tertez of the latter. 

425. Any two semi-diameters of a hyperbola contain the 
same area with the tangent at the extremity of either. 

426. The asymptotes and any two conjugate diameters of 
a hyperbola divide any straight line harmonically. 

427. The chords joining any point on a hypeihola to two 
given points on the same intercept a constant length on mther 
asymptote; and the intercepts on a given parallel to an asymp- 
tote between the curve and two such chords are in a constant 
ratio. 

428. If parallels to the asymptotes of a hyperbola be drawn 
from any point on the curve, any diameter will meet the 
parallels and cither branch of the curve in three points whose 
central distances are in continued proportion. 

429. If any two tangents to a hyperbola and their chord 
of contact intersect any parallel to either asymptote, the square 
of the intercept on the parallel between the curve and the chord 
of contact will be equal to the product of its intercepts between 
the carve and the tangents. 
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430. On a straight line drawn in a given direction to meet 
the three sides of a triangle a point is taken whose distances 
from the three sides are io continued proportion ; prove that the 
locDS of the point is a parahola or a hyperbola touching the 
two sides from which the extremes are measored at the eztr^ 
mities of the third side. 

431. [On a straight line drawn throngh a fixed point O to 
intersect two given straight lines a length OD is estimated 
a mean proportional to the intercepts between the fixed point 
and the two points of section; prove that the locos of D is 
a hyperbola whose aajroptotes are the parallels through C to 
the fixed lines. 

432. A diameter of a parabola and the tangent at its 
extremity being taken as the asymptotes of a hjrperbola, what 
are the magnitudes to which the ordinate and abfldssa of their 

point of concourse with respect to that diameter are a pair 
of mean proportionals? Conversely shew how to find a pair 
of mean proportionals to two given magnitudes. 

433. The intercept on any parallel to an asymptote of a 
hyperbola (or to the axis of a parabola) between any point upon 
it and the polar of that point is bisected by the curve. 

434. The intercept made upon any straight line through 
either vertex of a hyperbola by parallels drawn to the asymp- 
totes through the other vertex is bisected at the point in which 
the straight line meets the curve again ; the locus of the middle 

point of the intercept made upon any straight line through 

a fixed point by two given straight lines is a hyperbola to 
whose asymptotes they are parallel ; and further, if the latter 
intercept be cut in any other constant ratio,* the locus of the 
point of section will still be a hyperbola. In what case will 
the eccentricity of the locus be independent of the ratio in which 
this intercept is divided? 

435* If Q be a point on a hyperbola and N a point on 
the nearer asymptote, and if QE bo drawn parallel to that 



* See the ArithmeHea VniveraalU, prob. 25. 
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asymptote to meet the diameter conjugate to QN'in then will 
the area of the quadrilateral OEQN be equal to half the triangle 
cat off hy »aj tangent from the asymptotes ; and if the diameter 
parallel to Q^meet QE in ^and QI be drawn in the conjugate 
direction to meet the same asymptote in /, the quadrilateral 
aQFyfiW have the same constant magnitude. 

436. If 0 be anj point in a chord QQ of a hyperbola 
parallel to the tangent at P and OE an asymptote meetmg that 
tangent in E^ and if QB and OT be drawn parallel to the 

asymptote to meet the diameter which bisects the chord, prove 
that 

QO. OQ : FE^ » quadrilateral QETO : triangle CEF. 

437. If r be any point on a hyperbola and CD be con- 
jugate to CP, shew that a pair of straight lines VE^ PF drawn 
parallel to the axes or to any other pair of conjugate diameters 
meet CD in points E and F such that 

438. A parabola which has an asymptote of a hyperbola for 
one of its diameters meets the hyperbola in genml in three 
pomts such that the ordinates of two of them to that diameter 
are together equal to the ordinate of the third. 

439. From any point P on a hyperbola a parallel is drawn 
to one asymptote to meet the other in 3/, and an ellipse is 
drawn through P and M baying its diameter which bisects FM 
parallel to the latter asymptote and in a constant ratio to its 
conjugate diameteri viz. In the ratio of FE to Pif, where FE 
is a perpendicular to the latter asymptote ; prove that the ellipse 
meets the hyperbola again in three points such that the distances 
of two of them iVom the latter asymptote arc together equal to 
the distance of the third point from the same.* 

440. If two ellipses touch a hyperbola and have its asymp* 
totes for conjugate diameters, any straight line whose pole with 



* For Examples 42$, 485 — 9 and others bcc De la Hire's Sectionei Caniece, Ubb. IT., 
Tlie refcanccs arc given in detail in Walton's ProhU^ma in illtutratUm iffthtprimeiplu 
qfPkmt CoordmaU Gmeby, pp. 276— 2d2 (CAMB&iDOJt, im), 

U 
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respect to one of them lies on tbe byperbok bas it pole witb 

respect to the other on the hyperbola. 

441. If ABCD be a convex quadrilatera]| and AD be pro- 
daoed to K and BG to so tbat KL may be parallel to AB^ 
tben will DL and OK be parallel to tbe asymptotes of a certain 

* hyperbola deseribed about tbe quadrilateral; and if oBfi^ /^Oy, 
7Z>S, hAoL be the sides of a parallelogram and be parallel to 
tbe asymptotes, the straight lines drawn from a, ^, 7, S to 
bisect AB^ BC, CD, DA respectiyely will cointersect at the 
centre of the hyperbola. 

442. If an ellipse pass through tbe centre and have its 

foci on the asymptotes of a hyperbola, and if the hyperbola 
passes through the centre of the ellipse, the axes of each curve 
are a tangent and normal to the other, and the two axes which 
are normab are of equal length. 

443. If a diameter be taken at right angles to one asymp- 
tote of a hyperbola and parallels be drawn to tlie other 
asymptote from its extremities, any two supplemental chords 
from those points will make intercepts whose difference ia 
constant upon the parallels. 

444. The axes of tbe two parabolas which baTC a common 

focus and pass through two given points are parallel to the 
asymptotes of the hyperbola which passes through the common 
focus and has the given points for foci. 

445. Any drde which touches both branches of a hyper- 
bola makes an intercept equal to the transverse axis on either 

asymptote; the tangents to it where it meets the asymptotes 
pass through one or other of the foci, and those which pass 
through the same focus contain a constant angle equal to the 
angle between the asymptotes; and two of tbe chords of inter- 
•ection of tbe oirde with the asymptotes are tangents one to 
each of two fixed parabolas whose foci are at the foci of the 
hyperbola. 

446. If two conjugate diameters of a hyperbola be equal, 
every two conjugate diameters must be equal and the asymp- 
totes must be at right angles. 
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447* If two paraM chords of » oonie meet any Umgeot 
to the nine in T and ij and if any straight line meet the 

chords in 0 and o and the tangent in 2/, then 

OTia^OLioL. 

Hence shew that the ratio of any two infinite parallel chorda 
of a conic is finite, being a ratio of equality in the case of 
the parabola, and being equal to the ratio of the distances 
of the chords from the parallel asTmptote in the case of the 
hyperbola.* 

448. From two pouits 0 and 0 parallels are drawn to the 
asTmptotea of a hyperbolai the parallels to one asymptote 
meeting the eorve in M and m and the parallels to the other 
meeting the emre in 2/* and 11; shew that if 

the points Oj 0 must lie either on one diameter or on a pair of 
conjagate diameters. 

449. Prove by the Cartesian method or otherwise that if 
CAj CB and Ok, Cff be semi-axes of a fixed and a variable 
eonfooal ellipse respectivelyi P a point of contact of the latter 
with an ellipse drawn through the four extremities of the axes 
of the former, and Pi^the principal ordinate of P, then 

CNi FN^ CA.Ca 2 CB.Cfi. 

Deduce that the locus of Pisa hyperbola ; and likewise deter- 
mine its foci and asymptotes by considering special cases of 
the theorem. 

450. Every ellipse drawn through the four extremities of 
the axes of a given ellipse is cut orthogonally by a hyperbola 
oonfocal with the given ellipse and having its equal conjugate 
diameters for a8ymptotes.t 



• Bee tbo notoi 00 (komirioal Evabuttaiu by B. W. Ocneee^ HJL., in the 
Jfiimyw tfXalkmatici, voL iv. pp. 154-S (1876). 

t BBiWMnibami^Maa0m^ KOi 1182 (ed. % 187^ 

M3 
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451. Find the locus of a point whose polar with respect 
to a couic cuts off a constant area from the space between two 
given conjugate diamctera ; and find the envelope of the polar 
of a point whose ordinates eiK off a ooastant parallelogram from 
the same. 

452* Having given the asymptotes of a hjperbohi and m 
point on the cnrve, determine its foci and directrice& 

453. Having given a focus and two points of a hyperbola 
and the direction of one of its asymptotes, or having given a 
focus and one point and the directions of both asjmptotesi 
shew how to construct the curve.* 

454. Given the centre of a hyperbola and three points on 
the curve, determuie the dunections of its asjmptotte. 

455. Having given the centre of a hyperbola and a self* 
conjugate triad, determine tito diroctiood of its asymptotes. 

456. Having given four points and the eccentricity of a 
hyperbola, or four pobts and the direction of an asymptote, or 
three points and the direction of an asymptote and the ecoen* 
tricity, shew how to construct the corve. 

457. If three straight lines be drawn from three givon 
poles and two of their intersections lie on fixed directrices, 
their third intersection will trace a curve of the second order. 
By the above system of radiants or otherwise describe a 
hyperbola having given one asymptote and three points or the 
directions of both asymptotes and three points on the curve.t 



♦ Five daU in general dcttrmino a conic. An adymptoLo in equivalent to two 
data, Til. to a tangent nditi point of coatacfc or two odnddent poia the curve: 
bATing fpma the directkm only of na asymptote we have one of the two ptrinti at 
infinity on the curve: a focus will be f^^-nrx to be equivalent to two tvtm^t iffnf;,^ 
Corapnrc the note ni t!i - tnri of Salmon's Conic Settionif "On the ProUem to deaoibe 
a Conic under Five coiuliti«)iis." 

f See Leslie's (Jtomtiry 0/ Cun t Lituj, Book II. jux»pe. 10, 21, 22. 
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45^. Having given foar points on any conic and one point 
on its director, or having given four tangents to an equilateral 
hyperbola, shew how to construct the carve.* 

459. The area of the sector of a hyperbola made bj joining 
any two points on it to the centre is equal to the segment 

cut off from the space between the curve and its asymptotes by 
the ordinates of the same two points to cither asymptote; any 
other two ordinates in the same ratio as the formert cut off an 
equal segment ; and the segment cut off by any two ordinates 
is bisected by the ordinate which is a mean proportional to 
them. Fn>ve also that if two equal hyperbolas have two of 
theur asymptotes coincident and the other two parallel, any 
parallel to their common asymptote will cut off from the space 
between two adjacent branches pruduced to infinity an area 
equal to the ])arallclogram contained by the said parallel and 
the three asymptotes. 

460. If 0, P, Qj E.,, be any number of points on a branch 
of a hyperbola whose abscissas OJT, CL^ CM, CN.„ on either 
aqnmptote are in continued proportion, the hyperbolic sectors 
OCP^ OOQf OCR,.* will be in arithmetical progression, and 



♦ The first case of Ex. 458 may be made to depend upon the second by recipro- 
cating the oouic with respect to the point on its director, as is done in Qaskis's 
Otomtb ieid Oomtruelkm Gmie SteHon gufytei to FStte Conditioiu qfpa$9kif 
through given jmiuts and tom hlng giren araitjht lines, dedwtd /^rom the propertiea 
^Incctution ami Ankarmnnic Jtatio, icith a variety of general Proptrthf nf Curves of 
the Second Order, p. 53 (Cambridge, 1852). It is in this vcr}' able trart tliat the term 
DiRECTOu seems to have been first used to denote the locus of interscctiou of tangents 
at right angl«s to a oonio. The tana it defined en {». 2S» and tn the PrelMe we read ; 
'^'By% well known pra p e r tj of conic nctioni, the locns of the point of intenection 
of two tangente at right angles to one another is in general a (.-ire!*- concentric with 
the conic section, and when the currc is a prinilxfla the hxw^ is tlie directrix. There 
are several remarkable pruiKrrtics of thin Itjcu- wliich. iis f:ir as tlie author is aware, 
have not been hitherto noticed, and he lias found it cuuveuiunt to denominate it the 
DOUMlOB of the conic eeetion, which in the case of the pa ra bola coincides with the 
difectrfx." 

t ItieeiClly p«!n that the four onlinates to either asymptote of the <^xtrfmitica 
of any two pandlel chonis arc projxirtiunals, and that tlio rtrdinatc of the point of 
contact of any tangent is a mean proportional to the orduiatcsol the cjLtruuilies of 
any parallel chord. 
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the segmentB OKLP^ OKMQ^ OKNR... will be in arithmetical 
progressioiu Given wdlJ three tenns of a geometrical series 
and the logarithms of two of them, shew how to detennine 
geometrically the loqarithii of the tiiird.* 



• For the first part of Ex. 460 see Greoorii a. S. Vikcbhtio Opus Gtcme- 
Irtmm Quadraturce Circuli et Sedionum Con!, lib. vi. prop. 125, p. 694 (Antverpia, 
1M7), and his Opus Geometricum Pogthtmum ad MaoUibium^ prop. 24, p. 252 ^GandaTi, 
1668). The weindpMiiiiRjbeMiTadtjtakixighTpflribolioMi^^ 

in geometrical progreoion, at wm ihewn by Alf . Ant de Sarasa in a tract pnUiahed 
(AntT. 1649) in Tindication of Greg, de St. Vincent ngainst some aspersions of 
Harinus Mersennns. Logarithms may also be represented by the " residual area" of 
a parabola (Booth's New Gtometrical Mukods, toL U p. 293). 
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CHAPTER VI. 

THE EQUTLATEBAIi HYPEBBOIiA. 

61. The Equilateral Ili/jjcrhola is a hyperbola whose lataa 
rectum is equal to itfl axia or latus transversum it is also 
called Beetangular since its asymptotes are at right aagles. 
This curve and the circle, which is an equilateral ellipsei may 
be together designated the Ejuilaieral Conies, 

The properties of the equilateral hyperbola may for the most 
part be derived from those of the general liypcrbola by equating 
its axes to one another and to the latus rectum, or by sup- 
posing the angle between its asymptotes to become a right 
angle; but since several of the special results thos obtainable 
may also be proved independently with pecoliar ease, some of 
ihem in terms equally applicable to the circle also, we shall 
here treat the hyperbola in qnestion to a great extent ah tntl^, 
leaving it to be shewn in the sequel how certain of the 
properties of the equilateral conies may be transferred to central 
conies in general by the method of Orthogonal Projection* 

62. The latus rectum being supposed equal to the axis, 
it follows from Art. 33 that 

• = AN. A'N^ ON* - CA\ 

which will however be proved independently in Art. 63. 

The axes being equal, the radius of the director circle 
Tsnishes (Art. 40), or the equilateral hyperbola has no tangents 
at right angles except its asymptotes. Again, it follows from 
Art 45 that every diameter is equal to its conjugate, which 
leads to many further simplifications; but in this chapter we 



• la other word?, this liyi»crlx)la is called c<iuilatcral because the $ide» fff the 
FiaUftB upon iu cuis (iScliol. A, p. 82) are equal. 
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flhall commenoe bj defining any diameter which docs not meet 
the curve as eqnsl in length to its conjagatOi in ponnuioe 
of the analogy between the eqailateral hyperbola and the 
circle or equilateral ellipse. 

It is to be noted at the outset (Arts. 35, 54) that the eccen- 
tricity of the equilateral hyp<rhola is the ratio of the diagonal 
to the side of a 8<^UARE, that the foot X of the directrix bisects 
C8^ and that 

PBOFOBinOH I. 

63. The principal ordinate of any point on an equilateral 
hyperbola is a mean proportional to its abscisses. 

If X be the foot of the iS-directrix and therefore the middle 
point of C8j and if FN be the prindpal ordinate of any point 
P on the correi then 

PN* + SIP « SP' = 2NX\ 
and CN' + /SZST" = aCZ" + 2NX* 5 




therefore CN^^P2P^^CX''^CA% 
or is equal to CN^ - CA* or AN. AN. 
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It ia farther evident from the figure that if A he an ordinate 
to the oonjagate axis, 

aa might alio have been inferred from the consideration that the 
aquaro of the conjugate semi-axb is — (7^*. 

PROPOSITION II. 

64* Any two 'conjugate diameters of an equilateral hyperbola 
fnoXsa eon^mnemtary angleo mtk either axie and make eqwd 
angloB toitk either asymptote, 

(i) If V be any point on the directrix and 8Z be at right 
angles to SV^ it is evident that CV and SV are equally . 
inclined to the axis and GV and 8Z make complementaiy 
aiiglea ivith the axis. The proportion then follows at once 
aa a special case of Art 14; it may also he proved inde- 
pendently as below. 

(ii) Let Q and q be any two points on the curve, QM and 
qm their principal ordinates, 0 the middle point of Qq and 
OL its ordinate, qK a parallel to the axis meeting QM in 
and ft the point in which Qq meets the axis. 

Then since QJIP^CA* is equal to OM* and qnC^CA^ 
to On*! 





/ 






1 J 







therefore QiP^qm^^CM^'^Om*^ 

or QM'^qm : Cif-f Cm=CM^ Cm : QM-i qm; 
that is to sayi 

20L:20L = qK: QK, 
or the angle OCL'ib equal to the angle qQK. 

X 
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Heoee if the chord Qq be parallel to a fixed diameteri the 
locus of its middle point 0 will be a second fixed diaineteri 
and the inclinations of the two diameters to either axis wiH 

be complementary, and their inclinatioua to either asymptote 
will therefore be equal, aud couversel)'. 

ChreUary 1. 

It is evident that any two diameters which are either 
conjogate or at right angles must lie on opposite sides of an 
asymptotCi and therefore that one of the two and one only 
meets the cnrre. It is likewise evident that if two equal 

diameters be taken on opposite sides of either axis, the one 

will be equal and at right angles to the conjugate to the other, 
and conversely that any two diameters at right angles are eguoL 

Corollary 2. 

If the normal at P meet the axes in O and g and the 
conji^te diameter in it is evident that FCG is an isosceles 




triangle having each of its angles at C and O complementary 
to FCG, and hence that PG^PC^Pg^ or P is in this case 
the centre of the circle of Art. 59. Hence or by Art. 45, Cor. 1 
the normal is also equal to CD* 

Corollarg 3. 

Tke angles hdwem any tuso diameten or chords are sguai i» 
the angles between ^e diameters conjugaie thereto. For example, 

if PQ aud PQ' be any two chords drawn from the same point P 
on the curve and P'Q and P' Q' be the chords supplemental 
to the former from the further extremity P* of the diameter 
through P| the angles between the former will be eqnal to 
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angles between the latter (Art. 44)| or any chord QQ qf an 
egmUOeral hyperbola mfttetidlv ol ikA eaOrmiitUa qf any diameter 
PP angle$ tMeh are either equal or euppUmenkary. It ^inll be 
leeo that the angles sabtended are supplementary when the 
diameter and the chord intersect within the curve (as in the 
figure of Prop. IV.) and equal when tbejr intersect without 
the curve. 

Corollary 4. 

The Ueue ihe centre of an equilateral hyperbola circm^ 
eenbing a given triangle ie ite nrn^-poini dreUf Btnoe the 
diameters to the middle points of its ndes contain two and two 
the same constant angles as the sides to whidi they are 

conjugate.* More generally it may be shewn that the circum' 
scribed circle of any self-conjugate triangle passes through the 
centre^ since the diameters to its angular points are conjugate 
to the directions of its opposite sides. 

PROPOSITION 111. 

65* ne prtijectione itfany two conjugate eemii'diametere tgxNi 
Ae aaeee are aUemately equal to one atwther^ and the triangle ef 
Ufhiidh they are adjdoent eidee is of conetant area, 

(i) If CP and CD be conjugate semi-diameters, and FN 
and J)M be principal ordinates and Dn an ordinate to the 




^ Stales SMb tUe tad its ptirptniWff^W eoBBtitute a hyperbola (Art. 54), their 
Intenectiona belong to the above locus : hence n fresh piool that the feet of the 
peKpendkakia lie on the dsele which btaecte the sideB. 
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conjugate aziS| we have to shew that Cn or DB ia eqaal to ON 
and that OS is equal to PY ; which follows at onoe from the 
equality of the radii OP, OJ) and of the angles PCN^ D€k 
(Prop. II.). 

Hence also by Prop, i., 

(ii) The triangles DOB and PONlmng equal, therefore ' 
• A{J)CB ■i-BOF- COB) = FCN+DOF^ COB, 
or APCZ)=i>JRyp«i (0^+ OS) (OV- OB) 

which is an equivalent of the theorem that the conjagate 
cireumscribbg parallelogram of an equilateral hTperbola is 
equal to (Art. 46). 

PROPOSITION IT. 

66. 7%e hose ef a trumgle and ike sum or difference of its 
hose angles being given^ the Locm of its vertex is an equilateral 
conic.* 

» 

(i) If the base and the sum of the base angles of a triangle 
be g^veui the third angle is constant and the locus of the vertex 
u a circle. 

(ii) Let P'CPhe a fixed diameter of an equilateral hjpcp- 
bola| V any point in CP produced, and Q any point on the 
curve. Then since QF and QP' are supplemental chords, 
the sum of the acute angles which these make with the 
axis b equal to a right angle (Prop, ii), and the sum of 
their inclmations to the fixed diameter PP' is therefore 
constant. 

The latter constant is at once seen, viz. by removing Q 
to infinity, to be equal to twice tJie angle which the nearer 
iuymptoie makes with FF\ 

* This proposition forma prob. 35 of the Arithmeiirn rniversaUs, and was sug- 
gested hy Eucl. III. 21, as is sliewn by the preamble : Ubi ongulus ad verticeni, sire 
(quod perinde efit) ubi somma angolornm ad tMuem datar, docnit Budides locnm 
TVtida eaie cifemnfeMiitiam dxenli; pfoporaimaa l^tor inTentioBflm lod ubi 
diflBBrentia angulomm ad boaem datur." Newton also stated the ooRkUaiy ^"wm 
above in the text for the caae in which the aubtended angles ate •guaL 
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It follows that the angle at P or its supplement, in the 
triangle QPP\ exceeds the angle at P' or its supplement by a 
constant quantitj; and converselyi that if the base PP' of 
a triangle be given and the angle at P or its sapplement 
esoeed the aogle at F' or its rapplement hj a eonstant qoantityi 
tiie locus of the vertex Q of the triangle will he an equilateral 
bjperbola whereof PP' is a diameteri as was to be proved. 

Hence it may be dednced that the angles which any 

chord of an equilateral hyperbola subtends at the extremities 
of any diameter are either equal or supplementary, as was 
ahewn independently in Art. 64, Gor. 3. 

PROFOSmOK V. 

67. Ai any point of an equilateral hyperbola the ordinate 
to any diameter which meets the curve ia a mean proportional 
to the ohedaBee on that diameter. 

Let QVht the ordinate of any point Q on the conre to the 

diameter PP'; then since the directions uf PV and <2F and 
likewise the directions of PQ and P' Q are conjugate, the 
angle P^F is equal to QP' V (Art. G4, (jor. 3), and the triangles 
PQ V and QP' V are simUar, so that 

PF: QV^QV: P'F; 
therefore QV* is eqaal to PKP' For GV*-CP\ 
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Bj changing the aigii of CP* we obtain the oorreaponding 
propertyi ins* 



of a diameter which does not meet the cur?e in real pointa. 



68. ITie product the segments of any chord drawn tkrougk 
afaoed point to an equilateral hyperbola variu a» ike equare if 
ikeparaUd radiue. 

Let QQ be any chord drawn tbroagh a fixed point 0 and 
V the middle point of Q (/, and let OF be the aemi-diameter 
parallel to the chord, g the point in which CO meets the curve 
or the conjugate rectangular hjperbola| and qv the ordinate of 
q to the diameter CV. 

Then by Prop. Y., taking for example the caae in which 
OP and Cq are temunated hj the cure, 



QV'CF* : qv^'-CF'^CV* : Cv*=^OV' : giv\ 

Hence OP- QV*+ CF* : 0P«« 0F« : q^^ 00" : Cf, 

which is a constant ratio since 0 and q arc fixed points. 

It followa that OK" - QV* or OQ.OQ' varies as CF% and 
if EOIt be any second position of the chord and CF" the Fadins 
parallel thereto, 



QV*^OV*+OF\ 



PBOPOfiinON YI. 




OQ.Og : OB.OE^CF' : CF\ 
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PROPOSITION VIL 

69. If an equilateral hyperhola circumscribes a triangle it 
passes through its orthocentre^ and conversely and every oonio 
whieh passes through the four pomta of concourte qf two equi^ 
lateral hyperbolaa is itself an equiUUeral hyperbola. 

If ABC be any triangle and AD one of its perpendieolan, 
any equilateral hyperbola wblcb drcamscribeB tbe triangle will 
Lave its diameters parallel to AD aud JJU equal to ouc another* 




B DC 



The hyperbola therefore meets AD again in a pount 0 
each that 

AD.DO'^BD.DOi 

that is to say, it passes either through the orthocentre of the 
triangle or through the point in which AD prodnced meets its 
drcomscribing circle. 



* This theorem was derived from Pai^ars bcxa^m in a memoir by Mtf. Bri- 
Aycnoy et Powcklkt contributeti to Gcrgonne's Annnhs (tome Xf. pp. 205 — 220) 
at the commencement of the year 1821, undor the title : Ro-hcrches sur la dttcrtnlnntion 
ttunt Uj/perbolt E^Untere, au mot/en de quatre comlitious donnvts — viz. thus. Let a 
hyperbola be d c ic ribo d fchroagh B, (7, and the orthooentve 0, end let B ead P 
be the two points at inftoity on the enrre; let JST, K denote the thxee points off 
ooooonrae {AB, OB), {BF, CB), (AF, CO) ; then HIKua straight line parallel to BC 
(since /ifl at infinity'i or p^i-p^ndicular to AO, whence it readily followfl that If Ls the 
orthiXHintre of the triangle -1 OK and that OE the direction of one asymptote is at 
right angles to AK or OF the direction of the other. The remainder of Prop. vii. 
follows independenUy ftom the fset that bj adding together two equations off tbe 
flonn a (j^-j^H-fo-Kcy + iIsS we arrive at a third equation off the same fonn: 
the property of the orthocentre of any triangle is a special case of this latter theorem 
(Art. 64). See Prof. Cayley's Note on the Rectangular IFt/perfiola in the Oa^ordf 
Cambridgt, and Dublin Matengtr qf Mathmatk*t Tol 1. p. 77 (1^62). 
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Bat it cannot pass through the latter point, /or if so AD and 
BO woold be equally inclined to its axes (Art 16, Cor. 8) and 
parallel to its asymptotes, and either BotO would be at infinity: 
it tberefbre passes tiuroagh the orthocentre. 

Conversely, any conic which passes through the three angular 
points and the orthocentre of a triangle must be an equilateral 
hyperbola. 

Moreover, if three of the points of intersection of any two 
equilateral hyperbolas be taken as the vertices of a triangle, 
both carves will pass through its orthocentre; and therefore 
eveiy conic throngh their foor points of concourse most likewise 
be an equilateral hyperbola. 

From this proposition it is manifest that when three points 
of an equilateral hyperbola are given a fourth can be found ; 
and hence that when four points are given the curve is in 
general determined. 

Corollary, 

If BAG be a right angle, the points A and 0 coalesce and 
AD touches the curve at A. Hence the tangent at any point 
^ on an equilateral hyperbola may be determined by drawing 
any two chords AB and ^C7 at right angles and drawing AD 

perpendicular to BO. If A be a fixed point, BC is constantly 
parallel to the normal thereat.* 

PROPOSITION VIII. 

70. TJie product of the distanci's from the centre at which any 
tangent and the ordinate of its point of contact to any diameter 
meet ike same is conetant; and the product of the interoepta on 
any tangent between the curve and any two conjugate diameters ie 
equal to ike square of the parallel radius. 

(i) Let the tangent at Q meet any diameter CF in Z*, and 
let Q F be an ordinate to that diameter. 

Then since CP and CQ are conjugate to aud QT 
respectively, they contain equal angles (Art. 64, Cor. 3), so that 

* The fixed point on the normal (Ex. 279) through which BC pimea is othsrwiie 
seen to be at infinity since when AB and AC 9Xt piinJM to the lifljniplotes BC 
booomes Ihe stfaight line m iu^ty. 
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OF: QV=QV: VT. 
Therefore CF.Or-CF"- CF.FT- OF' - QV 

(ii) If the tangent at Q makes intercepts Crand Ci on any 
two conjogate diametersi it maj be shewn in like manner that 

QTxCQ^CQiQt, 

or QT.Qi^Qq^CD^^ 

where OD is the radios eonjugate to QQ* 

KBOISUU, 

An excellent machine for describing any number of Beotan- 
OULAB Htpbbbolas haying the same asymptotes was oonstmcted 

by Mr. H. H. S. Cunynghune, of St. John's College (1873)» on the 
following principle. Jjct a fixed straight line meet the axis of a 
rectangular hyperbola at right angles in If ; from any point P on 
the curve draw PM and PiVperpen<liciilar to the fixed line and the 
axis ; and on CM produced take JIO equal to CA. Then 

OM + FM' CN^ FMm CM; 

and oonyersely if 0 be a fixed point and MP a variable perpen- 
dkmlar to the fixed line ffM, then prorided that the length OMP 

is constant the point P will describe a rectangular hyperbola, and 
its centre C, which is determined by taking IfC equal to OMP, 
will bo independent of thr distance OH. The machine itself consistn 
of a fixed bar HM and a sliding cross bar placed in a horizontal 
plane: a string &Led at 0 is kept stretehed by a w^eight in the 
dlreotion OMPi and a pencil attached at a point P to the string 
traces an arc of a rectangular hyperlKda tj the motion of the 
eroes bar. Bj wying the length OH any nnmber of rectangular 

N 
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EXAMPLES. 



hyperbolas bavin^ the flame aBymptoteo oan be traoed with tiie 
same length of stnng. 

In a note On the Meehanical JhtoripUan of the Cartesian, by J. 
Hammond, Bath, England {American Journal of Mathematics, pur$ 
and applied, vol. i. no. 3, p. 283, 1878), the following, applicable to 
the HYrEiiBOLA, is given. Suppose two thin circular aiscs A and 
B rigidly attached to each other to rotate about their common 
centre, and suppose the opposite ends of a fine string (idiidli passss 




through small rings at C and D and is kept stretched by the point 
of a pencil at P) to be unwound from the two discs. Then will the 
increments of the lengths CP and DP he as the radii a and b of the 
disosy and P vill describe a eorre having the property 

a. 2)P-5.CP= a constant, 

"which becomes a hyperbola when the discs are eqnaL If one end 
of the string be wound on to its disc whilst the other is unwound 
the curve traoed will have the proper^ 

it.J}P-¥b, CP- a oonstanty 

and win beoome an ellipse when the discs are equaL 

The mechanical description of the ellipse bj the property of 
Ex. 219 was effected b^ Guide Ubaldi,* who was considered to have 
made an important discovery ; but the property is mentioned by 
Proclus (on £ucl. i. def. 4) as was remarked in the first volume 
of the .barium Philotophia Mathematical auctore Mario Bettino^ 
lib. I. pp. 88^6 (BononisB, 1648). 

EXAMPLES. 

461. Traco tho locus of the middle point of a straight line 
which cuts off a constant area from a comer of a sqnare. 



• GnidhiliiUi PImHpilMrisriMi UwiMtmHwrn TWte^ lOb n, cod (FiHiiiii 
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462. Place in a rectangular hyperbola a chord whidi shall 
be equal to and be bisected hj a diameter of given length, 

463. The chords connecting the ends of a fixed diameter 
of a circle and of any double ordinate of the same intersect 
upon an equilateral hyperbola. 

464. In the rectangular hyperbola the diameter eonjugato 
to the normal at any point is at right angles to the diameter 
through the point; any two diameters at right angles bisect 
chords at right anglesi and conversely; and any chord sub- 
tends equal or supplementary angles at the extremities of 
a perpendicular chord* 

465. The centre of an equilateral hyperbola circumscribing 
an equilateral triangle is upon the inscribed circle of the 
triangle, and the centre of the drde b oo the hyperbola. 

466. The tangents drawn from opposite foci of a hyperbola 
to any circle which touches both branches intersect upon one 
of two rectangular hyperbolas, each of them having one asymp* 
tote in common with the original hyperbola and having the 
line joining the foci of the latter for a diameter; and these 
two rectangnlar hyperbolas will coalesce if the original hyper- 
bola be rectangolsr. 

467. If two points P and Q move with eqntl velocities 
along the arms AB and BO of a right angloi the one startmg 
fix>m A and the other simnltaneonsly from B^ and if AA' be 
drawn equal to AB and in the direction opposite to BQ, shew 
that A'P and AQ intersect upon a branch of a rectangular 
hyperbola, and determine its centre and asymptotes. 

468. The circles described upon the six common chords of 

any two rectangular hyperbolas as diameters cut one another 
orthogonally in opposite pairs. 

469. If a parallel to either asymptote of a rectangular 
hyperbola meet any principal double ordinate FQ in 0 and 
the curve in shew that 

AOCB^iOP.OQ. 

N2 



Digitized by Google 



180 



EZAMFLEB. 



476. Of two diordB at right aoglet or oonj agate in diredioii 
in an equilateral hyperbola one and one only it a ehord of a 

single branch. Explain the apparent failure of the proof of 
Art. 16, Cor. 2 which arises from the equality of diameters which 
are conjugate or at right angles in the equilateral hyperbola;* 
and shew that no circle can intersect the curve or its asymptotes 
at the extremities of a pair of chorda whicb are parallel to two 
anch diameten. 

471. The foci of an ellipse being situated at any two diame- 
tricallj opposite points of a rectangular hyperbola, shew that 
tbe tangents and normals to the ellipse at the points in which it 
meets tbe hyperbola are parallel to the asymptotes of the lattery 
and shew that tbe tangents to the ellipse from any point of tbe 
hyperbola are parallel to conjugate diameters of the latter. 

472. 1£ CAhe tk serai-aaus of a rectangular hyperbolai and 
a perpendicular (7Fbe drawn to the tangent at P, the triangles 
A OP and ^OF wiU be nmilar. 

473. Fh>Te that the feet of the perpendicnlars of any triangle 
are a conjugate triad with respect to any equilateral hyperbola 
which circumscribes the triangle; and shew that the same result 
may also be deduced from Example 76. 

474. Given a chord of an equilateral hyperbola and the 
poUff of a given point on the ehord, shew how to determine 
two other points on the cunre-f 

475. The circle described on the Kne joining the foci of ao 
equilateral hyperbola as diameter meets the asymptotes at points 
lying upon the tangents at the vertices ; and the drde described 
about any point on the conjugate axis as centre so as to pass 



• It is only In »coordAnce with a convention which is not strictly accurat* that 
ench diameters are paid to Ix; equal. See Chap, iv, Scholintn C, p. 101. If ABC he 
a triangle simultaneously inscribed in a circle and an cfiuilateral hjjxTbola, and if 
the pcrpwndtenlar from A to BC meet tbe circle in />, the hyperbola in £, and £C 

f On .the giren chord AB as diameter deeoiilia m dialfl onfetiiig the polar Of tilt 
glren jwrat 0 in X and )'; then will the points {AX, BT) tad {AT, BXj be tfie 
trtrftwi*^t* of the chord through 0 at xight eogles to AB, 
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tfafoogh the Tertioes meets the cniTe agaui at the eztneiiiUiet 
of one of itB own diameten* 

476. If PQ md PQho any pair of supplemental chords of 
a rectangular hyperbola, and if the tangent at Q and its ordinate 
to PP meet that diameter in T and F, shew that the biseeton 
of the angle FQP' are parallel to the asymptotes, the segmente 
OP and TP snbtend equal angles at Qy and the eirde aroond 
CQT touches QV, Shew also that any chord subtends supple- 
mentary angles at its pole and the centre of the curve, and that 
the inclinations of any two tangents to their chord of contact 
are equal or supplementary to the angles which thej subtend 
at the centre. 

477. If a conic pass through the centres of the four circles 
which touch the sides of a triangle it must be a rectangular 
hyperbola, and its centre will lie on the circumscribed circle of 
the triangle. 

478. The foci of all the ellipses which can be inscribed in a 
given parallelogram lie on a rectangular hyperbola passing 
through its four vertices. 

479. The lines connecting the extremities of any two chords 

drawn through a focus parallel to conjugate diameters of an 
equilateral hyperbola pass through fixed points on the asymptotes. 
Examine the cases in which 4he focal chords coalesce or are 
parallel to the axis. 

480. The axis of the rectangular hyperbola which touches 
an ellipse and has its axes for asymptotes is a mean proportional 
to the axes of the ellipse. 

481. Construct a rectangular hypeihola having given the 

centre and a tangent and a point on the curve, or having given 
an asymptote and a tangent and its point of contact, or having 
given a diameter and one other point on the curve. 

482. The common tangents to the circles described on any 
two parallel chords of opposite branches of a rectangular hyper- 
bola as diameters subtend right angles at the extremities of the 
diameter which bisects the chords. 
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483« If two right angles revolve about opposite extremities 
of a diameter of a leetaDgolar hjperboia ao that the point oC 
concourse of two of their arma ia alwajs a point on the carve, 
their other two arma will make equal interoepta on the nonnal 

at that point| and will themselves iotersect upon the curve. 

484^ Tangenta (or nimnala) are drawn in a given direedon 
to a aeriea of ooofbeal oonica: prove that the pointa of contact 

lie on a rectaDgular hyperbola passing through the foci and 
having an aaymptote in the given direction, 

485. The finee eoDnectlng the extremitiea of any dbord and 

any diameter of a rectangular hyperbola intersect in two points 
which are concyclic with tho extremities of the diameter: deter- 
mine the condition that they may intersect on 9, fixed cirde. 

486. Find the points on an equilateral hyperbola at whidi 
the normal ia parallel to a given chord. 

487. The locna of the pole of any chord of a parabola which 
subtends a right angle at the focus is a rectangular hyperbola. 

488. The subnormal at any point of an equilateral hyperbola 
ia equal to the central abscissa; the tangent from the foot of 
the ordinate to the auxiliary circle is equal to the ordinate ; tho 
projection of the normal (terminated by either axis) upon either 
focal veetor ia equal to the aemi-^ais ; and the intercept made 
on any tangent by the aaTmptotea anhtenda a ri|^t angle at the 
point ui which the normal ,meeta either azia. 

489. Any two anpplemental chorda of a rectangular hyper- 
bola form an isoscelea triangle with either asymptote, and con- 
versely. 

490. Any two conjugate diameters of an equilateral hyper- 
bola contain equal and similar triangles with the ordiuates and 
abscisss of their extremities to any other diameter. 

491. The sum or difference of the indinations of any two 

conjugate diameters of an equilateral conic to a fixed diameter 
is constant : distinguish between the several cases. 
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492. Any circle drawo through the eztremltios of a diameter 
of a reetangular hyperbola meets the conre again at the extra- 
vities of a diameter of the circlei aad its taogents at thoae pointi 
•re ordinates of the diameter of the h jperbohu 

493, The circles described on parallel chords of a reetangular 
h/peibola as diameters haye a common radical axis. 

494* The ends of the equal conjagale diameters of a series 
of confbcal ellipses lie on the oonfocal rectangular hTperbola. 

495* The straight line joining the feet of the perpendiculars 
from any point of a rectangular hyperbola to two conjugate 
diameters is parallel to the normal at the point. 

496. The oppesite arcs cut off by any two diameters of a 
rectangular hyperbola subtend equal angles at any point on 
thecunre. 

497. Any two rectangular hyperbolas so placed that the 
axes of the one coincide with the asymptotes of the other inter- 

sect at right angles, and each of their common tangents subtends 
a right angle at the centre; and if two tangents to a pair of 
conjagate rectaogolar hyperbolas be at right angles, the straight 
line joining their points of contact subtends a right angle at the 
centre* 

498. If on opposite sides of any chord of a rectangular 
hyperbola equal s^g^ents of circles be described, the four points 
in which the completed circles meet the hyperbola again will 
be the angular points of a parallelogram ; and if parallels be 
drawn from any point on a rectangular hyperbola to the sides 
of an inscribed parallelogram, they will meet its opposite sides 
in two pairs of points lying on a circle. 

499. The foot of the focal perpendicular upon any chord of 

a rectangular hyperbola which subtends a right angle at the 
focus lies on a fixed straight line. 

500. The normal at any point P of a rectangular hyperbola 

meets the curve agaiu in aud RR is a chord parallel to the 
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normal: prove that PR, QR' and PR^ QR intersect on the 
diameter at right anglea to <7P.* 

501. In any right angled triangle inscribed in an equilateral 
hyperbola the perpendicular upon the hypotenuse is the tangent 
at the right angle. Hence shew how to find a third point on 
the curve when two points and the tangent at one of them are 
given ; and shew that the curve is detennioed when two points 
tnd the taogeotB thereat are giveii, or three points and the 
tangent at one of them, or two points and the tangent at on« 
of them and a seoond tangent. 

502. Given the middle points and the directions of two 
chords of an equilateral hyperbola, the two pomts and the 
intersection of the parallels through each point to the opponte 

chord determine a circle which passes through the centre 
the hyperbola. 

503. If through each of two points a parallel be drawn to 

the polar of the other with respect to an equilateral hyperbola, 
the circle through the two points and the intersection of the 
parallels will pass through the centre of the hyperbola. 

504. Given the centre of a rectangular hyperbola and a 
self-coojugate triad, determine its asymptote8.t 

505. Two equilateral hyperbolas can be inscribed in a given 
quadrilateral, and their centres are at the points in which 
the diameter! of the quadrilateral meets the circumscribed circle 
of the triangle formed by its three diagonals. 



• Examples 471, 482, 484, 492^600 and oUmxi an tEom Woktanfaolme'a ifoOa- 

matical FrohUms. 

t If C bo the centro und PQR the conjugate triad, let CP meet QR in and 
opoa QJttakApointaa'udJr •nchtbatOTsirFsOr; fhan wfll OT aad CIT 
be the asymptotes. The foUowinff melliod api^iei totbtf^ejura/ hTpobdla (Bx. 466). 

Draw CP', CQ[^ CR parallel to QR^ BP, PQ, and find the two double lines of the 
inTolution (Ictcrmincd by the jmin* of conjngnte mys CP, CP' ; CQ, CQ' ; CR, CK. 

J By a theorem of Newton {Principia, Lib. i. sect. v. lemtua 25, cor. 3) the 
centres of all the conies inscribed in a quadrilateral lie upon the straight line (Ex. 372) 
wUdiwe]wveadledthflDiAMBrBBofth0<piadriIatflral (11.188^^ 8m ate Bs. 61Sb 



Digitized by Google 



BZAMFLBS. 



185 



5o6« The three pairs of chords connectrng any four points 
on an eqniUteral hyperbola intersect upon the drcnmferenee 
of a circle which passes through-its centre. 

507. The ninc-point circles of the four triangles determined 
hj four given points cointersect at the centre of the equilateral 
hyperbola which passes through the four points.* 

508. Four points being taken at random in a plane, there 
exists in general one other point in the same and one only 

such that the lines radiating theret'roin to the middle points 
of the six lines connecting the four points are inclined at the 
same angles as the lines which they severaiiy bisect. 

509. GKven any two points ui the plane of an eqailatera) 
hyperbola and the directions conjugate to the diameters passing 

through them, determine a circle on which the centre lies. 
If a chord and the direction of the polar of a point upon it 
be given, this circle passes through the point and bisects the 
chord and has its tangent at the middle point of the chord 
in the given direction. 

5 10. Determine the centres of the fonr equilateral hyperbolas 

which pass through two given points and touch two given lines.f 

5 IX. Given two points of an equilateral hyperbola and 
two tangents to the samOi determine the four positions of the 
chord of contacti 

♦ Tlirce other circles may Ixj detemiiiied by Ex. 502 aad aootber hj Fl , b06f 
making in all siaUT, wliich i>aH.s through thu same point. 

• t If il and ii'tetlie given iJuiutA, C tha intanootioii of tin tangents, and Z and 
T tlw polnto In whidi thay meet AA\ Uie pointa A, A* and X, T defeanuina ail 
IttTollltiOD through one of whoae foci P or Q the chord of contact of the two tangcnta 
nn5>t pass : let it paaa through P, of which CQ will Ix; the Polar. Bisect A A' in / 
and A'>' in C, and draw a circle through P and / having its tangent at / parallel to 
CQ (Kx. bOd). Through the second interaection of CI with the circle draw Px meeting 
CK in fl^ and dmw the tangant to Hie dido and I«t it moat CQ in thn the 
interacctiona of ay with the dfde determine two of the reqnirad oentiaa, and the 
other two are determined by interchanging P and Q. Thia construction ia given by 
PoNCKLKT in Gergonne's AnwiUs, tome iii., where he corrects (p. 211) the mis> 
statement of the joint article b/ Bhanchon and Poncclet (XI. that the Jour caUru 
ii« on one eircle. 

X Determine aa beloia the point P on Che dioid cf oootact and ita polar CQi 
find a thiid point 2^ on the curve (Ex. 474) ; and let and /*' ha tha fbd of the 

involution determined by A, D and the pair of points in which the tanganfci meek 
AM. Thenwill/'/'andPF'betwopoaitionBof the chord of contact. 
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51a. Qiyen tliat the centree of all the equilateral hyperbolas 
dieomioribiiig « triangle lie on » cirde, dednoe tlie fondiyiMatil 
property of the nine-point dnde of any triangle. 

513. The three circles whose diameters are the diagonals 
of any quadrilateral belong to a ooaauA system/* whose limiriwg 
points are the centres of the two inscribed eqoilateral hyper* 
bolas. 

514. The director circles of all the central conies touching 
the same four lines have a common radical axls,t which is 
also the directrix of the inscribed parabola^ and if the conioi 
touch but three lines, thdr director eirdes have a oommoa 
radical centre. 

515. The circnmscribed circle of any triangle which is self 
conjugate with respect to a cooio cuts its director circle ortho- 
gonally:! it the conic be an equilateial hyperbola the ctrele 
passes through its centre: if it be a parabola its directrix passes 
through the centre of the cirde. 

516. The base of an isosceles triangle bebg upon a fixed 
straight line and each of its equal sides passing through a fixed 
point| whereof one is on the fixed line, shew that the locus 
of the Tertex of the triangle b an equilateral hyperbola passing 
through the fixed points and baring an asymptote parallel to 
the fixed line. 



* flee TowamilA CSbyCwt on tk§ Modtm 0§m t l i' j f At Pointf L ine, amd CMt, 
Azt.l8»(Toll.p.S68). 

t Thia follows from Prop, vn by reciprocation, as in the Oxford, Camhridtft amd 
Dublin Messenger of Mathemntxcs, toI. I. p. 169. A direct proof bj iuTOiatiiOll is 
given in vol. Iil. p. 31 of the same, by •* W. K. C." [Cliffobd.] 

X It may be shewn that the circumscribed circle of the triangle formed by the 
tinM diagoiitta cf a qnadiflatwfal it orttiogimal to the diekt on its thm dLigoMls 
•■ ^»MfiMp— . Sk* 516 tliMi follows with the help of Bz. 614 by regwding the aSdea 
of any self conjugate triangle as the diagonals of a quadrilateral which envelopes 
the conic. This theorem is due to Gaskin, wlio proved it by the Cartesian method 
in his work (p. 38) already referred to in the note on Ex. 468. Eight years later 
the equivalent theorem : " On c2onne im tnangU eoi^ugmi A «M eUipse...la tan^emU 
WU1U0 MNfre di Vdlipse ott eerefe ctrepnierfir am triamgh 4gah h Is cordt dm 
fnodirotM d*9lXijf9$i* wee piopoeed by Cap. Ifknxtt ee Quest. 624 in the Howmttn 
Annates, tone ZDC p» 184 (1860). flee alao xn. 890^ 846} zx. 16^ T. SOS 
(SBtefaie). 
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517. If through five eonejdie points takea in foon five 
•qnilatml hTperboks be drawn, their oentroa will lie on a 
second cirde of diameter equal to the radine of the former. 

518. The locoB of the centres of all the conies which pass 
throogh four giren points is a conic FroTO that the locus 
will reduce to a circle if any two of the conies through the 
four points be equilateral hyperbolas, and to ao equilateral 
hjiiperbola if the four points lie on a circle. 

519. The tngular points and the centroid and orthooentre 

of auj triangle determine ten triangles whose nine-point circles 
meet in a point; and this point lies on the circumference of 
the maximum eliipae that can be inscribed in the original 
triangle.* 

52a Shew that the centre of any equilateral hyperbola 
inscribed in an obtuse angled triangle lies upon the circle 
with reapect to which the triangle is self conjugate. 

521. The angular points of a triangle and the extremities 
of any diameter of its circumscribing circle, taken four together, 
determine five equilateral hyperbolas whose centres lie on the 
mne-point circle of the triangle. 

522. A variable triangle circumscribes an equilateral hyper- 
bola and its nine-point circle passes through the centre of the 
curve : prove that the locus of the centre of its circumscribed 
cirde is the hyperbola in question. 

523. Prove that the opposite sides AB and CD of a paral* 
lelognun inscribed in a rectangular hyperbola subtend either 
equal or supplementary angles at any point F on the curve; 
the drcumscribed cirdes of the triangles FAB^ FBOf FOD^ 
FDA are equal; and the product of the perpendiculars from 
P to each pair of opposite aides of the parallelogram is the same. 

524. With the extremities of any diameter of the circum- 
scribed circle of a triangle as foci two parabolas are drawn 



* Sm M tOktma i ioa l QfnUikmi, 4c./rom tk$ Bdooatioxal TiMMBf toL it. p. 89. 
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touching the sides of the trieiigle; prore that the tangeats at 
their vertices are the asTOdptotes of one of the series of red- 
angular hyperbolas which pass through the vertiees of the 
triangle. 

525. GKven the base of a triangloi prove that if the biaecton 
of its vertical angle be parallel to fixed llkies, or if its two 
sides mske equal angles with two fixed straight lines, the 
locus of its vertex will be a rectangular hyperbola whose 
asymptotes bisect the base of the triangle and are parallel to 
the bisectors of its vertical angle. 

526. Given two fixed tangents to a variable parabola and 
a fixed point on its axis, prove that the locus of its focus is 
a rectangular hyperbola having its asymptotes parallel to the 
bisectors of the angle between the fixed tangents and its centre 
at the bisection of the line joining their point of concoorse to 
the fixed point on the axis. 

527. If a rectangular hyperbola has double contact with 
a paralioU, the line joining the intersection of their common 
tangents with the centre of the hyperbola is bisected by the 
directrix oi the parabola. 

528. The drde described with any diameter of ati eqni- 
latml hyperbola as radius meets the curve again in three 

points which determine an equilateral triangle ; and conversely, 

the circumscribed circle of any equilateral triangle inscribed 
in an equilateral hyperbola has one of its radii coincident 
with a diameter of the hyperbola. If OA and OB be the 
bounding radii of a circular arc AB^ shew that a point of 
trisection of the arc lies upon the rectangular hyperbola which 
has OA for a diameter and passes through the point of con- 
course of OB with the tangent at A to the circle. Dedaoe 
from the above that the problem, to trisect a given angle, admits 
of three solutions. Prove also that that if points F and Q be 
taken on AB such that 

arc-4P=2arc J5^, 
the intersection of AJPmd OQ will lie on the hyperbola. 
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529* ^ P^>^ mean proportionals to two given magnitades 
m and n may be foood as follows. Describe a parabola of latns 
re^mn equal to m, and with its axis and the tangent at its 
▼ertez as asymptotes describe a hyperbola whose semi-latas 

rectum is a mean propoi-tional to m and 2n; tlicD will the 
distances of their point of concourse from the asymptotes be 
the two mean proportionals which were to be found.* 

530. The circle described on anj radhis of a lectangolar 
hyperbola as diameter meets the cmre in two points whose 

distances from the asymptotes are in continued proportion; 
and conversely, the hyperbola drawn through the point of 
concourse of two sides of a rectangle so as to have the other 
two sides for asymptotes meets the circle circumscribing the 
rectangle in a second point whose distances from the asymptotes 
are a pair of mean proportionals to the sides of the rectangle. 
Hence shew how to find a pair of mean pn^rtionals to two 
giyen magnltades.t 

531. The difference of the ordinatcs of the points in which 
any tangent to an equilateral hyperbola meets the directrices is 
to the difference of their distances from the centre as the diagonal 
to the side of a sqoare; and their distances from the centre are 
to one another as the focal perpendicalars npon the tangent.} 

* Tliis construction alio (ef. Art. 20, Oor.) li MOribed to Ifouechmixs. 

t The Ptluin problem of the DUPLICATION OF THE GUBI (i.e. the construction 
of a cube of twicr the volurae of a given cube), which ro exercised the ancient 
geometers, was reduced by Hippocrates of Chiu:i to the problem of finding a pair 
of nean proportSonala to two giTW nuigiiitadn (Art. 20, Oor. and Bsc 482» 629, 580). 
Bee Bdmer^i Sidoria FrcbbmatU dt Cubi Duplioatiovb (QottingB^ 1796) ; WaltooV 
Problems in Uluttrution of the prineiple$ qf Plane Coordinate Gcomttry, p. 157; 
Brctschneider's Die Geomeirie und die Geometer vor Eokxiors, §78. The method 
of Ex. 530 Is employed in Gr^goire de St Vincent's Opus Geomelricum Quadratura 
Circuit (lib. vi. prop. 136, p. 602), and elsewhere. The TUsionoir or THB AMQiM 
(fiMX. 808^ SBS, fiSS) like fhe former probkn b eqabralent to the adntioii ot a eaUs 
equation, end either may be effected by the intersection of a didc with a parabola 
M was proved, in the tliird book of his Geomeiriu, by Dk-^ Cautks ; who further shews 
that solid problems in frcncral can be retluced to the sauic two constructions, and 
I^TOe his reasons for concluding u priori tliat *' Problemata Solida con^rui non poftitU 
etbtqm AeUomShii Cmncu, nee qua magi» compotita $mt «£m etUii Kneie, magie 
comparitie* 

X Exx. 6Sl— '7 are from Booth's Xew Geometrical Methods, i. 291—2 and i. 343 ; 
Exx. 538—40 from Gn^^ory St. Yinoent'a Opu$ Geom, Qmdrat, Cireuli, lib. tx. 
props. U6, 156, ICe (pp. 606-16). 
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532. The anxUIary circle of an equilateral hyperbola is the 
envelope of the lines joming the points in which any two diameleni 
at tight angles meet the curve and its directrices respectiTely. 

533. If tangents be drawn to an equilateral hyperbola from 
a point on one of its directrices and their chord of contact be 
produced to meet the directrix, the intercept upon it between 
the chord and the point will sabtend a right angle at the centre 1 
and if the tangents be drawn from any point not on the directriX| 
the fecal distance and the polar of the point will intercept on the 
directrix a length which subtends a right angle at the centre. 

534. The intercepts on either directrix of an eqnilaterai 
hyperbola between any chord and the tangents at its eztremities 
sabtend eqnal angles at the centre. 

535. The chords drawn from any two fixed points on an 
eqnilaterai hyperbola to a variable point on the same intercept 
on either directrix a length which sabtends a constant angle at 
the centrci the constsnt angle being a right angle in the case in 
which fixed points are the vertices; and the angles sobtended 
at the centre by the intercepts on the two directrices are together 
equal to the angle subtended by the chord joining the fixed 
points. 

536. If a right angle revolve abont the centre of an e^pu- 
latml hyperbola, the abscissa of any point on either arm Taries 
inverMly as the absciaia of the point in which ili polar mteels 

the other arm. 

537. If a diameter of a parabola meet the carve in P and 
the directrix in M and a length MFQ be taken on it eqoal to 
the nonnal at P| the locos of Q will be a rectangular hyperbola 
havmg its centre at the vertex of the parabola. If M'P'Q 

be any second position of MPQj shew that the hyperbolic area 
QMM'Q' is equal to the product of the arc PF* of the parabola 
and its semi-latus rectum.* 



* When the duuneten ore ooMtuUre the disUnoe between them is to the aie 

rv as the subnormal at P to the normal, whence the required xeeult readily followe. 
Thus the QUADAATuaa of the Hyperbola ia ledaoed to the awnriOATiov of the 
Parabola. 
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538. A hyperbola liSTing for asymptotes the axis of a 
punbola and the tangent at its Tertez cots the parabola in 
smd APQ is drawn from the Tertez of the parabola to meet it 

in Q and to cut the hyperbola in P; prove that if the ordinate 
of Q cut the hyperbola in the segment A OP is equal to one- 
third of the segment APB\ and if from the latter segment 
^CF he cut off equal to one-third of its area, then will AO^ 
and the ordinate of meet QE and AQ lespeotiYely on a 
parallel through Oto the axis of the parabola. 

539. If from any two points Q and Q[ on the above hyper- 
bola parsllels he drawn to its asymptotes meetmg the mm in 
Jf, M' and N'^ the areas OQM, OQN, OQM^ OQN' wiU 
be proportionals. 

54a If throogh the point Q a seoond parabola be drawn 
having the asymptotes for its axis and the tangent at its Tertez, 
the arcs of the two parabolas will trisect the area QMNl 

ZrOTX ON THS KIKK-FOINT (TTBnT.K. 

The property of the Nine-point CSide was stated and proved by 
Biiaaohon and Foncelet in Qergonne's Annales, zi. 216 (1821). 

Bee abovo, p. 175, note. The property may be verified as sug-gosted 
in Ex. 512, viz. thus. Each of tlio six chords connecting a triad 
ABC and its orthocentre 0 (Art. 69) is a diameter of one of the 
series of equilateral hyperbolas which can be drawn through 
A, B, C: these siz eboros aie theiefine bisected by the locos of 
oentres (a chde), which also contains the three inteneotiooa 
J>, JS, F of the chords taken in opposite paixs (Art 54 and p. 17I9 
note). A short proof by inversion of the theorem (Salmon's Conic 
S^cUons^ Art. 131, Ex.), that the nine-point eircU of a triangle touches 
iU inscribed and exscribed circles, was given by Mr. J. P. Taylor, 
Fellow of Glare College, in the Quarterly Journal of Mathemaiia^ 
YoL zni. p. 197. The same nine-point circle touches the siztbkn 
insoribed and ezsoribed cizolsa of the fonr triangles determined by 
a triad and its orthocentre. 
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CHAPTER VIL 

THE OONB. 

71. An imlimited strugfat line which paaaes through a fixed 
point in space and moTes round the drcomfereoce of a fixed 
circle generates a tnrfkoe which is called a Com.* The line In 

any of its positions is called a Side or a Generating Line of the 
cone ; the fixed point is called the Vertex^ and the straight line 
joiuiDg it to the ceatre of the circle is called the Axis of the 
cone.f 

When the axis is at right angles to the plane of the circle 
the sorfaoe generated is a Right Oireidar cone: in other cases 
the cone is called Ohlique or BcaHem. In this chapter we shall 
shew that the cnr^e of intersection of a cone with a plane is a 

parabola, an ellipse, or a hyperbola; and we shall derive their 
elementary properties from the cone itself, confining our attention 
in general, for the sake of simplicity, to the right circular cone. 

In the particular case in which the section of a right 
circnlar cone is taken at right angles to its axis, it is OTident 
that the section is a circle. Anj cbienlar section maj he 
regarded as the Base of the cone. 

The Focal Spheres of any plane section of a right circular 
cone are the spheres which can be inscribed in the cone so as 
to touch the pl.ine of section. Their points of contact may be 
defined as the Foci^ and the intersections of their planes of 
contact with the plane of the section as the Directrioes of the 

* Tlie complete oone oomrists of two infinite portions on opposite sides of tht 
▼ertex. The ^ri^'ht) cono ns define<3 by Edclid (Book xi. (l< f. IH) is the finite 
figure (p. 103) (it-scnU-d by tlie revolution of A right-angled triangle about one of 
the sides coiitaiuiug ttie right angle. 

t The COM and its azU art ttmi defined bj APOLLomim at the beginning of IS» 
lltpl K«»MiSar (p, IB, ed. Hellegr). In the obliqne oone^ whida has two eefee of 
circular sections, thin definition gives two lincs^ cither of which may bo called Uie 
" axis." In analytical treatises on Solid Geometry the term axis it not used as above. 
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aeetioii.. We ahall sbew that theae points and lines are identical 
with' the foci and directrices as hereinhefoie defined. 

In what follows suppose a plane through the axis and at 

right angles to the base of the cone to be taken as the Plane 
of Reference and the Section to be made bj a plane at right 
angles thereto. 

THE ORDINATE. 

PJ2OP08ITION I. 

78. The square of the principal orHmae in anjf tecUcm varies 
as the product of the corresponding ahscissce, 

(i) Let A and A' be the vertices of the section, PjP a 
principal double orduiate meetuig AA' in and let the plane 
of cbeular section through PF meet OA' in X, and OA in 
the point 0 bemg the vertex of the cone. 

Then in the circle P}P is eqnal to LN.MN. And as LM 
moves parallel to itself| MN varies as AN and LN varies as 



0 




A*N, Therefore PN* varies as AN,A'Nj or the square of the 
ordinate varies as the product of the abscisses. 

When the section cuts all the generatmg lines on the same 
nde the vertez it is an Mltpse, and when it cuts both 
branches of the cone (fig. p. 199) it is a H^fperMeu 

O 
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(n) If the axis -4^ of the section be parallel to the side OL 
of the oooe, then, in the figore of Art. 74, since the length LS 
is coDfltaDt whilst NB varies as the abscissa therefore PN* 
(or LN* NE) yaries as ANj and the section is a Parabola. 

Hence It appears ^at whateyer be the vertical angle of the 
cone the section is a parabola, a hyperbola or an ellipse according 
as the angles LOA and OAN are together equal to or greater 
or leas than two right angles. 

Corollary 1. 

Since in the former part of the proposition 

PN* : AN. A:N^ LN. MN : AN. A'N^ AE. AK : AA% 

where AH and AE, are the diameters of circular sections^ it 
follows that ike conjugate axis of the seefum ts a mean proportional 

to the diameters of the circular sections throtigh its vertices?, and 
the semi-axis conjugate is a mean proportional to their radii 
or to the perpendiculars from the vertices of the section upon 
the axis of the cone. 

Corollary 2. 

Hence it readily follows that the orthogonal projection of the 
section upon a plane of circular section is a conic having a focus 
upon the axis of the cone.* 

SOUOUUM A. 

MEN.somci76 (or Meneclimus) is said to have been the discoverer 
of the conic sections, which have been accordingly called after him 
tho yf^nccchmian Triads. Thus Prochis in the second book of his 
( ommentaries on the First Book of Euclid, writing on Def. 4, ptntes 
upon tho authority of Geminus : " But ^nth respect to theso 
sections, tlio conic were invented by MsDneebmus which also 
Erastosihenes relating says, Nor in a cons Maneehmum ternaries 
divW QrhoB. Taylor's ProduSf I. 134) ; and see the end of the 
letter of Erastothenes to Ptolemy, given by Eutokius in hia com- 
mentary on Archimedes, De Sphar. st Cyl, (Archim. 6Jp.y p. 146, 
ed. ToreUi), where the same verse, 

fufi^i Mtvtxittlovf lasrorofutr rpidhatf 

• This pxopCKty wta given by W. H. Talbot, of Cambridge, in QervooneV 
Annale$, Ziv. IM. 
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appears in its original oontozt. The authoritieB are given as above 
in Bietflohneiders, DU O^omiUr und d*0 Oeomeiru vor Mtiidtif 
§116, p. 165. 

Tho parabola, tho ellipse, and the hyperbola wore anciently 
regarded as the sections of right circular cones of difforont angles 
by pianos at right angles to their sideSf and were accordingly known 
as tho sections of the right-angled, tho acute-angled, and tho 
obtuse-angled cones respectively. Apollonius shewed that they 
conld all be eat from one and the same right or scalene oone, and 
he gave them their names iVwoftols, ElXipBe, JSfperboUif for the 
reason assigned above in Chap. iv. Scholium A, p. 82. See Pappi 
Alox. Collectioy lib. vii. §30 (p. 672, od. Hultsch); and J. H. T. 
Miiller's Beitrdge zur Tcrminologie der Griechischen MiithematikeTf 
p. 2o (Leipzig, 18fiO). Arculmkdes is sometimes wrongly sup- 
posed to have employed the term Farabolay for tho reason that one 
of his treatises came to be known by the title, 'Ap^ifitjiove ren>a- 
yt*ytoyioc UapafioX^s, whereas throughout the treatise the anther 
uses only the periphrasisi i/ rov opOoywyiov Ktivov rofid. In like 
manner he ealls the ellipse i; rov 6lvy(ayioy ,kwvov TOfM, and the 
exceptional occurrence ol the term Ellipse itsolf in his work Be 
Conoid, et Spharoid. (lib. I. cap. 9, &o.) is rightly attributed to an 
error of transcription. 

Eutokius, at tho commoncomont of hia commentary on the Conies 
of APOLLomus (p. 9, ed. Halley) explains the names of the three 
oonios as follows.* Let LOR be the angle of the cone, AN the axis 
of the section supposed at right angles to the side OR^ and A, tilO 
vertex of the section, which will be a Parabola, a Hyperbola, or an 
£llipse, according as tho angle of tho cone ia equal to, or groator or 
loss than a right anglo. Tho Parabola is accordingly Raid to be so 
called bccauso AN is parallel to OL: tho Hyperbola bocauso tho 
angles LOA and 0^ Altogether exceed two ri^ht angles, or bocauso 
NA falls beyond the vertex and meets the side LO produced : and 
Hie Ellipse beoanse tiie angles LOA and OAN are together Umb 
than two right angles, or because it is a defective circlo (irvicXoy 
€\Att77»/). It however the namos in question wore first introduced 
by AroLLo:Tius, it is clear that they are to bo explained as on p. 82. 
The property of the ordinate thero* f^ivon is used by him to discri- 
minato between tho three conies and forms tlio actual babis of his in- 
vestigations, so that having once obtained it ho makes in reality 
Teiy little further use of the cone. 

THE ASYMPTOTES. 

PUOrOSlTlON II. 

73. The tectums of a cone hy parallel planes are similar 
curves; and the asymptotes of the hyperbolic sections made by 

* The pa.<«sagc is given in the Gredc at the end of Walton's geometrical Prcbkmt 
(see above, Ss. 580, note). 

02 
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parallel planes are parallel to ike sides of the cone tokidk He 
on ike parallel plane through its vertex. 

If any fixed straight line through tbe vertex 0 of the eone 
meet a pair of parallel planes in M aixl and if a yariable 
plane through OMN meet tbe sectioss made bj those plazies in 
Pand then 

MFiNQ^OMi ON; 

or the parallel vectors 3fP and NQ are in a constant ratio, and 
the sections are therefore slnailar. 

If M and N be the centres of a pair of hyperbolic sections 
the TectoiB MP and NQ become infinite together: hence the 
asymptotes of anj two fNurallei hyperboUe sectiona aie 
parallel to one another, and therefore tiso to the sides of the 
eene determined by the parallel plane through the vertex, since 
this is a limiting position of one of the planes of section. 

Corollary, 

The aokgle between the asymptotes of a hyperbolic section 
cannot exceed the Tertical angle of the cone; and conTeraely 
in Older to cot a hyperbola of given eccentricity from a cone 
we must take a cone whose vertical angle not leas than that 
between the asymptotes. 

THB FOCAL SPHEBEa 
rsoPoemoR iii. 

74, The distance of any jwint of a section from the point of 
contact of its plane with either focal sphere is in a constant raiio 
io ike distance of the point from the plane of contact of the sphere 
with ike conSf or to its distance from the line in which thai phne 
meets theplane qfseetionJ^ 

Let S be the point in which the plane of the section touches 



• Tlic rcwler who prefers to define a conic ns the section of a cone by a plane 
may tkfinc its foci ai\d directrices hy means of the focal pphcr^ (p. 1!>2), as Picrc*s 
Mortou (SchoL B) proposed to do. The propotition will then take the form tiiat 
<'TlMdiataiifieof any point on aoonie from dtber focot is in a oonataat ittlo to ili 
diatenoe from Chtt ooiraipoDding direekiix.** 
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tSAer of its focal spbevesi and MX the line in whidi it meets 
tbe plane of contact of tbe sphere with the cone. 

Take any point P on the section, and let Q be the point 
in which the side of the cone through P touches the spherei 
and let PM be supposed paraiiei to the a«us of the section. 

(i) Then the tangent Pi9 to the sphere is equal to the 
taqgent FQ^ and the perpendicular from P to t hc^ j^ttkfi^Jlf 

contac t varies as PQ^ and likewise as Pif; und therefore 8P 
varies as that perpendicular, and likewise as PJ/.* 

Hence the point of contact S and the line MX are a Focub 
and Directrix in accordance with their definition on p. 1* 

(ii) Thia resnlt is osnallf ohtamedi rather less directl/i as 

follows. 

Having made the same construction, let the side of the cone 
throagh the vertex A of the section touch tbe sphere in E 




and meet the plane of circular section through P in i?; let PN 
be the ordinate of P to the axis ^iV of tlie sectioui and let X 
be supposed to lie in the plane of reference. 

* If a And /3 be the iDcUnatioiis of the axis of the oone to the axis of tlw tectioa 

and to a side of the cone reppectiTely, then .*?/* = cos o . sec /? . PM\ or the eccentridtg 
U equal cos a . scc/J, aad is Uuurcforc limited by the verticai angle of Uie oone and 
cannot exceed acc /3, 
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Then since SF is equal to FQ^ and FQ is equal to RB, 
therefore 8F is equal to RE, 
Hence and by parallebi 

8P'.NX^REi NX^ AE : AX 

^ASiAXf 

or ifiP ia to PM or NX in the constant ratio of 8A to AX. 
In the case of a bifocal conic the second focns and directrix 

arc determined in like manner, as is indicated in the diagrams 
of Art. 75. " 



PROPOSITION IV. 

75. The sum or dijffhrenoB of the distances qf oiijf point on 
a section from ike points qf oontad qf its plane vfiih the fooaH 
sphms is coiwtenf, heinrj equal to the interest made hjf the pkmes 
of oontata of the spheres upon amj side of ihe eone. 

Let 8 and // be the foci, or points of contact of the focal 
spheres, and Q and li tlic points in which the spheres meet 
the generating lino through any point F of the section. 
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(i) Then since the tangents from P to cither sphere are 
equal, therefore by addition in the case of the ellipaei 

which is the same for all positions of F on the section. 

(ii) And by subtraction in the case of the hyperbolai 




whieb is constant| as in the former ease. 

Corollary. 

In the first figure if OA and OA', drawn from the vertex 
of the cdnc to tho vertices of the section, touch the i6^8phere 
in £ and then 

OA* - A' 8^ OE^OE^OA'-ABy 

or OA* ~ OA is equal to SIL In the socoiul figure it may bo 
shewn in like manner that OA + OA is equal to SU, llcnce 
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tbe aooentricity is the ratio of OA'±OA to AA\ and tbe 
distaoce of the foci from the centre is \ [OA t OA). 

PfiOPOSIIIOM V. 

76. The Umgena at anypomi cf a aeetion mahei eqwd cmgltM 

wih the focal distances and with the side of the cone,* 

Let TFt be the tangent at anv point P to the section, aod 

let the side OF of the cone meet the focal spheres in p and p\ 
Then since tbe tangents PS and Fp to the ^sphere are 

eqi»l| and likewiee the taDgents T8 and 2^ theii^m tbe 



0 




* Tbia property and its applicatioDA were pointed out by me in an orticlo on 
Am Angle-property ^ fft« JE^ CMhr Cbnt coatrilnifeed in Jiine 1871 to tlis 
Mmmjw ^ Jlart— ffat (vdL I. pb 67), and in mbeeqaant wtidflii Tlw mhm 

methods were employed in Booth's Trwiitit on Conic* published some yean later in 
the second toIiuuc of hia Ntvo Gtometrical Methods; but from the introdaction tO 
that volume wc Ic.u n (p. x) that the sutetancp of the treatise had been read befiM 
the Eoyal In&lx Academy iu 1837, although not published till lorty yeaxs after. 
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triangles T8P and TpP are equal in all respects, Laving their 
angles at T equal and their angles at P and their supplements 
equal. 

In like manner it may be shewn that the angles at T and 
theae at P in the triangles THP and TpF are equal 

Henee L BPt^pPt^p'PT^ HPT^ 

or the tangent TPt makes equal angles with the focal distances 
aP and MP and with the side OF of the cone.* 

PfiOPOSITION VI. 

77. Hf tangents b$ drawn to a BecUan from any point in its 
plane^ and a side of the cone be drawn through either point of 
contact^ the intercept upon it between the foad spheres subtends 
at the point of concourse qf the tangents an angle equal to the 
wngU between them. 

It may be shewn as in Art. 76 that the angles 8TP and/^TlP 
are eqnal, where T is any pomt en the tangent at P\ and in 
Hke manner that the angles HTP and p*TP are eqnal. 

Hence L pTp' = 8TP^ IiTP= STU-^ 2STR 

If be the second tangent from T to the sectioni and 
if the side of the ooi|e through B meet the q^heres in q and q\ 
it may be shewn in like manner that 

iqTq'== jsni + nm = sriii- 2sm. 

And since the triangles and qTq have their sides which 
touch the spheres equal and their bases pp' and qq* equal, their 
angles at Tare equal. Hence a fresh proof that the angle 8TP 
is equal to HTB (Art. 50); and it follows that 

lPTB^pTp=qTq', 

as was to be proved.t 

OoroUanf, 

If FTR be a right angle, p Tp is a right angle and T lies 
on a certain sphere. The locus of T is therefore the section 

• This OMJ «]w be pvofed faj ^ mflUiod of Ait. 4S (i), duos OP ^ SP 1m 

QOXiBUmt. 

t Observe that the triangle Tpp' ift identically equal to the toangle STU ' of 
Art. 50 (Cor. 2 and Sciiolium D). 
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of a sphere by a plane ; that is to saji it Is the cifole y/fhUk 

is called tho Director Circle. 

PROPOSITION VII. 

78. 7%6 corrugate axis of any secUon is a in&m proportional 
to the diameter$ of itt foeeU spheres^ and it$ laiuB rectum variet 
08 the perpendunUar to the plane qf tectum from the vertex ef 
the cone. 

Let AA' bo the axis of the section aad / and F the oeutres 
of its focal spheres. 



o 




fS:AS^AIl:FH, 



and therefore fS.FE^AS.AH^ CB% 

or CB is a mean proportional to the radii of the spheres, and 

2CB to their diameters. 
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(ii) Draw OL perpendicular to AA\ and draw fk and FK 
to the points of contact of the spheres with the side OA of 
the cone. 

Then since OK is equal to the Bemi-perimeter of the triangle 
OAA\ 

fk.OK^t.OAA^\OL.AA\ 

where OK vanes as the radius FK. 

Therefore OL.AA' varies as fk.FKoi CB*\ that is to say, 
OL is in a oonstant ratio to the- latiis reotnm. 

CcTcllary, 

J£ a sphere be described about the vertex of the cone as 
centre, the latns rectmn of the section made bj ai^ plane ' 
touching it will be constant, and will be equal to the diameter 
of the ebcolar sections whose planes touch the sphere. 

PKOPUSlTiON Ylll. 

79. The sphere of vfhteh the line joining ^ oentrea of the 

focal spheres of any section is a diameter cotUains the auxiliary 
circle of the section. 

(i) Since fF (in Art. 78) subtends right angles at A and A\ 

the sphere on fF as diameter cuts the plane of section in the 
circle on AA' as diameter, which is the auxiliary circle of the 
section. 

The annexed duplicate proof further establishes the relation 
between the anziliaiy circle and the tangent. 

(li) Through any tangent YZ to the section draw a plane 
through / and likewise a plane through F. These bisect the 
sopplementaiy angles between the plane of section and the 
tangent plane through to the cone, and are therefore ai 
rigki angles. 

If 8Y and HZ be the focal perpendiculars upon the tangent, 

fY is at right angles to YZ and to the plane FYZ, 

Hence fY is at right angles to FY^ and the sphere on fF 
as diameter passes through y, and its trace on the plane of 
section is a drde, whereof AA' is evidently a diameter. 



Digitized by Google 



204 



TUE CONE. 



ChroUary, 

The right angled triaogles fSY and FHZ being aimiiari 

or the product of the focal perpendiculari apon the tangent n 
constant. 

SOBOZIUX B. 

The constructions for tho Foci and Directrices of the sectiona of 
the oone are dae to Hamilton, Dandelin, and others. 

HvoB HAiOLTOir of Dablin, in lab. n. prop. 37 of his wotk 
entitled De Sectiombm Conieit TYaetatus OeovMtricm m quo ex naimrm 
tpiim Coni Sectiomm Affections facilUme dedueufUur mtthodo none 
(Londini, 1758), establishes tho following properties. In the 
figures of Art. 75 (supposing tho spheres to be omitted) if S be a 
focus and A E bo taken equal to -45, then (1) the ^'-directrix is 
determined bv tho intersection of the plane oi tho conic with the 

5 lane of oixoolar seotioii BQE' ; and (2) the vector 8P to any point 
* of the conic is eqoal to the segment PQ cat off by the same 
circular section firom the side OP of the cone; and (3) when the 
conic is bifocal two circular sections are thus determined which 
intercept on any side of tho cone a length QR equal to the 
transveree axis. Having thus established tho e<|uality of AS, AE 
and of ^'5, A'E't as well as the equality of Oir'and 0E\ ho had 
virtuiedly proved lliat the Iboas 8 might be determined as Uio point 
of contact of AA!^ with the Inscribed drde or one of the eeoribed 
oiidee of the triangle OAA\ or in other words as the point of 
contact of a Focal Sphere with the plane of section. He did not 
however state his conclusion in this form, but presupposed tho 
determination of S by the relation AS . A'S = C^', and then proved 
MX to be tlio directrix by shewing that CS : CA = SA : A X. 

Qu£T£L£T contributed a Memoire sur tme tMUveUe Theorie cUs 
8eetumi ComquM wiMMh dam U SMk (presented Dec 28, 1830) 
to tlie JV^MSMNM? Mimoiru 4$ rAeaUmk Bi9^9h itt 8cimu$i H B§U$9- 
Uttret de Bruxelles (tomo ii. pp. 123 — 158, 1822), in which he 
shewed inter aUa (I) that the foci of a seetion are determined bj 
tlio relation OA t OA' = SJf; and (2) that in an elh'ptic section 
OP - SP is constant and equal to OJJ - CA Those results, so far 
as they go, are identical with llamilton's; but Quetelet (unlike 
liamiltou) gives no construction for the directrices. In the course 
of the above Mimoir$ he refers to his tract on the Curva FocaKi, or 
«Fooale" (Gandavi, 1819). 

Danbelik, in a Memoire tur quelqut9 pntpriiUi nmarquahUi i$ Im 
Focale ParahoUqw published in the same volume of tho Nouvcaiix 
Mhnoires {u. 171 — 202), begins by inscribing the Focal Spiiekbs 
and thus determining tho foci of iho boclions. In tome iii. (I8i'6) 
ho oxtondfi tho same coustiuction to tho liyporboloid of revolution, 



Digitized by Google 



THE CONE. 



205 



but in neither case does he make any mention of the directrices. 
See also toms iv. 77; Quetelet's Correspondancs niathimati^ue et 
phyttfue, I. 83; Qeigoime's AnmUn, zr. 892. 

A oomplete detennination of the Foci and Direotrioes of the 

•eetionB of the cone by means of the Focal Spheres was at length 
proposed by Pierce Morton (B.A., 1825) before tho Camhridge 
JPhihiophical Society in 1829 {TransactioM, vol. iii. pp. 18,5 — 190, 
1830; and see pp. 228 — 9 of the anonymous Geometry, riune Soltd 
and Spherical, in the Library of Ubcful Knowledge, London, 1830). 
'From his intradiHstoiy lemuln it would seem that he was not 
acquainted with the inTestigatioiis of HamiltoTi and Dandelin. 

THE SEGMENTS OF CEOEDS. 

PB0P08ITI0N IX. 

80. A chord of a cone being divided at any pointy to dekrmine 
the redangle contained by its segmente. 

Upon the sariace of a right or scalene cone take any two- 
points A and A' (figores of Art. 75), and in the line AA* or 
its complement take any point X: it is required to determine 
the magnitude of the rectangle AM . AM'. 

Take any fixed circular section KRK\ and from the vertex 0 
of tho cone draw a parallel to A A' to meet its plane in Z* 
and let the plane AOZA' meet the fixed circnlar section in 
IT and K' and the parallel section made hj a plane through X 

Then hy similar triangles AEX^ ZKO and AE'X^ ZK'O^ 

XA.XA'i XE. XE' - Z(f : ZK.ZK\ 

where (1) the latter ratio depends only upon the direction qf 
A A* J since when this is given the point Z is known and the 

product ZK»ZK' is determined, and (2) the magnitude of 
XE. XE' depends only upon the 2wsition of X in space. 

By taking A and A' on a given plane of section we dedace 
the results of Art. 16. 

SCHOLIUM a 

The method of Prop. ix. is frequently attrihuted to HamiltoUi 
in whose treatise it holds a prominent place {Seciiotics Coni&m^ l>68, 
lib. I. props. tLm ill.). He supposed that he had thershy settled 

the old controversy about the cone and the plane in favour of the 
ancients, who derived the "sections'* from, the cone; not being 
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aware that tlio property in quostiou could bo proved in pht)io with 
at least equal ease (Art. 16). Hamilton's propoaitiou had appeared 
in the preceding oentnzy in the lyacMui xxir. Jk S^cHom^m 
Conimi^ props. 48, 49 (pp. 419 — 20) appended to ExrcuDBi 
Adaucttjs Sfe, auetore 2>. Oimim Guarim (Auf^ust<T Taurinorum, 
1671) ; where in prop. 48 the case of two parallel chords cut by a 
single chord is consiacred, and the property of two pairs of parallel 
chords is deduced in prop. I'J. 8eo also Synopftis Pa I //i '7 riorum 
Mai/ieseos : or A New Introduction to the Jlat^t^mafics, by W. Jt>n<^ 
(London, 1706), Part ii. § 69 (a), p. 265: "In any Coiiic Section, 
u two Parallels are cut by two others, and aU terminate at the 
Curve, the Beotangles of the Sf^gmonts shall be Proportional.'* 
Those references are g^vea by Abr. Bobertson, Ssetionmn CMlMriMi 
liiriufpUmt p. 348 (Ozon. 1792). 

EXAMPLES, 

541. The latus rectum of a parabola cut from a giren 
right cone varies as the distance between the vertices of the 

• section and of the cone. 

542. The foci of a!l similar sections of a given right cone 
Ho upon two other right coues. 

543. Prove by means of Art 75, Cor. that the parallei 
sections of a cone have the same eccentricity; and give a 
constraction for cuttbg an ellipse of given eccentricity from 
a given right cone. 

544. The eccentricity of a section is a ratio of majority 
or minority according as the acute angle between the axes 
of the cone and of the section b less or greater than half the 
vortical angle of the cone. 

545. If two or more plane sections have the same direc- 
trix, the corresponding foci lie on a straight lino through 
the vertex of the cone. 

546. Shew how to cut from a given right cone an ellipse 
whose axes shall be of given lengths, or whose latus rectum 
and area shall be of given magnitiulc. 

547. The area of the triangle through the axia*^ in the right 

♦ A POLLON IU8 suiiposed laa sections 10 be made by jtluues at right angles to the 
plane drawn through the axis of tli8<90tte (doflttfll as on p. 192) at right angles to itd 
base. The trkatgh tkrmtgh the axi$ (viz. of the cone) was the trianglo dctemincd 
by the vertex of the cone and tlic tnicc of titc conic upon the plane thiotigh the 
Mia. See Chaaloa, Jj^fu Jlietoriqutf p. 18 (ed. 2, Farisi \67b). 
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cone, varies as the square of the miDor axis of tlic scctioD, 
and the yolome cut off from the cone by the plane of the section 
▼aries as the cnbe of its minor axis, and b of constant magnitnde 
80 long as the minor axis b constant. Is the same tme of the 
scalene cone? 

548. If the minor axb of a section be given In length and 
direction, the locos of the centre of the section b a hyperbola. 

549. Given a right cone and a point within it, construct 
the two sectioua which have the point for a focus; and show 
that their planes make eqnal angles with the straight line 
joining the point to the vertex of the cone. 

• 

550. The vertical angle of a right cone being a right angle, 
the perpendicular from the vertex to any plane is equal to 
the semi-latos rectum of the section made by that plane. 

551. Shew how to cut a section of maximum eccentricity 
from a given cone. Under what conditions b it possible to 
cat a rectangular hyperbola from a cone ? 

552. Shew how to place a given section (when possible) 
in a given cone. 

553. If from the centre (7 of a hyperbolic or elliptic section 

a lino CVV be drawn at right angles to the axis to meet the 
sides of the triangle through the axis, the square of the semi-axis 
conjugate is equal to CV.CV; and the semi-axis conjugate is 
eqnal to the distance of C from the vertex of the cone in the 
case in which the transverse axb of the section b parallel to 
the axb of the cone. 

554. Two right cones of supplementary vertical angles 
being placed with their axes at right angles and their vertices 
ooinddenti shew how to cot from them a pair of conjugate* 
hyperbolas. Shew also that if the two cones be cut by a plane 
perpendicular to their common generating line, the directrices 
of one of the sections will pass the foci of the other. 



* That is to lajr, oonjngate in form and dimensionsi bat net lying in the wuub 
planer 
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555. The locus of the centres of the elliptic sections wbo6e 
major axes are equal is a prolate or oblate spheroid. 

556. If F be the vertex of a right angled oone, and FN 
the orduwte of P in a parabolic section whose Tertex is 

shew that the semi-latus rectum is equal to VP— AN, 

557« An ellipse and a hyperbola lying in planes at right 
angles are so situated that the foci of each are at the verti c e s 
of tiie other. Shew that if i9 be the vertex and A the fbcua 

and F any point upon a branch of the hyperbola, and if Q 

be any point on the ellipse, then 

AS^FQmAF-^SQ. 

558. If two cones be described touching the same two 
spheres, the eccentricities of their sections by identical planes 
are in a constant ratio. 

559. The vertex of a right circular cone which contains 
a given ellipse lies on a certain hyperbolai and its axis toocfaee 

the hyperbola, and conversely. 

560. Two parallel tangents to a section of a right cone 
meet in M and M' a plane which touches the focal spheree 
in points Q and on a generating line: shew that a cuxle 

goes round MQM'Q, 

561. Determine the asymptotes of a given section of a 
scalene cone. 

562. Assuming that one focus of the shadow of a sphere 
standing on a horizontal plane and exposed to the light of 
the sun is its point of coutact with the plane \ find the envelope 
of the corresponding directriX| and the locus of the remaining 
focttSi for a given day and place. 

563. By properties of the cone, or otherwise, find the locus 
of the extremity of the shadow of a vertical gnomon erected 
on a horizontal planCi on a given day and in a given latitude. 

564. The centre of a sphere moves in a room a vertical 

plane which is equidistant from two candles of the same height 
from the floor: determine its locus if the shadows upon the 
ceiling be always iu contact. 
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565. If a point move in a plane in such a way tliat the sura 
or difference of its distances from two fixed points, one of which 
lies in the fdane and the other without it, ia oonstaoti its locos 
will be a plane aection of a right circular cone whose Tertex 
18 at the external gWen point. 

5*66. Prove in Art 75 that SE and SE' bisect the diameters 
of the circular sections through A' and A respectively ; and that 
JSO, AE\ A'E oointersect, and hence that B and E'E produced 
divide AA! harmonically. 

567. Prove from the cone that the intercept on any tangent 
to a conic between the curve and a directrix subtends a right 
angle at the corresponding focna. 

568. Prove also that the tangents from any point to a 
section subtend equal or supplementary angles at either focus. 

569. A tangent to a right cone being drawn, there may 
always be drawn throngh it pairs of planes catting the cone in 
aecdoQS which have equal parameters. 

570. The section of maximum parameter which can be 
drawn through A given point on a right cone has its plane 
at right angles to the generating line throogh the pouit| and 
.baa its tangent at that point parallel to the base of the cone. . 

571. Throngh a given point on a right cone there may be 
drawn any nnmber of planes making sections which have equal 
parameters; and the envelope of these planes is another r^t 
cone, having its vertex at the given point and its axis coincident 
with the side of the original cone throngh that point 

57s. In a given right cone, the locos of the foci of all 
eqnal parabolas is a circle whose plane is parallel to die base ; 
the loens of the fod of all the parabolas whose planes are 

parallel 13 a straight line through the vertex of the cone ; and 
the locus of the foci of all the parabolas that can be drawn 
in the cone is another right cone having the same axis. 

573. The sphere inscribed in a right cone so as to pass 
through a vertex of a section intercepts npon the axu of the 

section a length equal to its latus rectum. 
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574. If BectiooB of • right oone be made heTiiig eoe of dwir 

Tertices at ft fixed point on the oone, their oirdes of canratnre 

at that vertex lie upon a sphere inscribed in the cone. 

575. The sum or differenoe of the tangents from mnj poial 
on a conic to the circles of corrature at ita ▼ertioea ia cooatant. 

576. Prove frora the right cone that a conic section may 
be regarded as the locus of a point such that the sura or 
difference of the tangents therefrom to two fixed circlea ia 
eoDstaot. 

577« Prove from the right oone that a oonic eeetion ia the 
locus of a point snch that the tangent therefrom to a fixed cirde 

is in a constant ratio to its perpendicular distance from a fixed 
strajglit line ; and prove that in the case in which the straight 
line cuts the circle it is the chord of real douhle contact of the 
circle with the conic;* and prove that the above-mentioiied 
eonatant ratio or modulus u eqoal to the eccentricity of the conic. 

578. Two drdes have doable internal contact with aa 
ellipse,t and a third circle passes through the fonr points of 

contact. If ij T be the tangents from any point on the 
ellipse to these three circleSi prove that T'^ = tt*. 

579. Notice the forms assumed by the several properties 
of the acate-angled oone when its Tertical ang^e ia d&miniahed 
indefinitely, so that the surface becomes a cylinder. 

580. An oblique cone or cylinder being described upon a 
circular basoi shew that its subcontrary sections are likewise 
circular.} 

* Hence it appears that ajbeus of a contc majf be rtgttrded as oh evanetcmt circU 
katiitff ifonNs eontaet triUI fft« eomie at the two imaginary points in wliidh ii ii 
inteneoted by the ooneqMmding direotiix; and it may be infened tint thb Hbh 
joining the focus to the two imnfn'naiy points at infinity through whidi all drdei 

pass are tangents to t}ie conic, and hence thnt all conict which hnvc the mnii tiro f,y:% 
mntf be regarded as inscribed in the quadrihitcral which has the tico j'iki and the tiro 
eireutar poinU tit ii^iig for Ut v^pponU vtrtias. See Salmo^i's Conic Secti4?nsf 
chap. xiT, en MetkcA cf Abridged NOaHom, 

t If C7Jf be the cmteal abMam of a point of oontacti and CN the abscissa of aij 

CM 

point on the eoole, the tangent from tiiat point to the drele is equal to « ,CJf, 

J Two sections arc si\id to be stUtcorUrari/ when the traces of their planes 
upon the phme of lefezenoo are inclined to the sides of the oone or cylinder at angks 
whidi are alteniatdy equal. 
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581. Extend the theorems of Art 72 to the obliqae dbne; 
and thew that if throngli waj point on a ride of llie triangle 
through the axis there he drawn two planes of oireolar section 
and any other plane heiween them, the third plane will cut 
the cone in an ellipsCi having its mtnor axis in the plane of 
reference. 

582. If AA' be the aaus of a section of a scalene coney 
and AD and Ad be diameters of its circolar sections through 
Aj shew that the sqnare of the distance between the foci is 

equal to A'D.A'd, Shew also in tlie right cone, with the 
constiniction of Art. 72, that the circle drawn with the midillo 
point of AA! as centre to bisect AH and AK passes through 
the focL 

583. If a scalene cone be cut by any plane at a given 
distance from its vertex^ the latus rectum of the section will 
be constant* 

584. The tnamene axis of a section of an obliqne cone 

being supposed to lie in the plane of reference, prove that the 
circle which torches the axis and passes through the centres 
of the two circular sections which can be drawn through 
either vertex determines the nearer focus.t 

585. If the eof^ugate axU lie in the plane of reference, 
and if two drcnlar sections be drawn through either of its 



« IUb wrtwnrion cf Axt. 78, Oor. naj be ptoved ag foUom. Supposing tbs 
tnimnt aatb to Ifo in tlit pfano of Nfmnflt^ let Dl/ be the dtamefeer (is tiu* 
plene) of the section which ia parallel to the base and equidistant with the plane of 
the conic from the rertex 0 (fig. Art. 72) of the cone. Draw OYZ parallel to A A' to 
meet AH in Y and DD' in Z. Then it may be shewn that A Y = OZ, and henco 
that DD' : AH = A'K : AA'. The latos rectum is therefore equal to DD". This 
tlwoNiii it dne to Jvnm BemonQli. Bee the Leipag Ackt ErudkonM, emu 1689, 
|ip.68S-8i tadCAiaalmf Jiper^ti Biitori^T^. 19. 

t Bsc 684 end 685 an fran Ghadee' Aperqu BUtoriqw^ Note it, p. 286, whera 
it ii added that the Jlw«MrMl!y ie ft nean pmportiooal 68S) to the diataaoes 
of tile oentra of the conic from the centres of the two circular sections through either 
of iti vertices. It is to be noted that (before the directrix came into general use) the 
Moentricity was sometimes defined (I) as the distatKe of the foci from the centre, 

or (2) aatheiatloofthatdiitBacetotheiemi-eaua, or (8) ae the zBtio , wheie6 

o 

denotee the eeni'Iatna rectum and a the perihelion dktanoe of the orUt (Enler^ 
7%e0rM ifoliHiii Pbmlanm tt OmtUurum, puAt, Tin. cor. 1, p. 86). 

P2 
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• eztremitieB, the ciide upon the line joiniDg their OBntres it 
diameter passes through the foci. 

586. Every tangent plane to a eone cuts tlie cjdlc phuea 
in a pair of lines making eqoal angles with the line of contact^ 
and every plane throngfa two sides of the cone ents the cjdie 
planes in two lines which make equal angles with those ndea. 

587. The sum or difierence of the angles which any tangent 
plane makes with the cyclic planes is constant. 

588. The sum or diflference of the lines drawn fimn the 

vertex of a riglit cone to the extremities of any diameter of 
a scctlou is double of the line from the vertex to an extremity 
of the conjugate axis. 

589. If a sphere drawn through the vertex of an oblique 

cone cuts the cone in a circle, the .plane of a section sub- 
contrary thereto cuts the planes of any two great circles 
of the sphere in a pair of lines inclined at the same angles as 
their planes. 

590. The lines of intersection of any tangent plane to a 

scalene cone with its two cyclic planes are such that the product 
of the tangents of the angles which they make with the inter- 
section of the cyclic planes is constant. 

591. The product of the sines of the angles whidi any ride 

of a cone makes with the two cyclic planes is constant. 

592. If a section of a cone be made by a plane which cuts 
the planes of two subcontrary circular sections and the sphere 
oontaining them in two right lines and a circle respectivelj, 
and if a chord be drawn to the circle from any point of the 
section; the product of the segments of the chord is to 
the product of tlie perpendiculars from the assumed point to the 
subcontrary planes in a couataut ratio.* 



• Jfor this yery general theorem and its corollaries see the article by Mr. 
.Tons Walk RR on neomctricdl Propositions rrJnting to Focnl Properties of Surfaces 
ami Curves of the Stcond Order in the Cambridge and JJiiblin Mathematical Jourmtl, 
Tol. VII. pp. IG— 28 (1852). The 8i)oclal case of Ex. 594 is also proved in the Musen^r 
of Mathmatiei, vol. ix. pp. S3, 31. See alao Mr. S. A. Benabfiw'e treatiae od The Oom 
and iti Sxtiont (Londoiii 1876). 
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593. The above-mentioned constant ratio is the ratio of the 
prodact of the sines of the angles which the <^ic planes make 
with tlic plane of the section to the product of the sines of the. 
angles which thej make with any side of the cone. 

594. A sphere being drawn through two snboontrary circular 
aections of a oonCi and the planes of those aections being pro- 
duced to meet ; prove that their line of intersection is a dire^rtz 
of the section made by either plane drawn throogb it to touch 
the spherOi and that the point of contact is the corresponding 
Ibcaa. 

595. From the above construction deduce that any tangent 
to a conic (from the curve to either duectrix) subtends a right 
angle at the corresponding focus. 

596. All the right cones which have the same conic section 
for their base have their vertices upon another conic section, 
lying in a plane at right angles to that of the former, the 
foci of each curve being at the vertices of the other* 

597. If a hyperbolold of revolution and its asymptotic cone 
be cut by a planei their two sections will be similar.* 

598. If two spheres be inscribed in a conotdf so as to 

touch a given plane of section, the two points of contact will 
be the foci of the section. 

599. All sections of a conoid made by planes through 
one its foci have that point for one of theur foci, and they 
have the Intersections of those planes with the directrix plane 

of the conoid for their corresponding directrices. 

600. The oone whose vertex is at a focus and whose base 
is any plane section of a conoid is a right cone. 



♦ For proofs of the theorems of Exx. 5D7— noo see Ilutton's .-1 Course of Mathe- 
matici, composed for the wse of the Royal Military Academy, vol. II. pp. lOG — 203 
(12th edition, ed. Tbotnas Scepheos Davies, 1843) j and sn)^ Bcsant'a Conic actions 
treated ffeometricalljf, chap. ZU. 

t A conoid is tbe mifted genented by the xevdatkm of a oonio about one ol 
its axes. 
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CHAPTER VIII. 

OUBVATUBB, 

81. If PQ bo a small arc of a curve and PT its tangent 
at P, the angle QPT is called the AngU of ConUxct of the 
are PQ. 

If PQ' be an arc of a leoond cnire touching the fonner at P, 
and if QQf meet the eommon tangent in then will the 
comtnre of PQ at P be equal to or greater or less than the 

curvature of PQ' at P aecordbg as the finuting ratio of the 

angle of contact QPT to the angle of contact Q'PT (when PQ 
and PQ' are diminished indefinitely) is a ratio of equalitji 
majority, or minority. 

The Circle of CurvaUire of a oonio at any point P is the 
eirole which has the same ennratnre as the conio at P: it ia 
therefore the limitmg position of the drde which touches the 
curve at P and meets it again at an adjacent point which 
ultimately coalesces with P: it b also the limiting position of 
the circle which meets the curve at P and at two other points 
which ultimately coalesce with P. The centre, radius and 
diameter of this circle are called the Centre of Curvature, the 
I6ad%tt8 of Curvature, and the Diameter of Curvature of the 
conic at P| and its chord in any direction through P is called 
the Chord (if Curvature of the conic in that direction. 

It is easily seen that a circle whidi cuts a conic must cat 
it in two or four points, and hence that the circle of curvature 
at any point P of a conic will in general cut as well as touch 
it at P, and will also cut it in one other point. Any other 
circle touching the conic at P must lie wholly within or without 
the former, and since it cannot cut the conic at P it is easily 
seen that it cannot pass between the curve and its curde of 
curvature at that p<Mnt The drdle of conrature la therefore 
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the circle of closest contact with the conic at P, and ia called 
its Osculating Circle at that point* 

A circle which touchas a eonic at an extremity of either axis 
will Id general meet it again at the two extremitiea of a diord 
parallel to the other axis; whence it readily foUowe that the 
circle of cnnratare at an extremity of an axis is to be regarded 
as mcctiog the conic in four colucIdcDt poiuta. It may also 
be regarded aa having double contact with the conic at two 
coincident points,* and it does not cut the cunre at its point of 
contact. It is easy to determine the points in which any other 
circle tooching the eonie at the aame point meeU it agaiui 
and henoe to shew that no snch circle can pass between the 
conic and its circle of cnr?atnre at that pomt 

PROFOBraOH I. 

82. The fooal chord qf cmrvatwe of oiijf pom$ ^ a wme i$ 
e§wd i0 (the f9od chord Ac CMtc pcaraUd io the iangmi qA 
that pamL 

Let PSP , be any focal chord of a conic, PT the tangent 
at P, and RSE the focal chord paraiiei to FT. 




• By rcpranlinR the centre of curvature at the vertex aa the ultimate position of 
the foot of the normal at P when P ooalefloes with Aj we deduce from the property 
80s4.8P{Axt. 10) that ibe ndiu of cnrvatan at il it equal to A8{l + e),at 
tollMtraii-latiiinetnni. ^y like coosulenrtioiM it maj be dum that iho 

CA* 

cnnratare at ^ ia the ellipM is equal to ^ . 
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216 CUBVATUJI& 

Describe a circle touching the conic at F and cutting it at 
an adjacent point and let TQ be taken parallel to PV^ and 
let it be produced to meet the cirole again in M and the conic 
in Then by Art. 16 and by a property of the oirde, 

TQ.THiTQ.TQ^TP'xTQ, TQ = RR : PF^ 
or THiTg^ES iPF. 

Let P8 meet the circle ag^in in 27; and let the point Q 
coalesce with so that the circle becomes the circle of curvature 
at P. 

Then T likewise coalesces with P, and TQ with PP, and 
TH with PU\ and therefore (from the above proportion) the 
chord of coryatnre PU (being the limit of TH) is equal to 
the local dioid BR parallel to PT^ as was to be proved.* 

CaroUary 1. 

It follows that in a central oonte the chord of cnrvatnre at P 
through e&her focus is equal to -^j- ^^•i * ^ ^ 

parabola the chord of curvature through the focoSi or parallel 
to the azis,t is equal to ^8P: and in the general oonic the focal 

2 per 

chord of curvature is equal to ^ (Art 15| Cor. and Ex. 45). 

CoroUafy 2. 

Given the chord of curvature at P in any one direction, the 

chord in any other direction can be dotenniuod. For let FU 
be the given chord and PV any other, and let a parallel to the 
tangent at P meet PU in K and PV iu then it is evident 
from the drde that 

PViPU^PEiPF, 

• TbtepRNf b dm to rrofaiw o r T b w bbb i d (SilaMrn^ Coide SeeUam, Art. 897) i 

a Yoriatlon of it will be given in Plop. wbera tiia dide of eorraturc ia ngudak m 
the limit of a circle which enlB the ooldo'in three poiate^twoof which oltunatefy 
coalesce with the thiid. 

t Draw a circle touching the parabola in P and cutting it in 72 (fig. Art. 32), and 
let MX meet the ebck again in JT. thm MM,MK= MP* = ^SP.MR (Art. 23, 
On, or MK= ISP. Henee enoiher proof d the malt given ebore in tin teit 
It is to be noted that any two dundi of the cinde of cnrmfcaie enmity »»»fy«»>fr i 
to the nonmd at P era equal. 
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or tbe ratio of PF to the given chord PU is known. If iT be 

supposed to ooincide with then 

PV. PF^ BP. PU» 8P. ER, 

which gives an expression for the chord of curvature PV In any 
direction in terms of the focal chord RB! (of the conic) parallel 
to tbe tangent at P« For examplei in the parabola it follows 

^8P* 

at once that the Diameter of Curvature is equal to ^-Qy ' 

where i9F is the focal perpendicular upon tbe tangent. In the 
central conies, supposing KF to pass tbrongh (7, we deduce that 

PU OA 

the JHameier of Ourvaiure is equal to — - {PU beuig 
drawn through o), or--^ , or qj^} or . 

FBOPOBmON II. 

83. At any point of a conic the chord (f evrfMUure in any 
d&reetion u to the chord of the conic m the mm$ direction as the 
food chords {of ihe conic) jparaUd to the tangent and to the chord 
if curvature. 

Let a circle meet a conic In tlircc adjacent points P, Q'* 
and let PU he a chord of the circle, and let it meet QQ' in V 
and the conic again in P. 

* CompluU; tlie cLurd U^'W ui the Hgurc of Prop. I. 
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Then hf a pfope rty of the cirde and by Art. 1^, 

FV.VU: PV.VF^ QV.VQ : PV.VP'^g : jj, 
where p and g are the focal ehords of the conie parallel to 

FF aod qg. 

Therefore VUxVF = q\p. 

Hence, if Q and Q (and therefore also V) he rappoaed to 
eoaleice with P, so that the circle becomes the circle of conra- 
' tore and QQ becomes the tangent at P| it IbUowa that the 
chord of cnrvatnre PU is to the chord of the conic PF in the 
same direction as its focal chord parallel to the tangent at 
F to its focal chord parallel to FP\ as was to be proved.* 

PROPOSITION III. 

84. To dekrmim the hngtk qf the central chord of curvature 
at any poikd qf an Mpee or J^fperbola^ and Uhgwiie the length 
efthe chord qf ewrvaiitre drawn in any other dvreUion. 

(i) Let PCF be any diameter of a central conic, QV a 
doable ordinate of that diameter adjacent to its extremity Fi 
we have to evaluate the central chord of curvature of the conic 
at F. 




* If any Ibcil dtord meet the tangent at P in T, it follows at once by Ex. 79 
(cf. Ex. 447, note) tl»t tfa* cfaoid of onrvaturB st P pamUai to it k aqnal to 

^^8T^ * ^ viitiMUj shown in Art 82» Cor. S. It wiU bo obaorfed thia 
Ptap. U. olono completely iVitoraitnw tho c ur fo t u i o of a oonio at ony point, but 



Digitized by Google 



CURVATURE. 



219 



Omw A eifde toaehiiig the conic at P and cutting it at 

and let it meet FF' agaia io and let ita chord MQ parallel 
to FF' meet the tangent at P in T. 

Thcnnnoc QV'^TF'^TQ.TS, 

tlMNlbM TQ. TH : PV.VP'm OJy : CP', 

or TH X VF =^ CJDf I CP\ 

where (7i> la the semi-diameter conjugate to CP, 

By makbg Q ooalesoe with P, so that the dxde heoomea the 
ciido of enmtore at P| we dednoe tiial 

PU:PP'^OJr:CF\ 

or PU.GP^2CIJ^^ 

where PCTia the central dieid of cnnratore at P. 

(ii) More generally, if QH and FU be parallel chords of 
the circle drawn in any direction, and \£ QV meet FU in R • 
and QJ) in then smce QR : Q F is a ratio of equality when Q 
coalesces with Pf it ia easily aeeni aa in the fonner caiCi that 
ultimately 

PB. TBi PV.VP'mm Ojy : OP*; 




and it follows by parallels that 

PE. TH I CP. VP' - 00" : CP\ 



• See Newto5'8 Prtncipia, Lib. I. Sect 1. lemma 7, cor. 2. AJao, npon curratars 
In general, see lemma 11 with the notes in the edition by Mr. P. T. Main (after 
J. U. EvoDfl) of Sections i-ui. UE« XI ; and a«6 the Ayjtendix, pp. 131-lii, in Uuit 
«ditlOB((MI»iage,1871). 
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or (2!Er being now eoincident with the chord of corvature 

2CD' 

The Diam^ ofCumxUwre at Pis equal i where FF 

(defined as in Art 46) is eqnal to the central perpendicular 4ipoo 
the tangent.* 

PROPOSITION lY. 

85. To evaluate the common chord a eonio and (te circle qf- 
curvature at any point. 

If three of the fi>ar points in which a eirde meets a oonio 
coalesce at P and their fourth common point be it follows 

from Art. 16, Cor. 2 that the chord PQ and the tangent at P 
arc equally inclined to the axis ; that is to say, the common chord 
of a conic and its circle of curvature at any point and their 
commm tangent at that point are equally inclined to the axie^ 

(i) In the Parabola, let the common chord PQ meet the aus 
in and let the common tangent at P meet the axis in 71 

Then it is easily seen that the second tangent TF' from T 
is parallel to PQ^ and that FP' is a double ordinate to the axiS| 
and that PQ is equal to four times F£ or TF,^ 

(ii) In the Ellipse, let the diameter CD parallel to the 
tangent at P meet the common chord PQ in X; then will 

PA' . PQ be equal to 2 CD\ 

Take a circle of radius CAj and take any diameter of the 
same, and draw the chord PQ making the same angle therewith 
as the tangent at P, and let the diameter parallel to that tangent 
meet the chord in X 



* The ndios of oorvaturs of the geoenl conic may be evaloated by rogarding Uie 
centre of earrataie m the qltiin»te intenection of two oonaeontiTe namulsy and 
■MUBiiigtfaiifti9<7se.AP (Azt.10), and PJTsI btu netira Tha ««> 

PG* 

pnmSoa (Art. 82, Cor. 2) lor the fadini of carTat ur e has been obtained in this 

direct manner by Profeasor Adams (Ot/. C'atnb. Dubl. Messenger of MalMematicit 
vol III. pp. 97-99). 

t The chord of onrratiue in any other direetim may be deduced. For eaaun]rie^ 

it may be shewn by angle-propcrtics that the drclo meets PS produced in a point V 
lying on the diameter through Q in the paraboU, and hence that PV ia equal to ASJ^, 
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Then If PC meet the circle again in 

PX.FQ^FG.FP' ^2CA\ 

It follows by Ortbogmial Projection that in the Ellipse (the 

same letters being used) FX . TQ is equal to twice the square 
of the semi-diameter parallel to PQ\ therefore, the diameters 
parallel to PQ and the tangent at P being equal, 

PX.PQ^2CPF. 

It is left to the reader to obtain the same result by a method 
applicable to the hyperbola also.* 

aoBouinc. 

Apollontus in treating of maxima and minima takes a point on 
the axis of a conic at a distance equal to the semi-latus roctiim from 
its vortex {Conicity Lib. v. props. 4 — 6, &c.), which is in fact tlio 
centre of curvature at the vertex, although he does not iu any 
direct manner tooeh upon the subject of onryatnre. Of. Yinoentio 
YiTiaui'e treatise^ De Mastimu MmmU gmnftriM imiuiii» m 
guintum Conieorum Apollonii Pergai adhue desideratum (Floront. 
1659); and see Abr. Bobertson's 80eH9inm C^nicarum Mri itpUHh 
p. 372 (Oxon. 1792). 

HuTGUEjJS came very near to the subject of curvature when 
be propounded his theory "De linearum curvarum evolutiono et 
dimensione** {Jlorologium Oicillatoriumy Pars nx. Paris. 1673), 
flmoe the evolate of a curve is the envelope of its normals and the 
locus of its centres of curvature. The first case of ri ctification of a 
curve "was that of the cubical parabola by "William NKiLif the 
cycloid was rectified soon after by Christopher Wren. Huyghons 
had previously (1657) reduced the rectincation of the parabola 
(3Ex. 535, notej to the quadrature of the hyperbola (^Ilorolog. Oseill. 
pp. 72, 77;. 



* The proof in the text is given to indicate the applicabilitj of Orthogonal 
• Projoction (chap. IX.) to the treatment of curvature. If any two lines (as I'Q ami 
the t'lngcnt at /') equally inclined to the axis of the ellipse Ix' pnijfcted on to its 
auxiliary circle, the projected linos will be equally inciiucd to the axis; or if the 
term equally indined be xeatricted to parallele, we muit lay that if two lines make 
equal or ■opplementary angles with the aadi, their projections will make equal 
or supplemenlitty engles with the axis. 

t Tliis was saggcfted by the Arilhmetica InfiuitSrum of Wallis (Oxon. lC5r»): 
Van-IIeuraet secnjs to have i ' ctificd the same curve indeixmdcntly (IG59) very soon 
after KciL Sec Montuclu's lliUoirt dtt Malhetnatiquts, Part iv. Liv. vi. § ii, tome II. 
p. 800. Huyghena -awaids the pidm to the later dieoorerer, ooiulderiiig that Neil'k 
infettfgatioB was inoomplete (JETeroby. p. 72). 
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Tho Oiculating Circle received its name from Leibxitz : see 
Meditatio nova de natura Anguli Contactus* ^* Otculi by G. G. L. in 
the Acta Eruditorum for 1686 Cpp. 289—292, bj misprint 489 — 292). 
See alao fm. 292— 800^ andf the Aria tot 1992, pp. 80 — 35, 
110— 116» 44 0- 6. The eabjeot of ourftttiife was ocmsideired hj 
Kbwton in the sefe&th ana eighth ohapten of hie Ommidiw 

EXAMPLES. 

601. Prove tbc following construction for the centre of 
curvature at any point P of a conic. From the point in which 
tho normal meets the axis draw a perpendicolar to the normal 
meeting 8P ia and from Q draw a perpendicolar to 8F 
meeting the normal in 0. Then 0 is the centre of carratnre 
at P. 

602. The circle which touches a conic at P and Intercepts 
npon the diameter through P a length eqoal to its parametert 
is the circle of cnrmtnre at P* 

603. The circle of curvature at anj point of a conic being 
the circle through that point and two others which ultimately 
coalesce with it, shew that the centre of curvature may be 
regarded as the point of ultimate intersection of two conseco- 
tive nonnals to the eonic. 

604. The circle of curvature at any point of a conic may 
be regarded as touching three consecutive tangents to the 
conic I 

605. Determine the position of the common chord of m 
parabola and its cirde of corvatnre at an eztremitf of tha 

Utus rectum. 

606. The diameter at either extremity of the latns rectum 
of a parabola passes through the centre of curvature at its 
other extremity. 



* For enrlier controTersies on the nature of the angle of cnntoctaw WaLU% D9 
Atiffulo Contaetut €t S^icirenH duqtnsitio gtometrka (Oxon. 1656). 

t The paimmeter of uj JiMneter of • oentnJ oooio i» defined m • third pnq>or- 
tioMltotlMtdlMMleraiiditiooiijiifrtfc . 

X For proofs of Exz. 603-4 see lilt MClloB «• carvatora is lUis^ Hawios^ 
Affmdi* (MS ■bore p. U9, note). 



^ I jui^ i^o VJ ^yv.^ 
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607. The radios of curvature at any point of a parabola 
is doable of the portion of the nonnal interoopted between the 
curre and the directrix. 

608. At any point of a parabola the intercept made by 
the circle of curvature upon the axis is a third proportional 
to the latua rectum and Uie parameter of the diameter to the 
point. 

609. At any point P of a parabola, if PY be the projection 
of SP upon the tangent, tho chord of curvature through the 
vertex is a third proportional to ^Pand 

610. If be the middle point of the radina of cnnratore 
at P in a parabola, PR subtends a right angle at 8. 

61 1. If the normal to a parabola at P be prodaced to any 
point 0, express the radios of corratore at P in teims of the 
line OP and its bdinations to the tangents firom O. 

612. The radius of curvature at an extremity of the latus 
rectum of a parabola is equal to the projection upon the direc- 
trix of the focal chord parallel to the tangent at that point. 

613. Given a circle and a straight line, it is required to 
find a parabola (sec Ex. 607) having the line for its directrix 
and the circle for a circle of curvature. 

614. The envelope of the common ohords of a parabola and 
its several chcles of corvatore b a parabolai and the locoa 

of their middle points is a parabola. 

615. The tangent from anj point of a parabola to the circle 
of corvatore at its vertex is equal to the abscissa of the point. 

616. If tangents TQ and TQ be drawn to a parabola 
from any point T on the fixed diameter which meets the 
curve in P and the directrix in if, the centre of the circle 
round TQQ lies at a constant distance 2PM from the directrix. 
If O be the centre of the circle, D the projection of 0 open 
the fixed diameter V the midcUe point of QQ^ and X the 
loot of the dbectrix, shew that 

OD I TM=^OD DV ^ MXi SX. 

Shew also that the radios of the circle varies as 8T. 
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617. If from the vertex of a parabola chords AB and 

be drawn ecpially inclined to fhe axb| the nonnak at the 
extremities of any chord parallel to AR internet upon the 
normal at R and the centre of the curvature at the ex- 
trcniitj of the diameter which bisects AB lies upon the normal 
at li'. 

618. Triads of points can be (bond on a parabola such that 

the normals thereat colnterscct. The circle through any three 
such points passes through the vertex of the parabola, and 
the coQtroid of the triangle which they determme lies on the 

619. In Ex. 616 shew that the ordinate of the point of 
concourse of the normals at Q and Q' is to the ordinate of V 
as the product of the ordinates of Q and Q to the square of the 
semi-httos rectum. Hence determine the ordinate of the centre 
of curvature at and likewise the lengpth of the radius of 
cnrratare. 

620. Give a geometrical method of drawing normab to 
a parabola from a pomt on the curve. 

621. Determine a point on a given conic at which the 
circle of curvature is of given magnitude; and in the case of 
the ellipse determine the limits of its magnitude. 



• T/Ct QQ' in Ex. G16 bo puppo-KHl parallel to Ali. Produce TO to meet the circle 
again in X (the |x)int of concuurao of the normals at Q, Q'), draw the i>eqx'ndicalar 
AJI to the fixed diameter, and take JIK equal to TM upon MH produc4L»d. Then 
HiieuilyMeiilluit JSTtoa fixed poht (fh« podtjon anamed 1^ JTwiifln Q<rpMHi 
thvoDgh S),9nd NBt SK=iMX : 8X. TlMrafon lies on a fixed itntishftliM 
thtougli A', which may be proved (from the projxTty of the subnormal) to be the 
normal at Jf. For tlic nlx)ve I am indebted to tlio Ilcv. A. F. Torry, Fellow ol 
St. John's College. The following method may al»o be suggested : since the angle 
OSTiBA right angle (Ex. 146), we haTe an intercept TO between two fixed straight 
lines DO and Drat rii^t angles snhtonding a right angle at a fixed point 8^ and we 
bare to shew that the extremity X of TO produced to doubJt^ it,s length lies ui>on a 
fixed stniight line. Or again, taking three jwsitions of /* in Art. *it> — /* and /" oa 
one side and /*" on the other side of the axis, and supjiosinj; the normals at the 
three points to cointersect at a point whose projection u|K>n th^ axia is Z, we easily 
prore that PN.ZO =: P'N'.ZQ' s P^If'\ZG^ ; whenoB it kXtoim, after aome le- 
doetione, that P^-i- P'N* = P^N**, On the tetrads of oomcamnt nomato' to a 
central oonic see Ex. 286. 
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622. If the osculating circle at a vertex of an ellipse passes 
tliruugh the further focus, determine the eccentricitj. 

623. The circle of car^atare at a point on an ellipse passes 

through a vertex : find the point. 

624. The circle of cnrFstore at an extremity of one the 
eqnal conjugate diameters of an ellipse passes throogh its other 
extremity. Explain the corresponding resalt in the hyperbola. 

625. The circles of curvature at the extremities of two 
conjugate radii CP and CD of an ellipse meet the com again 
in Q and Bi shew that PR is parallel to DQ. 

626. Find the points on a central conic at which the diameter 
of curvature is a mean proportional to the axes. 

627. Express the chord of cmrvatare perpendicalar to the axis 
at any point of an ellipse m terms of the oidinate of the point. 

628. From the point in which the tangent to an ellipse 
at r meets the axis a straight line is drawn bisecting one of 
the focal distances and meeting the other in Q, FroTe that 
PQ is one fonrtk of the focal chord of cnnratore at P. 

629. If the circle of curvature at P in an ellipse passes 
through a focus, then P lies midway between the minor axis 
and the further directrix, and the parallel to the tangent through 
the focns divides the diameter at P in the ratio of three to 
one. The ounde of corvatnre cannot pass through either of 
the foci if the semi-axis exceed the dbtance between them. 

630. Shew that a conic can be described with a given focua 
■o as to have a given drde of curvature at a given point.* 

631. The foci of all the ellipses which have a commou maxi- 
mum circle of curvature at a given point lie on a circle. 

632. The tangent at P in an ellipse meets the axes in H 
and and OP is produced to meet the circle ^ronnd OHK 
in L : prove that 3PL is equal to the central chord of curvature 

at P, and that CL . CP is cuustant. 



* This is A limiting case of the ptoUem to describe a conic of which a focus and 
three points are giren. 
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633. A hyperbola which touches an ellipae and has a pair 

of its conjugate diameters for asymptotes has the same curva- 
ture* as the ellipse at their points of cuntact. 

634. At any point P of a rectangnlar bjperbolai if FH 
be a perpendicular to an asymptotOi the diord of curvature 

in the direction FN is equal to 2P2f' 

635. At any .point of a rectangular hyperbola the radios 
of curvature varies as the cube of the radiils of the curve. 

636. At any point of a rectangular hyperbola the normal 
chord is equal to the diameter of curvature. 

637. At any point of a rectang^ar hyperbola the diameter 

of the curve is equal to the central chord of curvature. 

638. If from a given pomt on an ellipse there be drawn 
a double ordinate to either axis, and if to the diameter through 
its further extremity a double ordinate be applied from the 
given point, it will be a chord of the circle oi curvature at 

the given point. 

639. The normal chord which divides an ellipse most 
unequally is a diameter of curvaturoif and b inclined at half 
a right angle to the axis. 

640. A chord of constant inclination to the arc of a 
dosed curve divides its area most unequally when it b a 
chord of curvature. 

641. Every chord of a conic which touches the circle of 
curvature at its vertex is divided harmonically by that circle 
and the tangent at the vertex4 

642. The radius of curvature at any point of a parabola 

is bisected by the circle which touches the parabola at that 
point and passes through the focus. 



* Cnrmtare is measimd by the redfwooal of the xadiuB of aimtiii«. 

t The nonuel in two oooaecatiTe positions mnst ent off eqosl anai^ nnd nnit be 
Mseeted at the centre of cormtoie. 

X Exx. 641-d are from the AfathmaticiaHf yoL 1. 290 (London, 1846). 
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643. The radius of cnirature at any point of a central 
conic is cot harmonically by the two circles which touch the 

conic at that point and pass one through each focus. 

644. If T be the point of concooise of the common tangents 
of an ellipse and its circle of cor7atnre at and if 0 be the 
centre of the curcle, C the centre and 8 either focas of the 

ellipse ; then T lies on the eonfocal hyperbola through P, and 
OG bisects Pr, and 6'Pand ST a^ro equally incliued to OS. 

645. A curcle through the vertex of a parabola cuts the 
curve in general in three other pointS| the normals at which 
cointersect. If the point of cointersection of the three normals 
describe a coaxal conic having^ its centre at the vertez of the 

parabola, tlic locus of the centre of the circle will be a conic 
having its centre at the focus of the parabola, and the ratio 
of its axes will be twice as great as the ratio of the axes of tho 
former conic 

646. Find a point P on an ellipse at which the common 

tangents of the ellipse and its circle of curvature are parallel. 
Shew that their common tangents and common chord are 
parallel to the asymptotes of the eonfocal hyperbola through Pj 
and that their finite common tangent is bisected by the common 
chord. 

647. The common chord of an ellipse and its circle of 
curvature at any point and their common tangent thereat divide 
their further common tangent harmonically. 

648. On the normal at Pto an ellipse PO is measured out* 
wards equal to the radius of curvature : shew that PO is divided 

harmonically at the points Q and Q' in which it meets the 
director circle, and that 

1 1 _ 2 
FQ " FQ' ~ OF ' 

649. The angle between the normab at adjacent points P 
and Q of an ellipse whose foci are 8 and S' is equal to 
l(P8Q-¥P8'Qi. Deduce that, if Pfi be the focal chord of 
curvature at P. 

PE 8P^ 8T' 
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650. Three points can be foand on an ellipse whose oeeo* 
latjng circles meet at a given point on the curve :* the three 
points determine a maximum inscribed triangle, and the fonr 

points lie on a circle. 



* Let BCD be a maxiinmii inscribed triangle, and A the point in whidi the 
onmilrtiiig drde mt B meets the eUipse again. If ^ be a oonsecntive poeitkNi of B, 
tlui tiianglea BCD and B'CD must lie between fbe aame parallels. Heoce the 

tangent at B is parallel to CD, which ia therefore equally inclined to the axis with 
AV (Art. 85), bo that a circle goes through AUCU (Art. IG, Cor. 2). Ex. 650 (except 
as regards the area of the triangle) is due to Stki.nkk, who stated the theorem 
without proof in Crelle's Journal^ vol XXXII. 800 (lbi6): it was proved in toI. 
xxzn. 95, fay JOAOBDnrAii, who further shewed that the centroid of the three 
points is at the oentce of the eUipae^ and that the nonnala at the thne pointa 
coiiiteiieet. 
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CHAPTEB IX. 

ORTHOGONAL PBOJEGTION. 

86. The foot of tlie perpendicular from any point in space 
upon A plane is caLIed the Orthogonal Projection^ or briefly the 
Projection^ of the point apon the plane. The projection of any 
line or figure upon a plane is the aggregate of the projections 
of its several points thereupon. The term Plane Proje^on is 
defined in Art. 90. 

The FaraJhl Projection of any figure upon a plane is tlio 
aggregate of the points in which a systt in of parallels from all 
points of the figure meet the plane: when the parallels are 
taken at right angles to the plane of projection we come hack 
to the special case of orthogonal projection, to which our atten- 
tion will he in the first instance confined. 

PKOFOSITION I. 

87. The j)r(jectums of parallel straight lines upon any plane 
are parallel straight linea^ and each line or segment ia m the tame 
ratio to its projection. 

(i) The projection of a straight line upon a plane is the 
common section of that plane with the plane drawn at right 
angles to it through the line, since their common section 
evidently contains the projections of all points on the line. 
The projections of parallel straight lines, heing the common 
sections of the plane of projection with a system of planes at 
right angles thereto, are themselves parallel straight lines. 

(ii) If any two parallel straight lines AP and BQ meet a 
plane in A and B (fig. Art. bdj, and if AG and BJJ be 
their projections upon it, then by similar triangles 

APxAC^BQxBD; 
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or each of the parallels is in the same ratio to its projectioOf 
and in like manner it may be shewn that any segment of either 
is in the same ratio to its projection. This ratio is the trigono- 
metrical secant of the angle between any of the parallels and Its 
projection. 

Ilcnce it ia evident that parallel straight lines (and the 
segments of one and the same straight line) are to one another 
as their projections npon any plane. 

If two or more sjrstems of paralleb be projected orthogonally, 
each line in any system will be in a constant ratio to its 
projection, bnt this ratio will change as we pass from one 
system to another. 

PROPOSITION II. 

88. The pointo of eoneoum ftraighi line$ or eums 
eorre^pond to the pomta qf concouroe of their projections ." tamffente 
project' info tangents: and a curve of any degree or class projects 

into a curve of the same degree or class. 

(i) Since figores are projected by projecting their seToral 
points, if two or more figures have a point in common their 

projections mnst hsTo the projection of the point in common. 

Thus if a variable line pass tliroii;^li fixed point, the projection 
of the line will pass through a fixed point. * 

(ii) If P and Q be adjacent points on a cunre, and p and q 
be the feet of the perpendiculars from them to the plane of 
projection, then if Q be made to coincide with P the per- 
pendicular Qq must coincide with Pp^ and the point q w^ith p\ 
in other -words, of PQ become the tangent at P, then in the 
projectioQ will become the tangent at p. 

(jSS) It is hence eyident that a curve and any straight line 
in its plane intersect in the same number of points as their 

projections, and hence that a curve and Its projection must always 
be of the Bame degree or order; and further, that the number 
of tangents which can be drawn from any point to a curve is 
the same as the number which can be drawn from the projection 
of the point to the projection of the carve, and hence that a 
curve and its projection are always of the same class. * 
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PfiOFOBITIOM III. 

89. The areas of all figures in one are in the same 

ratio to the areas of their projections on a (jiven plane. 

Let -47? be the common section of the primitive plane and 
the plane of projection, and let FA and QB be drawn from 




any two points P and Q in the former plane at right angles to 
AB^ and let PO and QD be perpendiculars to the plane of 
projection. Then since AP and BQ arc in a constant ratio to 
their projections A C and BQ^ the rectilinear figure AFQB is in 
the same constant ratio to its projection ACDB 

In like manner, if PF be any segment of AF and QQ any 
segment of BQ^ the rectilinear area FFQQ is in a constant 
ratio to'its projection; and hence the aggregate of any number 
of figures as PP*^© IB m the same ratio to the aggregate of 
their projections. 

But any rectilinear area in the primitive plane may be 
divided into elements as FFQ Q hj drawing planes at right 
angles to ABj and any cunrilinear area may be regarded as 
the limit of a rectilinear area. Hence evety area is to its 
project|pn in a constant ratio, which is easily seen to be eqnal 
to the secant of the angle between its plane and the plane of 
its projection. 

90. Plcm Projection. 

The above propositions all follow from the constancy of the 
ratio oi AP to its projection, where PA is the perpcndirular 
from any point P in the primitive plane to its common section 
with the plane of projection. The relations between the locus 
i>f Pand its projection will evidently still be of the same kind 
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if the former plane be turned about AB into colncidenoe with 
the latter, the aitaation of F in its own plane being supposed 
to remain undistnrbed. The new position of P will lie in 
prodoeed, and will be snch that its projection O now divides AF 

in a constant ratio. Since all points and their projections are 
thus brought into one plane, we shall speak of the point G 
which divides AF in a constant ratio as the orthogonal Flam 
FrofeUion of F, 

The relations between a figore and its plane projection mav 
of coarse be obtained directly by plane geometiy. Thos if FN 
be an ordinate to a fixed axis, and if it be divided (eztemally 




or internally) in a constant ratio at it is easily proved by 
similar triangles that if the locos of P be a straight line meeting 
the axis in T, the locus oCp will be a straight line meeting the 
axis in the same point: parallels as P7, FT correspond to 

parallels pT^pl" : and the results of Props. I. — III. in general 
may be similarly established in piano. 

It may be proved also that if two straight lines make 
tupphmentary angles ^ith the axis their projections^ make 
supplementary angles with the axis. 

The following examples will serve to illnstrate the method 
of orthogonal projection. 

91. The Enipae. 

A cylinder being regarded as a cone whose generating linos 
are parallel, it follows from Art. 72 that the plane sections of a 
right circular cylinder are ellipses, which may be of any eccen- 
tricity. It follows that an ellipse of any eccentricity may be 
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jyrqjecUd &rikoffonaUy tnto a eircU having its plane at right 
angles to the axis of the cylinder. This circle >vili evidently 
be equal to the minor auxiliary circle of the ellipse. 

An ellipse may also be projected orthogonally in phuw into 
a circle by producing its principal ordinateB in the ratio of CA 
to CB^ or by diminishiDg the ordioates to its minor axis in the 
ratio of CB to CA ; and conTeraelj a circle may be projected 
in piano into an ellipse by increasing or diminishing every 
ordinate pN in a constant ratio. [Art. 33. 

a. Let an ellipse and a circle be projectively related. Let 
J^Q be anj one of a system of parallel chords in the ellipse: 
pq the corresponding chord of the drdoi which will itself belong 
to a system (riP parallels. 

The middle point 0 of FQ corresponds to the middle point o 
of pq ; and if the locus of the one be a straight line, the locus 
of the other will be a straight line. But the locus of o in the 
circle is a straight linCi and therefore in the ellipse the locus of 
the middle points of any system of parallel chords is a straight 
line. From this it is further evident that conjugate diameters 
in the ellipse correspond to diameters at right angles in the 
circle. 

b. Next let 0 be a fixed point and FQ any chord of the 
ellipse passing through it: then pq in the circle will pass 
through the corresponding fixed point o. 




Let CD be the radius of the ellipse parallel to FQ^ and Cd 
the corresponding radius of the circle, which will be parallel 
to pq. Then by Prop. i. 

OPi OQ : Cn^ap : oq i Cd. 
Therefore OP.OQ : CJJf^op.oq : Cd\ 



Digitized by Google 



234 



OBTHOOONAL PRUJEOTIOir. 



or {op>oq and Cd in the circle beiDg oonstant) OP.OQ Tariea «§ 
the square of the parallel semi-dfameter CD, 

c Since ihe ordi nates PX andpN in the second figure of 
Art. 83 are as CB to OA^ the area of anj segment or sector 
of the ellipse is to the area of the corresponding segment or 
sector of the circle as GB to OA, and the area of the whole 

ellipse is to that of the circle In the same ratio. The area 
of the ellipse Is therefore equal to ir.CA.CBy and it is a mean 
proportional to the areas of its major and minor aiudiiaiy 
circles. 

d. Any maximum or minimum or constant area related to 
the ellipse projects ioto an area similarly related to the circle. 
Thus, the greatest triangle which can be inscribed in a circle 
being equilateral, the greatest triangle which can be insoribed 
in an dlipse may be shewn to be that which baa ita sides 
parallel to the tangents at its angular pomta and its centroid 
at the centre of the ellipse. 

92. The Equilateral Conies, 

Any hyperhola can be projected into an equilateral liyper- 
bola in the same way that an ellipse can be projected Into a circle 
(Art. 33); and thus from ccrtam properties of the equilateral 
conies (Art. 61) we can deduce corresponding properties of 
central conies in general. For example, having proved for the 
equilateral hyperhola (Art. 65) as well as for the ctrde, that 
the conjugate parallelogram is equal to \CA^^ we infer that 
in any central conic the conjnj^ate parallelogram is equal to 
AA\BB\ In like manner other projective properties which 
have been established for the two equilateral conies are at oooe 
seen to be capable of extension to central conies in general. 

93. Froperttea qf Bflars. 

Using the same letters as in Art. 41 but supposing the corre 
to be a eirde^ we bare the angles at o and T right anglesi and 

therefore 

CO.CT=Co,Ct=:CA\ 
or r is a fixed point and tTt^ fixed straight line. 
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lu other words, if a chord of a cirde pass through a fixed 
point 0 the tangents at its extremities intersect on a fixed 

straight line tT^ and conversely. The same follows at once 
for the ellipse bj orthogonal projection, 

94. Property of a Quadrilateral. 

JfABCD be a fixed qoadrtiateral Inscribed in a circle, PQ a 
▼ariable diametdr of the circle, Pa, Fb, Pc, Pd perpendicnlars 
to AB^ CD^ AGj BD respectively; then by Euc, vi. c the 
rectangle Pa.PQ is equal to FA,PB^ and thus 

Project the circle into an ellipse. Then (still using the same 
letters) Fa.Ph in the ellipse varim a» Bn^Bi^ and the lines 
jRi, jR;, lU meet ^e sides of ABOD at conaUmi angles, 
and therefore yary severally as the perpendiculars from P to 
those sides. 

The theorem is inferred to be true for the hyperbola regarded 
as a qoasi-ellipse (Scholium C, p. 101), as also for the parabola* 
Hence ike products of the perpendiadara from any paint on a 
eomc to the eidee qf a fixed inmaribed guadrUaterai^ taken in 
opposite pairs J are in a eonetctni raiio; and conversely, if a 
point be thus related to a fixed quadrilateral, its locus will be 
a conic circumscribing the quadrilateral. 

It follows by supposing two opposite sides of the quadri- 
lateral to vanish that the product of the perpendiculare to any two 
fixed tangents to a conic from a variable point on the curve varies 
as ih$ square of the perpendicular from that point to thdr chord 
^ oontatiL 

95. Curvature, 

The common chord of an ellipse and its circle of curvature 
at any point and their common tangent at that point make 
sopplementary angles with the axis (Art. 85), and may there- 
fore be projected into a chord and tangent at a point of a 
drde msking supplementary angles with a given diameter. 

[Art 90, 
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Giyen a point 0 on a circle, three positions maj be fi>and 
on tbe curve of the point P snch that OP and the tangent at P 

make supplementary angles with a g-lren diameter, and tbe 
three positions of P detcriiiiiic an equilateral triangle. 

licucc it may be deduced that there are three points on an 
ellipse, Ijiog at the vertices of a maximum inscribed triangle, 
whose osculating circlee cointersect at a given point on the 
circumference of the ellipse. [Ex. 650. 

PARALLEL PHOJEGTION. 

96. The parallel projections of straight lines, being the 
common sections of parallel planes drawn through them with 
the plane of projection, are themselves parallel straight lines ; and 
it is easily deduced that Props, i.— iii. in general are applicable 
to parallel projection. Moreover it ia to be noted that in tiie 
figure of Art 90 the ordinate PN may be supposed to meet 
the axis at a7?y constant angle and not necessarily at right 
angles. \Vc may therefore " project" a point obliquely also 
in piano by increasing or diminishing its ordinate (drawn in 
any given direction) in a constant ratio. 

Although parallel projection u not essentially more general 
than orthogonal projection, it enables us. to effect some con- 
structions with greater ease and directness, as will appear firom 
the next article. 

97. Any two angles of a triangle viag he projected into angles 
of given magnitude, 

(i) Given the angles 8HP and H8Py it is required to project 
them into angles equal to 8Hg and B8g respectively. This 
may be effected most simply by parallel projection [in piano or 

in topace; .'is follows. 

Take SIl as the axis of projection, and let it meet gP in 
G, Then [\)\'igGx FG be taken as the projecting ratio, the 
triangle SFH may be projected in piano by ordiuates parallel to 
P(I into the triangle 8gil\ or (2) if the triangles be situated 
in different planes (having 811 for their common section), the 
one may be projected into the other by lines parallel to Pg. 
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It is hence evident that any triamjle may he prelected by 
paralld lines into an equilateral triangle / and in like manner 
that any parallelogram may be projected into a square. 

(u) To project any triangle SP 11 orthogonally into an equi- 
lateral triangle, let an ellipse be described about it so as to 
have its centre at the centroid of the triangle. Then if the 
ellipBe be projected into a circle, SPH will at the same time 
project into an equilateral triangle inRcribed in the circle, Btnoe 
each aide of the projected triangle will be parallel to the tangent 
at the opposite vertex. 

LAMB£BT'S TH£0££M.« 

98. The intercept on any focal vector of an ellipse between the 
carve and any chard parallel to the tangent at its extremity t§ 
e^ual to the diametral sagitta of the are cut off by the corre^ 
spondmg chord m the auxiliary cirde. 

In an ellipse take any focal vector SP^ let the diameter 
conjugate to OP meet iSPin A', and let any chord parallel 
to CK meet SP in 0. 

Produpe the ordinatcs of P, Q outwards to meet the 
auxiliary circle in q\ and let m and o be the middle points 
o£ Q(jf and qq\ which will lie on a common ordinate omM, 



* This rmmc is given to the theorem ia elliptic luotiun deduced below in the 
ScUuliuiu from Art. D9. 



< I iiiii iiii II 



Digitized by Google 



238 OBTHOGONAL PBOJBCTIOV. 

Then FO : FK^Fm i FC^po :pC 




by parallels; and PK is equal to pC (Art. 38, Cor. 3)j and 
tberefore FO and po are equal, as was to be proved. 

If 0' and o' be any second positions of O and o, it follows 
that 0(7 18 eqnal to oo'i thus by taking (7 at i6> we infer that 
i90 equal to the altitude of the triangle Sq^. If the parallel 
from 8 to qq meet Cp in it is thus evident that eyeiy 
segment of the line K80P is equal to the correspond iag 
segment of the radius Csop. Hence 

KS.KO '^Cs.Co^CS. CM^ 

since the angles at a and M are right angles. 

99. If in two elUjises described on equal major axes there he 
taJcen equal chords QQ' such that SQ+SQ' ts of the same 
magnitude in both ellipses^ the areas of the two focal sectors SQQ 
will he in the subdupltcate ratio of the latera recta of their ellipses. 

In each of two ellipses having equal major axes make the 
same construction as in Art. 98, with the proviso that BP* and 
PO shall be of the same lengths in both ellipses ; then will Q Q' 
and SQ-\- SQ' be of the same lengths in both ellipses, and the 
areas SQQ' will be in the subdu plicate ratio of the latera recta 
of their eliipseSi and conversely. 

(t) For the semi-diameter CD parallel to QQ^ being a mean 
proportional to BP and AA* -> 8F^ is of the same length in 

* Take SP ftt faaOook in the kfls eooentiie ellip5e, and find en eqoel BP in 
the other. 
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both ellipses; and, the aagittsB po in the two circles being equal 
(Art. 98), the chords are equal ; whence it follows in virtue 
of the projective relation 

that the chords QQf are equal in the two ellipses. 

(li) And since CM is the abaciasa of the middle point of 
QQff therefore 

where CS.CMj or KS.KO (Art. 98), is the Bamc in both 
ellipses; and therefore also 8Q + SQf is of the same magnitude 
in both. 

(iii) It is further evident that the segments (yp^' are equal 
and the triangles Sqq are equal in both circles, and hence 
that the two sectors Sqq are equal. It follows by projection 
that (the major axes of the two ellipses being equal) the focal 
aectors SQQ m in the ratio of the minor axes of their eliipseS| 
or in the snbdnplicate ratio of their latent rectai Conyenwlj, 
if two focal sectors SQQ of any pair of ellipses described on 
equal major axes be thus related, then will QQ' and SQ-i- SQ 
be of the same lengths in both ellipses. 

100. TTie area of any focal sector SQQ of a central eontc 
divided by the square root of tta lotus rectum may he expressed 
in terms ^ QQ^ SQ-k-SQ^ and the tranverse oonli, and is 
independent of the magnitude ofiSiis conjugate axis. 

This may be inferred from Art. 99 for the ellipse : or it may 
be proved by the following method, which will be seen to be 
applicable to the hyperbola as well as to the ellipse. 

In an ellipse whose axes are AA' and BB' take any diameter 
POP'f and let F8 meet the conjugate diameter CD in K and 
the tangent at P' in if, so that FK b equal to CA and FII 
to AA\ 



* AflBume that at any point P on the corre SP = CA ± e , CN, NoUoe also in 
Axi.m{^)tihiiX8KzzPK-8P=CA''8P^t, CN, 
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With 8 as focus aod P and H as vertices describe a aeoond 
ellipse, and let KL be its semi-axis conjugate. Then if 6* 
be the further focas of the first ellipse, 

CJD' = SF.FS' « SF. 8H^ KL*. 

(i) Let QOQ'he any double ordinate to jPP*, let it meet Pff 

in 0, and let /[oq be a double ordinate to Fl£ in the second 
ellipse. Then by the nature of ordi nates, 

QO" : GD'^FO.OF' : OF'^Fo.oHi KF* 

or QO is equal to go and to ^2 - 

(ii) Andnnce 8K: CN^OS: CA^C8: PK^ 

and Ci^: Oi/= CP: CO = PK: Ko^ 

therefore 8K i CM^ G8 1 Ko^ 

or in terms of the ecceDtricities c and e', 

and therefore 

SQ + /S^^* = A A + 2e. (7J/= 2e\Ko 

^8i'¥Sq[. 

(iii) Let a line throngh 8 at right angles to QQ meet 

in m and the tangent at P In ?? ; then will the equal chords 
QQ' and ([(i in any two consecutive positionni cut off elements 
of area whicli, being as their own breadths, are iu the const4int 
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ratio of Sm to So\ and this is also the ratio of the triangles 
8QQ and Sqq on equal bases. 

Therefore the whole segments QP'Q sdx^qHq^ as also the 
aectoiB 8QQ' and Sqq^ are as Sm U} 80^ or ba 8n to 8P^ 
or as CB to OD or KL\ that is to say (the transTerse asces 
bdog equal) the sectors SQQ and Sqi^ are in the sabdapUcate 
ratio of the latera recta of their ellipses, 

Lastly (callin;^ the second ellipse described as above the 
auxiliary ellipse) if any two ellipses having equal major axes 
be placed ao as to have a common focal vector SP^ they will . 
have the same aaiLiliary ellipse ; and it is iaterred by comparing 
each of the two ellipses with their aaxiliary ellipse that their 
corresponding focal sectors 8QQf will be in the subduplicate 
ratio of theur latera recta provided that QQ' and SQ-{- SQ be 
equal in both. Hence, when the three lengths QQ\ SQ SQ^ 
A A' are given the area of the focal sector SQQ divided by the 
square root of the iatus rectum is determiaed. 

8GH0LIX7M. 

The substance of the preceding section may be found in 
LiXBEBT^s Jkt%pUior$i OrUUt Com$Utrum PtoprieM$9* (pp. 102-125), 
where it is deduced that the time in any are QQ' of an elliptic wrhit 
inmM about S it a /unction of SQ^SQ, the chord QQ , and the 

major axit, and does not depend upon the minor axis. For aa 
investigation of the expression for the time the reader may consult 
the Messenger 0/ Mathnnatics^ vol. vii. p. 97 : t)io result nmy qIho 
be (»btained in the same form by the followinj^ process, which has 
tiie advantage of giving a more direct geometnoal interpretation to 
some of the symbols employed. 

Assuming the results of Arts. 98, 99, and noticing further that 
•f is equal to CD (Ex. 651), let a denote the angle oCq^ and the 
angle eCf* Then 

- Co.Cn CMOS , SQ+SQ' 

im a . sm ^ - -gjr - -gji— 337 » 
and therefore l-006(pla)« ^^-^j . 

* See ftbove, p. 57 ; and for • farthor aooouat of tlw work tee tbe Mettenger ^ 
Malktmatict, vol. IZ« p. 63. 

R 
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Lei ,» denote the mean motion in the ellipse : t the time in 
the aio' QQf which it proportional to the soctorial area SQQ 
CB 

(or BQQi.Sqq) divided by tho square root of the latus rectum 

(Newton'b Prineipia, Lib. z. 8eot. nz. prop. 14, theor. 6). Than 
since in the oixde 




eeot. Sfq* - sect C^' - A ( Cqq' - Sqq) - CA* (a - sin a . co6/3), 
it may be deduced that 

ii<-{/3-l>a-Bin03-l^a)}-|j3-a-Bin(/3- a)}, 
where P + a and ^ - « are hnown fimotions of AA', QQ, and 

Tho corresponding theorem in parabolio motion had been given 
by Eltleu in t!ie MiBcellanea Berolinrm^ia, torn. vii. pp. 19, 20 (1743). 
Lambert (1 701) oxtonded it to tho t-eiitral oonics generally ; although 
Loxoll in his elaborate article {Xova Ada Academife Scicntiarutn 
Imperial^ Fetropolitana, torn. i. pp. (140) — (183), 1787) overlooks 
Lambert's references in Firefiuse and text (§§o7, 95, 213, &c.) to 
the hyperbola. On the parabola see Ezamplea 691 and 692. 



EXAMPLES. 

651. The diameter parallel to anj focal chord of an ellipse 
is equal to the projectiyelj corresponding chord of its major 
amOiaiy circle. 

652. The orthogonal or parallel projection of a parabda is n 
parabola ; and an ellipse or hjperboU maj be projected into an 
ellipse or hyperbola of anj ecoentridty. 

* 653. Shew how to project a parabola and a given point 
within it so that the projection of the point may be the focos 
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of the projection of the curve :* and thus deduce (from a pro- 
perty of the directrix) that the tangents to a parabola at the 
extremities of any chord drawn through a fixed point within 
it interaeet upon a fixed straight line. 

654. Any two similar and coaxal ellipses may be projected 
into concentric circles. Hence shew that a chord <^ an ellipse 
"which always touches a similar and coaxal ellipse is biseeted 
at its point' of contact, and that it ents <^ a constant 
area horn the outer ellipse ; and shew that the portions of any 
chord intercepted between the two curves are equal. 

655. Shew how to project any two coaxal ellipses or hyper- 
bolas into confocal ellipses or hyperbolas; and extend the 
theorem of £x. 382 to any pair of coaxal conica of the same 
species. 

656. If a chord of an ellipse and the tangents at its ex- 
tremities contain a constant area, the chord cuts off a constant 
area from the ellipse and touches a similar ellipse, and the 
tangents at its extremities intersect on another similar ellipse. 

657. If CP and CD be conjugate radii of an ellipse, and 
if the lines connecting F and D with opposite ends of the major 
•ads intersect in 0; then will DOF and an extremity of the 
minor axis determine a parallelogram. When is its area least 
or greatest? 

658. The least triangle circumscribing a given ellipse has 
its sides bisected at the points of contact. 

659. The greatest ellipse which can be inscribed in a given 
parallelogram is that which bisects its sides. 

660. An n-gon described about an ellipse so as to have 
its sides bisected at their points of contact is of constant area, 
and the n-gon formed by joining every two successive points 
of contact is of constant area. 



* Let TP and be the tangents whose choid of contact PQ passes through 
and is bisected by the given point ; and let TPQ be projected into an Moeoelet tiiangla 
right-angled at the projectioa of r(Art. 97). 

r2 
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661. If a triangle be inscribed in an ellipse, the parallels 
through its verticea to the dlometera bisectiog the opposite 
aides meet In a point. 

662. Parallel chords drawn to an ellipse through the ex- 
tremities of conjugate diameters meet the corre again at the 
extremities of eonjagate diameters. 

663. Two ellipses of equal eccentricities and parallel major 
axes can have only two points in common; and the common 
chords of three such ellipses meet in a point. 

664. P, Qj R being three points on an ellipse, a diameter 
AGA' bisects PQ and meeto BP in ^ and £Q in T\ prove 
that CN.OT^OA\ 

665. Through the oentrs of an ellipse and the points of 
oonooorse and contact of anj two tangents a similar and 
similarly sitnated ellipse can be drawn. 

666. C are similar and similarly situated ellipseS| 
and B is ooncentric with A and passes through the centre of 
{7. Shew that the common chord of A and C is pandld 
to the tangent to B at the centre of C 

667. Through a given Internal point draw a straight line 
cutting off a minimum area from a given ellipse. 

668. If the tangent at the vertex A of an ellipse meets 
a similar coaxal ellipse in T and T\ any chord of the former 
drawn from A is equal to half the sum or difierenoe of the 
parallel chords of the latter through 7 and T\ 

669. Determine the greatest triangle that can be inscribed 
in an ellipse with one angular point at a given point on the 
circumference. 

670. Given an ellipse, if a parallelogram be inscribed in 
it so that one side divides the diameter conjugate thereto in 
a conatant ratio ; or if a parallelogram be described about it so 

that one of its diagonals is divided in a constant ratio by the 
curve \ the area of the parallelogram will be constant. 
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671. The tangents to an ellipse at P and P* are parallel, 
any two conjugate diameters meet them in D and and anj 

third tangent meets them in 7' and T' ] shew that 

672. A triangle ABC inscribed in an ellipse has its centroid 
at the centre of the ellipse; shew that the tangents at the 
oppottte extremities of the diameters through C form 
a triangle similar to and four times as great as triangle ABO* 

673. If two conjugate hyperbolas having a pair of conjugate 
diameters of an ellipse for asymptotes cut the ellipse at points 
lying on four diameters 1, 2, 3, 4 taken in order: then will 
li 3 and 2, -4 be conjugate in the ellipsoi and 1, 4 and 8| 8 
in the hjrperbolas. 

674* The locus of the middle point of a chord of an ellipse 
drawn through a fixed point is a similar ellipsOi having its 
centre midway between the fixed point and the centre of the 
given ellipse. 

675. Determine the greatest uosceles triangle that can bo 
inscribed in an ellipse with its base parallel to either axis. 

676. Any two radii of a circle and any pair of the radii 
at right angles thereto determine equal triangles: what is 
the oorrespondmg property of the ellipse? 

677. Any double ordinate to a given diameter of an ellipse 
being divided into segments whose product is oonstant| the 
point of section traces a similar coaxal ellipse. 

678. If tiie tangents at T and T' to an ellipse meet on 
a similar coaxal ellipse having AA' for major axis, shew that 
the loci of the poinU [AT^ AT) and {AT'^ AT) are ellipses 
similas to the former. 

679. If PP' be a diameter of an ellipse and R be 
any two points on the curve, shew that the line joining the 
intersections of FQ^ F'B and PB, P'Q passes through the 
intersection of the tangents at Q and E and is conjugate in 
direction to FF\ 
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680. In a given ellipse shew how to place a chord pasaiog 
tfaroagh a given point in the axis which shall contain widi 
the radii to its eztremitiei a mazimam triangle. 

68 1 . From the extremities of any diameter of an elllpfle 
straight lines are drawn to either focns; shew tiiat the radii 
parallel thereto in the anziliaiy circle meet the circle at points 
lyiog on a chord through the focns. 

682. A triangle of constant area being inscribed in an 
ellipse, find the locus of its centroid. 

683. If Pand Q be projectlvely corresponding points on an 
ellipse and its major auxiliary cirde, the radius of the ellipse in 
the direction OQ h equal to the perpendicular from O to tbe 
tangent at P. 

684. AA* being a diameter of a oonie and Q any point 
on the tangent at A^ shew that the line A'Q cuts the conic 
in a point B such tiiat the tangent thereat bisects AQm 



685. If C[P| CP' be semi-diameters of an eUipse, Q and 
Q the points in which the conjugate diameters meet tbe 

tangents at P' and P respectively ; the triangle determined 
by a pair of its semi-axes is a mean proportional to the triangles 
CFF' and CQQ. 

686. If a triangle inscribed in an ellipse have its sides 
parallel to the diameters i', h'\ h'" and tbe focal chords c', c", 
0"' ; and if a, h be the axes and p the parameter of the ellipse, 
and D the diameter of the circle circumscribing the triangle* 
shew that 



687. The square root of the continued product of the six 
focal chords of an ellipse parallel to its six chords of inter- 
section with a circle is equal to the parameter of the ellipse 
multiplied by the square of the diameter of the cunde. 

• The Umoiwi is due to ICao Culla«b. (Salmon*! Conic ikctimu, Art. 869). 
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688. Shew that S'B (fig. p. 79) is perpendionlar to the 
taDgent from X to the anxillary circle. If 2r be the point 
of contact of this tangent and G its intersection with 8*B^ 

determine the eccentricity of the ellipse so that the lines CZ^ 
SGf XB may meet iu a point. 

689. Two particles describe the same ellipse subject to the 
same force at the centre : shew that their directions of motion at 
any time intersect on a similar ellipse. 

690. A given triangle maj be orthogonally projected from 
an equilateral triangle; or it may be orthogonally projected 
into an equilateral triangle. Determine by a geometrical oon« 
fltmction the magnitudes of these equilateral triangles. 

691. Prove by the method of Art. 100 that the area of 

any focal sector SMN of a parabola divided by the square 
root of its latus rectum may be expressed in terms of SM-^ SN 
and MN* 

6q2. Prove also that if be the diametral sagitta of the 
arc MN^ then 

^^^i-f^-{V(«P)±V(PK)l'; 

and from this last result deduce that 
8 



sector 



693. If In any two ellipses or hyperbolas on equal trans- 
verse axes there be taken equal focal vectors iSP, and if chords 
QQ" be drawn in them parallel to the tangents at F and so 
as to make equal intercepts on the equal focal vectors; shew 
that the chords thas drawn are equal in the two conies, and 
that SQ + iSQ' is of the same length in both, and that the 



* This is here inggeeted as perhaps the moet direct way of establiahing geome- 
trically the theorem in panbolio motion oommonly ascribed to Laxdbet hat 
pcevionily diacovered by Evlbr (Scholium, p. 242). 
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focal sectors SQQ are in the subdupUcate ratio of tbe iatera 
recta of their ellipaea or hTperbolaa.* 

694. Given, in a conic orbit de&cribed about the focus S 
tinder the action of a given force, a chord QQ^ the parallel focal 
chord, and the sum of the terminal focal vectors BQ-^-BQ'f 
the time of deacribiDg the arc is ooiwtaot.t 

695. Given the directions of two aides of a triangle inscribed 
in a given ellipse, determine the enyelope of its third side. 



• The proof is very much as in Art. 100; but the two conica are thus compared 
directly and without the iutcrpoaition of an auxiliary oooic in which the choid fq^ of 
U19 NCtor is at right anglos to tlw prindpil aadi. 

t ThSfl extended enunciation of Lambrrt's theorem (as I am informed bjR«li» 
TowNSEND) was giveu in ft lecture in the year 1815 by the hue Prof. MacCtllagh 
of Dublin, who proved tliat the sectorial area SQPQ' and the square rcxt <.f the 
latus rectum of the orbit vary severally as the sine of the angle betweeix SP and Qu't 
having preTioosly diewii tfa^ OP la oonitaati and ttat eveij ehord pazaQel to C^ff 
wbteh cota Af> la a coutaat latio la of oonataat Icngib. 
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CHAPTEE X. 

0B088 RATIO AND INYOLUTlOir. 

101. A BET of points on a straight line constitnte a Sangt^ 
or row, of which the line is called the base or axis ; and a set 

of straight Hues radiating from a point constitate a Pencil^ of 
which the point is called the Vertex or the centre and the lines 
are called Rai/s or radiants. 

The ratio of the ratios in which the straight line joining 
two points is divided hy any other two points in its length 
b called a DoMe Sedum BaHo^ or an Anharmonic BaiiOf or 
a Cross BaUo of the four points. If two ranges of four points 
have one cross ratio of the one equal to one cross ratio 
of the other, it may be shewn that every cross ratio of the 
one is equal to the conesponding cross ratio of the other: 
we may therefore in practice speak of a tetrad as having 
one cross ratio only, although its four points determine six 
segments to each of which belong a reciprocal pair of icross 
ratios.t 

102. If a Ime BD be divided at A and (7| the ratio 
AB.CDx AD.OB (which is a crofff-mtt?<^& of the ratioe 

AB CB 

and may be taken as the cross ratio of the pomts 

ABOD^ and it is expressed by the notation [ABOD], It may 



* Collinear points aro (or were) sometixnet laid to " range on a straight line"— >for 
lu example tee Booth'b <7«0MMCrteal ITclM^ 

t For a farther exposition of the principles of Anharmooio Section see 
*Mmmnf% Modmm Gtometty liU Poinf Urn md CMt^ voL ll. The puipoM 
of tlifa fibaptar ia not w mneh to ffWiah theie prindplee « to applj tham to 
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be shewn that this raiio U unaltered hy the interchcmge my 
two points of the range provided that the remainin^f two points 
he ai the same time interchanged. In other wordsi It nmj be 
shewn that 

[ABCD] = [BADC] = [CDAB] = [DCBA], 

The cross ratio of a pencil of fonr rajs is that of the range 
which it determines on any transyersal : this ratio will be shewn 

to be independent of the position of the transversal (Art. 103). 
The cross ratio of four radiants ABCD is expressed by [ABCD]^ 
and the cross ratio of four radiants Oa^ Ob^ Oc^ Od hy O {a^oQ 

or [O.ahcd]. 

Tetrads of points and rajs are said to be equal or eqmast' 
harmonic when their cross ratios are equal; and ranges and 
pencils of any number of constituents are said to be homo^ 
graphid^ when eveiy tetrad of the one system and the corres- 
ponding tetrad of the other have equal cross ratios. The 
uotation 

[ABODE &c.) = [AB'G'D'E' &cj 

u used to express that two systems whose constituents corre- 
spond in pairs are homographic. More briefly, if A and A' be 
a variable pair of homologous (t.e. corresponding) constituents 

of two homographic systems, the equation [A\ = [A'] may be 
used to signify that every four positions of A and the correspond- 
ing positions of A' have equal cross ratios. The corresponding 
notation for a pencil having its vertex at 0 is 0 [A], 

Thus far we have spoken only of oollinear points and of 
eoncurrent lines, but the following definitions may be added 
in anticipation of Art. 118. The cross ratio of Four Points on a 
Conic is that of the pencil which they subtend at any fifth point 
on the curve; and the cross ratio of Four tangeuls to a Conic is 
that of the range which they determine on any fifth tangent 
thereto. In the special case of the Circle it is at once evident 



* Tlds term is sometimes confined to systems of more than four constitueniii, but 
It nu^ be ned with equal litoeM lor the q)eciil cmw of tetrads, In plaee of tlM 
longer mnd efwofiAanMOfite. The etfll ihorter term egeal (althoo^ not in general 
00 Qoed) may often be employed with advantage ae an abbreviation for " equal «o 
vegaida cvooe ratio"— for which the torm tquierou is suggested bjr Prof. TowHesBO. 
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that these ratios are indqtendent qf theptmUon of the J(fth point 
or tangenty Binoe four given points on a circle subtend a pencil 
of etmsUmt angUa at any fifth point on the carve, and since 
the segments of any fifth tangent by four fixed tangents 
subtend constant an<j1es at the centre. It will be shewn in 
Art. 113 that the cross ratios of four given points on (or 
tangents to) any conic are likewise constant 

We proceed to establish certain Lemmas relating mainly 
(1) to Gross Batio in general, and (2) to the special case of 
homography called InToIntion, with a view to their eyentnal 
application to some of the fundamental properties of conies. 

CROSS RATIO. 

103. The eras roHo qf the pointe in which fowr fixed 
radioKtB ore met by a wiriable tranevertal is eanatant,* 

(i) Let four lines radiating from O be met by any trans- 
versal in the points ^1, i?, (7, i>, and let the parallel through JJ 
to 01) meet OA in a and OC in b. 




Then by similar triangles, 

ABiAD^ aBiDO 
and CDiCB^DOxBb. 



Hence 



which is constant for all positions of ab parallel to 0D\ and 
therefore [ABCD] is constant for all positions of ABCD without 
restriction. 



• Itia tobe noted that thia mxy important tlwoiNm of the nnelMita implkitly 
eootaina the method of OonSoal ProjootioD. 
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We have thna proved that 

[ABCD] = {aBbco], 

wlicrc X denotes the point at infinity in which aBb meets ODm 
It is to be noted that the transTersal maj be drawn lo as 
to cut the radiants (produced throngfa 0) upon either side of 
0. Thus in the figure of Art. 107 (i), considering the pencil 
whose vertex is 0 and supposing QO to meet AB in E and 
CD in Fj we have 

[DMAQ] - [BFAE] » [BECQ] - [DFCFU 

the rajs of the pencil being taken in the same order in every 

case. 

(ii) It 18 further evident that diflTerent pencils have equal 
cross ratios when their corresponding angles are equal or 

supplementary. 

For example, if SR and ST turn about S {Art 9, Cor. 1) 
80 as to be alwajs at right angles, the pencils S and ^ (^) 
arc equiangular and therefore homographic. Or again, if TS 
and I'M in Art. 60 remain fixed whilst the conic varies (so 
that the tangents from T always make equal or supplementary 
angles with T8 and TH respectively), the pencils T [P] and 
T [ Q] are homographic 

104. Condition that a variable straight line should pass 
through a fixed point. 

Four rays determine equal ranges upon any two transversals 
(Art. 108); and cohverselyi if two equal tetrads of points on 
different axes be such that three of the lines joining them 
in homologous pairs meet in a point, the join* of the fourth 
pair must pass tlirough the same point. 

In particular, if ^ be a point on one of the four rajs, they 
determine equal ranges [ABCD] and [AB'C'D'\ on any two 
transversals through A* 



• This term It used bj wmie wiiton m aa tblnwriatioa for the limjomii^ twi^ 

points. See for example HENRiorB Elementary Qtcmdrjf^ ComgrmtM Ffgmwa, §47 
(LoadoD, 1879). The *' jots'* of two lines is their oobudob pdak. 
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Conversely, if 7>'/>' and CC be any two assumed positions of 
a variable straight line, 0 their point of concourse and A that 
of BC wtxdi BG\ and if OA be a third position and DD' any 
other posttton of the variable liaoi the condition that DD' 
should pass through the fixed point 0 is that [ABCD\ should 
be always equal to [ABO*U\* 

105. Condition thai a vancibU point tlhauld lie an a fixed 
straight line. 

A range of four points subtends equal pencils at any two 
vertices; and conversely, if two equal pencils having different 
vertices be such that three pairs of their corresponding rays 
iDtersect on one straight line, the fourth pair must intersect 
on the same straight line. 

In particular, if 0 and 0* he the vertices of two pencils 
which have 00' A for a common ray, and if /?, (7, D be the 
intersections of their remaining three pairs of rays, then will 
BCD be a straight Hue provided that 

0\ABCD]^a[ABOD]. 



B 




If now (supposing the rays of the two pencils to be variable) 
the intersections of two pairs of homologous rays be at given 
points B and C, the remaining intersection D will lie on the 

fixed straight line BC* 
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This nsolt tnd that of Art. lOi may be together exprened 
as follows : 

If two tetrads of points or rays ABCD and A' BCD' he 
equianharmonic^ then if one pair [A^ A') coalesce the remaining 
three pairs (jB, jJ'J, ( (7, C), [D^ D') are in perspective, 

106. QmdiHon thai a tetrad points or ra^ may he har^ 

monic, 

(i) If BD be divided hannoDicallj at A and Cj and If the 
signs ± be used to denote opposite directionS| then it is easilj 
seen that 

AB CD AD OB OB AD 
AD' CB"^ AB'US"^ CD'AB"''^* 

or [ABCD] - [ADCB] = [CBAD] — 1. 

The condition that the range ABOD shoold be harmonic 
is therefore that the points A and O or the points B and D 

should be separately interchangeable. Each pair of inter- 
changeable points are said to be harmonically conjugate to each 
Other with respect to the remainiag pair. 

(ii) A pencil 0 [ABCD^^ will be harmonic if a transversal 
drawn parallel to one of it? rays OD be cut in equal and opposite 
segments Ba and Bb (fig. Art. 103) by the remaining three 
rajs. For example, since DP in Art. 60 is parallel to one 
asymptote and is bisected by the otheri it follows that the 
asymptotes and any two eonfvyaie diametere of a hypetMa oon- 
etitute a harmonic pendL 

(ill) A pencil will also be hannomc if two of its rays be 
the bisectors of the angles between the other two. For ex- 
ample, the tangent eand normal and the Jboal distances at any 
point of a conic constitute a harmonic penciL 

107. Properties qf a complete quadrilateral. 

Let ABCD be a quadrilateral, and let 0, P, Q be the 
intersections of {AO^ BD)^ {AB^ OD)j (AD^ BG) respectiyely. 
Then the figure as thus completed is called a Complete Qaad- 
rilateral, and PQ is called its third Diagonal 
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(i) Let the ray FO meet AD in M and BO in R. Then 

bj the properties of radiants (Art. 103), 

0 [DMA Q]^0 [BBCQ] ^P[BBGQ) ^P{AMDQ] ; 



0 




and therefore the range [DMA Q]^ in which the conjugate points 
A and D have been shewn to be interchangeable, is harmonic. 

[Art. 106 (i). 

Thus it appears that the two pencils whose vertices are 0 
and P are harmonic, and in like manner that the pencil Q 

is harmonic ; and hence that each of the three diafjonuls of (he 
comph fc quadrilateral is divided harmonically hy its remaining 
two diagonals, 

(ii) Let the sides AB^ DC of a quadrilateral meet in P 
and the sides JJA^ CB in 0. Complete the parallclof^rama 
BODE and AOCQ^ and let BB^ PD meet in V and AQ^ PD 
in T. 



O 




R 
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Then by parallels 

PC: CT^PB: BA^PV : VD, 

or PCiPV^ CTi VJ}^ CQ : VB. 

Hence PQR is a straight line, and therefore the middle 
points of OP, OQ, OR lie on a straight line parallel to PQR, 

But the middle point of OQ is also the middle point of 
AC\ since the diagonals of parallelograms bisect one another* 
and for the same reason the middle point of is also the 
middle point of JW. 

Therefore the middle paints of ike three dwffonals AO^ BD^ 
OP<]fa complete quadrilateral lie on a etraighi line. 

The straight line hisecting the three diagonals of a com- 
plete qiiadrUateral may be called the Dlametre of the c[uad- 
ri lateral (Ex. 375, note). 

fiOHOLlUli 

The fundamental anbarmonic property of a pencil of four rajB 
constitutes prop. 129 of the seventh hook of the Zv^ay^iyii of 
Pappus (toL n. p. 871, ed. Hultsch), which affirms that if iwe 
straight lines A BCD and ABCD he drawn atlteu three radiamte OB, 
OC, OB (fig. Art. 104), then 

AS.BO:AB,CBm AB. IfC* : AH. ffC\ 

This property is introduced (pp. 867 — 910) under the head of 
Lemmas on Euclid's throe books of Porisms, a subject treated at 
length hy Bob. SiicsoN in the work Be Perimatibm contained in his 
Opera quadam reliqua (Glasgne, 1776), where some things that were 
ODSOure in Pappus are made clear. In the same section of the 
^vyayioyrj (prop. 131) is contained in substance the theorem of 
Art. 107, tli;it either diagonal of a quadrilateral t# cut harmonically by 
its other diagonal and the Join of the joijis Qnote, p. 1^ 52] of its opposite 
sides (Chasles Apergu IliHorique p. 3G, 1875). And further, it will 
appear (Schol. 0) that a theorem in Pappus implicitly oontaius the 
fundamental enharmonic property of four points on a conic 

The ancient theory of transversals was revived and lazgelj de> 
yeloped in the first half of the seventeenth century by Dssaboubs, 
to whom PoNCKLET, in tlie introduction to his Traiti des Propriety 
Profeefives d^s Figures (Paris, 1822), applies the title of honour **le 
MuxoK do son si^elo" (p. xxxviii). For some further bibliographical 
information on tlie subject see Poncelet loo. cit. and Chasles 
Apergu Bieterique, Of Qabhot*8 OiowUtrie de Peeition (Paris, 1 803) 
Fencelet remarks (p. xliv) that in that work ** se tronve ezposte 
pour la pienuire fois et dans touts sa g^n^ralit6 eette helle Thteis 
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dee transvenales dont nous avons ai Bouyent parl6 dans oe qui 

prdcMe, et dont les Anciens n'avaient fiait qu'entrevoir les principes 
et la f(6condit6." This method has been, still further developed by 
Chasles " qui a mis en oeuvre d'une maniero tres-heureuse les 
riiicipos do la Theorie des transvorsales pour d^inontrer la plupart 
es tlieoiemes de Moxoe" (ibid. p. xlv). A good section on Trans- 
▼ersals was contained in the 12th edition of Huttou'a Cou/Me of 
Jtatkmtftieh ▼ol* u. 214-46 (London, 1843). 

For the crow ratio— or as he called it " Doppelschnittsrer- 
haltDiss'' {ratio hinnectionalis)* — of four points Moebius introduced the 
notation C, D) in his celebrated Barycentrischt' Ca/cul, § 1 83, 

p. 246 Leipzig, 1827); and he used the notation '{c, d, b, a) for the 
cross ratio of the range determined by four lines c, d, b, a upon any 
transversal e (p. 256). Ciiasles {TraiU de^ Sections Coniques Ft. i. 
p. 7, 1865), following the example of Mobius, adopts the notation 
{a, bf c, d) for a point^tetrad, and usee 0 (a, b^ c, d), an abbreyia- 
tion bj separation of symbols for ( Oa, Ob, Oc, Od), to denote the 
anharmonic ratio of a tetrad of radiants. More generally, whether 
the letters denote points or lines, we may write 0{abcd] for the 
croFS ratio of the ''joins" of (0, a), (0, b\ {0, e), (0, d). The 
form [0 . abed], used in Salmon's Conic Sections, is a convenient sub- 
stitute for 0 [abcdl in cases in which cross ratios are compounded 
with one another (Mobius, p. 257). 

The tenn Anharmomc was inyented biy Chasles and has been 
widely used; but it is an artificial word and wanting in brevity, 
and perhaps ought rather to mean non*liannonic. The short and 
significant term Cross Ratio (which expresses the result of com- 
pounding two simple ratios crosswise) was coined by the late Prof. 
Clifford, and may bo found in his Elemeuts of Dynainics (p. 42) 
published some four or five years later (Loudon, 1878). It may be 
used also with a secondary reference to the transyersal or eross-line 
on which the ratio is estimated. 

INVOLUTION. 

108. If three or more pairs of points A^A'\ B^B\ 0^ C; 
&C. be taken on a straight line at such distances from a point 
O thereon that 

OA. OA' = OB, OB' ^OC.OC'^&c, 

.they are said to constitate a system in InvoluHon, The point 
0 is called the Centre and the points {A^ A'), {JB, B)y (C\ C')} 
See, are called Conjugate Fointe or Couples of the involntion. 

The centre is evidently conjugate to the point at infinity upon 
the axis. 



* STSiK£a colled it " Doppclrerbaltuiai.^ 

8 



Uiyiiized by Google 
I 



258 CBOflS RATIO AXD INVOLUTION. 

If the aeveral points of an involution lie on the same side of 
the centre as their conjugates respectively, the prodocta OA • 0A\ 
&c. are to he regarded as positive, and the involntion b said 

to he panttve ; hot If conjugate points tie on oppoette sides 

of the centre the involution is s«'\id to be negative. In .1 positive 
involution there are two points i^antl K (on opposite sides of the 
centre) each of which coincides with its own conjugate : these 
are called the Double Points or Foci of the involution. In a 
native involution the foci are imaginaiy. 

When two pairs of conjugate points B and A\ ara 
given tLe involution is completely determined. For if two 
pairs of parallels be drawn through A' and W rcspectivelj, 
and if they intersect in P and the line PQ evidently meets 
the axis of the involution in a fixed point 0 such that 

OA I OAm. OP: OQ^ OB : OB, 
or OA.OB^OA'.OB. 




Thus the centre 0 and the constant of the involution are knowui | 
and the system is completely determined.* 

A Pencil of Imes in involution is a pencil which determines a 
row of points in involntion on any transversal: every sach 
pencil has one pair of Ihuhle Rays, on which lie the double 
poiuU of all its transversals. [Art. 1 12. 

109. A system of circles having a common radical axis de' 
Urmine pairs of points in involution on any traruvenaL 

For if a system of circles be drawn through two points F 



* The six lines ioining any four points PQP'Q' determine an involution on 
tranirenal: the ooiutnictioQ in Uie text raolto fxom taking 
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and and if a traDsversal meet PQ in 0 and meet anj two of 

the circles in A' and /?, Bj it is evident that 

OA.OA'^OB.OB'^ OF.OQ. 
Gonvenelj, if cirdes be drawn throagh the seyeral pain of 
conjugate points of an involntion and throagh a common ez* 
ternal point P, they will all meet at a second fixed point Qj 
such that PQ passes through the centre of the involution. The 
^oci of the involution are the points of contact of the two 
circles which can be drawn through P and Q so as to touch 
the transversal : these points are imaginary when P and Q lie 
on opposite sides of the transversal. 

110. A pencil of rays tn Mvolutum hoB tn general two eanfu* 

gate rays only at right angles / hut if ttoo pairs of conjugate rays 
be at right angles every two conjugafe rays are at right angles. 

Let P be the vertex of a pencil in involution, and let a 
transversal meet two pairs of conjugate rajs in A^ A' and B\ 
Then the circles A PA' and BPS' determine bj their intersection 
s second fixed point and every circle through P and Q meets 
the transversal in points 0 and 0' sach that FC^ PC are con- 
jugate rays. [Art. 109. 

Now in order that the angle CPC may be a right angle 
the centre of the circle CFG' must lie on the axis of involution. 
In general one circle onlj can be drawn through P and Q so 
as to have its centre upon a given transversal ; hot if two circles 
can be so drawn the transversal mnst bisect FQ at right angles, 
and mnst therefore be the locns of the centres of all the circles 
that can be drawn through P and Q, 

It is hence evident that a right angle turning about its 
vertex generates a pencil of rays in negative involution : for 
example, the conjugate diametere of a circle oonetilute a negative 
involution. 

It is farther evident that thero an two points (one on each 
Mcle of the axis) at which all the segments of a range in 
negative involution subtend right angles. 

111. If a row of points he in involution any four of them and 

tlieir four conjugates are e^uicross^ and conversely, 

89 
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(i) For if (A^A'), (A^')i (^i O'h (A^) ^ oonjagate 
P9int8 in an involiition of which 0 is the oentrei then nnce by 
definitiooi 

OA' I 03* ^ OB : OA, 

therefore A'B' : OB'^^AB: OA; 

and mnilarif C'lT : OU^OD i OC. 

Hence A'B'.C'jD' :' OB\OD' = AB.CD : OA. OC; 

and in like manner (or by merely interchanging B and i>, 
and B and H)^ 

A'D'X'B' : OB'.OD'^AD.CB : OA.OC; 

and therefore {^'P CD') is equal to [ABOJ)\j or every four 
points and theur conjugates are eqmcrossi as was to be proved. 

From the general relation [ABOD] - {A'BO'iy}^ where the 
several couples may be taken arbitrarily, we deduce as one 
form of the relation between three couples in involution {by 
substituting A' for I) and A for J)'), that 

{ABOA'\ = {A'B'C'A], 

which readily reduces to 

AB.BC. CA' = A'B. BC. C'A. 

Another form of the relation between the three couples is 

{ABA'C] = {A'BAG'}, 

AB.A'C _ A'B'. AC 
^' AO.A'B^ A'C'.AB^ 

or AB.AB' : AC. AC = A'B. A'B' : A'C.A'C. 

Gonvenwly, when one of these relations is established the 
three couples .^1^1', BB^ CC are proved to.be in involution. 

(ii) Otherwise thus. Let circles be drawn each through two 
coujugate points of an involution so as to cointci-sect at points 
Pand Q (Art. 109). Join Pto any four of the points and join 
Q to their conjugates. Then it may be easily shewn that the 
two pendls thus formed have their angles equal (or supple- 
mentary) each to each,* and are therefore equianharmonic 



• ?or tUl proof BM VoDoireU's Esetrem$ on Euclid and in Modern Gtonetry, 
▲rU. 206, 7 (Cambridge, 1878). 



Uiyiiized by Google 



CBOfiS RATIO AND INVOLUTIOH* 



261 



112, l%e/oci and any two om^ugaJtB paints of on tfiiioAifibn 
oaJMitlftfle a harmomic range^ 

This is evident from Art. 35, Cor. 1, where A and A* may 
be taken as the foci of au iuvolutioQ of which S and X are anj 
two conjugate points. 

GoDverseiy} any two points 8 and wliich form a harmonic 
nmge with a pair of fixed points A aod A' are conjugale points 
in an involntion whereof A and A' are the foci, 

SCBdXJUlC B. 

The theoipr of Involution was laid down I^Desaroues (1593 — 
1662), the friend of Descartes and teacher of Paaoal, in his Bbov- 
nijOir Proibot atteinU aux Mnemaru d^s renconirei ^Tim Com 
auec un Plan^ diHcovered in mannscript by M. Chnsles in 1815, and 
printed in Poudra's two volume edition of the (Euvres de Desarjuetf 
vol. r. ])p. 97 — 230 (Paris, 1864); an analysis of the work being 
ulbo given, in which its strange and embarrassing terminology ia 
replaced by the expressions now in use. 

The germ of the theory is eontained in lib. Tix. prop. 180 of the 
ColUetio of Pappus (p. 873, ed. Hulteoh), which may be stated 
oonyersely as follows : 

// the tides of a triamgh FQR meet a tranaNnal in A, C, and 
if the three radiants from any point 0 to iU oppOiiU vorticii tnoU tk$ 
transvertai in i*, Ji^ D retpecUceijfp then 

AF,CBiAB,CFmFA.DBi FE.BA. 

That is to pay, tho opposite sides and the two diof^onals of any 
quadiiluteral OIHIH meet tiny transversal in pairs of points (J^, Z'), 
(i/, A'), (C, in involution, the cross ratio \AFCh\ being equal 
to \FADE\. 

Dbsarouss, having defined and establiihed some propertiee of 
his Involution de six PoinUt and having enunciated the so-called 
theorem of Ptolemy in a new form, next shews that the pencil sub- 
tended at any vertex by six points in involution is cut in points in 
involution by any transversal (Poudra, pp. 247, 256 — 8) ; he fully 
establishes the theory of poles and polars (sometimes wrongly 
attributed to do La Hire), shewing inier alia that tho three pairs 
of ehords joining four points on aoonio detennine a self-conjugate 
triangle, and not omitting to notice also the ease of polar planes 
(pp, 263, 72, 90) ; and he proves that any conic and the Bidsa of an 
inscribed quadrilateral determine points in involution on any 
transversal (p. 208). It is to bo observed that he regards six 
points as constitutiiij^ a complete involution (which however does 
not really detract from the generality ol his conclusions), and that 
he uses the term Involution do fturiroFoiiUi to denote tho two double 
points or foci together with a single pair of conjugate points ; that 
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is to say, he regards a harmomo range as aa iuTolation of lonr 

points. 

It may be well to quote from Poudru'a vocabulary of terms 
used by Desarguee ((XiiwrM, i. 101) tke explanation of the still 
soryiTing term /n/volufioM, which signifies ** Trois oouples de points 
tels^que oa x oa ob x oh' >= 00 x 00 et que tous les points oonjngnte 
Bont tous m61^ on d^^lte entr* eux." 



ANHABMONIO PBOPEBTIES OF CONICS. 

PBOPOBITION I. 

113. The cross ratios of four fixed points on a conic and of 
the tangents thereat are constant and equal to one another.* 

(i) From foar fixed points i?, (7, D on a conic draw 

chords to any point P on the curve, and produce them to meet 
the /S-dlrectrix iu abcil respectively, so that 

F{ABCD} ^F{abcd\ » 8 {abcd\. 




Then since tlic angles aSb^ bScj cSd^ being equal or 
supplementary to the halves of the constant angles ASB^ 
BSC, CSD respectively (Art. 13), are themselFes constaQti 
it follows that 8 [abed] and P[ABOD] are constant, whatever 
be tbe position of P on tbe cure. Convenely, a conic can 
in general be drawn throngh six pointsf PFABCD so related 



• The reciprocal properties (!) and (ii) were stated in their direct and oonTcne 
forma iii Stkineu's St/stematische EiUickkdung dtr .\hhdn(jxijhc'\t ffeometrischer 
GettaUtn von einanutr, pp. 156, 7 (Berlin, 1832), where it ia remarked that: "Die 
BttM liaka [= (iijj aind, ontw aiid«rar Itoiiii abgefaaat, bakaast." The property 
P) waa giTwt (far the ciide) In CaASmP O iom ilr i t SupMmrt, § 668 (Pto^ 18ft»). 

t The six pointa in Art. 105 may be Mgaided ^jing on s oooio wUdi tea 
angonenitod mto« pair of atiaighft linaa. 
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that P{ABCD]=F'{ABaD}'j or if A BCD he fixed pointB, 
aod F a variable point such that F[ABCJ[>] is oonstanti the 
locos of Pis a conic through ABOD* 

(ii) Next let the tangents to a conic at four fixed points 
ABCD meet the tangent at any fifth point in the range alfcd. 




Then since the angles aSb^ bSe^ c8d^ being equal or 
supplementary to the halves of the constant angles A8B^ 
B8Gy C8D respectively (Art. 13, Cor.), are themselves 

constant, it follows that S [ahcd] or [ahcd] is coBStant. Con- 
versely, a conic can in general be described touching six 
straight lines so related that four of them determine ranges 
of equal cross ratios [ahcd] and {ab'cd\ on the remaining 
two; or if four fixed straight lines meet a variable straight 
line in a range of constant cross ratio, the variable line envelopes 
a conic touching the four fixed lines. 

(ui) Lastly let P be a fixed point on a conic, PQ a variable 
chord meeting the >S-directrix in /i, and let 2' be the point 
of concourse of the tangents at P and Q, 

Then since the angle B8T is always a right angle (Art. 9| 
Cor. l)y 

P[Q]=P[R]^8[R}^S{T}^{T}, 
or the pencil sabtended at P by any four positions of Q on the 
curve is equal to the range in which the tangents at the Q's 
intersect the tangent at P. 

CorolUtry 1. 

If two angles MBD^ MOD of given magnitudea turn about 
Bf 0 ae poles in such a manner tktU the intersection M of two 
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oftheit arms describes a sira^hi Ztiie, the tntenedion D of their 
remaining arm$ describee (tit general) a conic pasauig ikrwigk 
B and 0/* for since 

a conic can be drawn through 0 and any fonr positioDS 
of D ; and three assumed positions of D together with B and C 

(Ictcrmiiie a single conic on which every other position of D 
must lie. But if the straight line described by J/ passes 
through B or C, or if the pencils B[D] and C[D] have a 
common ray, the locus of i> is a straight line. The general 
case aflfords a ready means of drawing a conic through five given 
points. [fix. 367- 

Corollary 2. 

If three straight lines mdj dr, rtn turn ahout given pohs 
B, C, whilst VI and r move along fixed straight lines PG 
and PQ, the point d describes a conic pasiing through B and C; 
for it is evident that 

Bld]=^{m]^{r]^C{d]. 

It appears (by taking special cases) that the point P and 
the intersections of BBj PQ and CD^ PG likewise belong to 
the locus: and conversdyi if these three points and B and C 
be given, the lines PQ and PQ can be drawn, and the locos 

of J, which is the conic through the five given points, can 
be traced.f 



* This is Nkwtu.n's uiciIickI of generating oouic becLiuua. The theorem is proved 
in tilt Principia, Ltb. I. Seot. ▼. Ummm SI, whm it ia dednoed from Icmm 
20 [sEs. SO], and tbia again ftotn fifta thMwam Ad qmimt U>m» (Soholinm C). 

It is also stated, with generalisations and limitations, in his Ennmcrotto Linearum 
Tertii Ordinh, Ci\i>. vii. 'scq p. 26 in Talbot's translation, TjOndon 1861 ; or Newtosi 
Optra qua exstant omnia, vol. I. 556, ed. Horsley, London 1779), under the head; 
De Curvarum Dt4Cripliom Oryanica. 

t Thia method ci. drawing • oonio tiuoagh fiva i^ten pdnta waa d ia eovwad bj 
Maclavriic in 1728 althoog^i not pobBahad by Um till 17S6. In tha Phihtepkkai 

TransactioM of the Royid Seeietjf of London (vol. vill. p. 60, 1809) he shews how to 
de<luce it by olvmentary geometry from the above mentioned Icnuna '20 of the 
Principia, '' wliich itgtlf is a case of tliis description" (p. 43). Braikenridgc, wiio had 
already p\ibU3hcd Miiclaurin's construction, is said to have bacn in oommuuicauun 
with bim and to hare been made acgnainted with Ua tbeonma in 1727 {ibid, pp. 6, 4B), 
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PBOFOSmON II. 

114. The diameters of a conic form a pencil in involution 
tn which conjugate diameters are eanjugate rays. 

(i) For imee any two conjugate dtameten meet the 

^directrix io points V and V snch tbat 

XV.XV'^ CX.SX^a coosUnt, [Art. U, Cor. 4. 

therefore VV and OP are conjugate rajs in a pencil in in- 
▼olntioD. This involation is ne^jatiue in the ellipse, and positive 
iu tlic hyperbola: in the latter case the asymptotes are the 
double rays. [Art. 53. 

(ii) The centre of the inTolntkin determined by the pencil 
of diameters on any tangent is at its point of contact| since 
this is eridently conjugate to the point at infinity upon the 

tangent. This is in accordance with Art. 47, from which a 
second proof of the proposition may be derived. 

Corollary 1. 

From a fixed point 0 draw the perpendicular OP to a 

variable diameter (7P, and produce it to meet the conjugate 
diameter in D\ then since 

the locus of i> is a conic through 0 and 0, and it evidently 
has real points at infinity on the axes of the original conic. 
At the four points of concourse of the conies the positions of 
OD are normal at D to the origmal conic Hence we infer that 
there are fowr points cm a given conic such that the normals 
thereat cointerseot at a given paint 0, and the four paints lie on 
an equilateral hyperhohy which passes through 0 and through 
the centre of the given eonicj and has its asymptotes paraUel to 
t/ic axes of the latter.* 



• This method of dmwing » noniMl OD to » ooole horn a givea point 0, with 
iho he^ ol w oqdlalenl hyperbola, is given bj Apollosiub in hie Comtt, lAh» v. 
prope. ftS-€8, where he regards the normal as a line dmwn firom 0 so tbet the 

intercept upon it between D and the axis of the given conic is a xninimnm. For 
another treatment of norraulssee Prof. Ckkmona'8 article On Xurmnhto Conies, in the 
Ox/. Camb. atul Dublin Mtsseiiger of ilathmmtxcSy vol. ill. p. 88. See also £x. 286, 
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Corolloarif 2. 

By drawing OP to meet GP (Cor. 1) at anj other given 
angle and in a given " sense" or direction of rotation, and 
proceeding as above, we determine a conic passing through 0 
and G and having its asymptotes (real or imagioarj) parallel 
to those oonjagate diametera of the given conic which oontain 
an angle equal to the given angle; and the two conica inteneet 
at four points D each that OD meets the given conic at the 
given angle. If the sense of rotation bo not gpven, four other 
positions of OD (making in all eight), which meet the given 
conic at the given angle, can be in like manner determinecL 

SOHOLIUX 0. 

The oelebrated problem of the Loetu ad quatuor Umsai* (iwvtc 

cVl h' ypa/i^a'c) — handed down by Pappus from his predecessors 
without solution [Colledio Lib. vii , vol. ii. pp. 677 — 9, ed. Hultsch), 
solved only by liis new motliod of coordinates by DKscAftTEa 
(Ofiometria Libb. i. il. 7 — 16, 24 — 34, ed. Scbooten, 1G59), and at 
lenglii oompletelv solved by Nbwton {PrimipU Lib. i. Sect y. 
ienmi. 17 — 19) by the elemeiitaxy geometiy of ApoUonine— im- 
plidtlj contains the fundamental anharmouic property of four 
points on a conic (Art. 113). The problem and its Newtonian 
solution ave as follows. 

(i) If P h$ any point of a conte and ABDC a given in$er%h§d 
trapezium, and i/iiraight lin$9 PQ, PR, PS, PT meet the sides AB, 
CDf ACt DB respectively at given angleg: the reUamgU PQxPM m U 
the rectamgU PS x PT in a given ratio, 

«. Pucst let PQ andlPB bo parallel to AC, and PS and PT 
parallel to AB; and let the side JW bo also parallel to AC. Then 
since PQ .QJl Y&iies as AQ.QB, ''per prop. 17. 19, 21 & 23 
lib. III. eonicorum ApoUotiii^* (Art. 16, Cor. 1), if A' be the point in 
which PQ meets the eoiiic again ; and since the diameter of the 
chords AC, BJ), KP bisects also the intercept Qi2, so that 
QK^PPi it l611owstliatP«.Fi2 varies as AQ QB or P8.PT^ as 
was to be proved. 

h. Next let BD be not parallel to AC* Draw Bd parallel to 
AC meeting ST in T and the conic in d. Join Cd ontting PQ in r, 



note, where if Tand U be given T' and V can be at once dcteruiined ; and thiia 
from the interBOction of any two normals to a conic two other nurm^ils can be drawn. 
CoroUariea 1 and 2, m they itand, are takwi from OHASLnf TrmU dee Seetiems 
CMfiMi^ 6liq>. viL pp. 14S-4. On the psnbdU aee 617, noleii 
• 8Mt]i0lit]iogii|ilMdllgqrBN<>.a, 



Digitized by C'cxtgle 



% 



CB068 RATIO AND XNVOLimON. 267 

and draw DM paraDel to PQ cutting Cd in Jf and AB in K. Then 
by similar triangles, and by parallels, Bt (or PQ) is to Tt as DIf 
ioNB i and ^ la to (or PS) as BMio AM', and therefore 

Pqjtr : Pa.TtmTt^ NlfMi reet ANB* 

« PQ Pr : PS.Pt, by case a, 

mPQ,PM : P/S.PT, dividend©. 

e. Having thus shewn that this last ratio has tlio constant 
Talue DN.DM : AN.NB, wo soe at once that PQ.PR will still vary 
as PS,PTi( PQ, PR, PS, PT bo drawn each at its own constant 
inclination to AB, CD, A (7, DB respectively. It is further evident 
that if PX and PYhQ drawn to meet the diagonals AD and BC fxt 
constant angles, each of the ratios PXPYi PQ,PR : PS.PT ia 
constant G^nyerBely (lemma 1 8), if PQ.PR Taxiss as PSJPTt the 
loons of P is a conio oiienmscxibing ABCD. In lemma 19 and its 
two corollaries Newton completes the solution of the problem by 
shewing how to determine the actual locus of P for a given value 
of the ratio PQ.PR : PS.PT; and ho concludes by remarking with 
evident satisfaction : " Atque ita problematis veterum de quatuor 
liueis ab jLuclide incoepti & ab Apollonio continuati non calculus, 
sed oompositio geometrica, qualem veteres queerebant, in hoc 
oofbllario ezhibetor.*' 

(ii) The anharmonic property of four points on a conic follows 
immediately from the above theorem Ad quatuor lineat. For if 
PQ, PR, PT be perpondionlars to AB, CD, AC, Pi) re- 
speotiTelj (of . Art 94}^ so that PQ.AB'^ PA.PB tauAPB, fto., 
and thus 

PQPn.AB,CD fan APS anCPD 

PS.PT.AC.BD ■ Bin APC ' BmBPD^^^^^^'* 

and if the ratio PQ.PR : PS PT and tho trapesium ABDC be 
given ; the cross ratio P[ABCD\ will be constant. 

(iii) Q&ASLBS and others have proved the constancy of the cross 
ratios of four given points on or tangents to a conic by projection 
from the circle, and have taken the properties thus proved as the 
foundation of their treatises on conies: but tho most elementary 
proofs of the properties in question are those which we have 
adopted in Art 118 from the Geometrical DmtmtNslum of tho 
AMtrmmno Propertieo of a Oonie contributed by Mr. B. W. HoshBi 
Fdlow of St. John's College, to the Qmriorljf Journal of Mathematici, 
vol. IV. 278 (1861): his proofs assume only those simple angle- 
properties of tho focus of a conic which reduce, when tho directrix 
is removed to infinity, to the fundamental angle-properties of the 
circle (Scholium A, p. 22). 



* This notttfeion was fomierlly in um lor the x«etsB|^ ANJfB. 
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BECIP&OGAL POLAES. 

PBOFOSITION III. 

115. The polar any pomi wiA rttpeei to a eotUe u a 

straight Une^ and conversely,* 

(i) Let a variable chord be drawn to a conic through a 
given point 0, and let the tangents at Its extremities intersect 
in T; then will the locot of IT be a straight line. 

For if the variable chord and its diameter OT meet the 



V 



B 




directrix in B and V respectively, then since i8^*iSTjand 
OE^ 8V Brest right angles (Arts. 9, 14), therefore 

S{T]^S[E]=^0[E] = SIV] = CIT], 

And since the homographic pencils 8[T] and C{T} have 
a common ray 08 (the point T lying on the axis when OE 
is a principal ordinate)| the locns of 2* is a straight line. 

[Art. 105. 

Conversely, if T be any point on a straight line, it may 
be shewn in like manner that its chord of contact dcterniinc-i 
homographic ranges [E] and [oo ) on the directrix and the 
straight line at infinityi and hence that it passes through a 
fixed point. [Art. 101. 

(ii) Otherwise thus. Let PL and PN be given tangents 
to a conic, PME any chord through P, aud 0 its intersection 

* For other proofi of the propcrti«» of polan see ArU. 17, 18, 41, 93. 
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with ZiV; and let and ^ be the mteraections of the tangeots 
Then since the cms ratioB of the tangents at X, if, R 




and of their points of contact are equal (Art. 113), thei^fore 
(estimating the former on the tangent at -N and the latter on 
the transversal MB) we have 

{PA XB} = L [LMNR] = { PMOR] ; 

whence it follows that the tangents AM and BR intersect on 
the fixed straight line NO^ and conversely. [Art. 104. 

PB0P081TI0H IV. 

116. A row of points on any axi$ and their poktn tnth 
rtiped to a conk are homographie^ and they determine an 
involution on ^t axio. 

(i) It follows at once from the construction of Art. 115 (i), 
where R8T is a right angley that if 2" be taken on the polar 
of a given point 0, then 

or the points T and their polars OR are homograph ic. 

(ii) Otherwise thus. In the preceding figure, if the eqnal 
cross ratios L{LMNR] and N[LMNR] be estimated on the 

*tnnsver8al MR^ then 

{PMOR] = {OMFR]^ 

or 0 and F are harmonic conjugates with respect to if and J?. 

[Art. 106. 
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HcDcc, as P moves along MR^ the points 0 and P an 
ooiipleB in the inToliition of which M and R are the fod 
(Art. 112) ; that is to say, if P be a yariable point on the 
polar of any given point and (}0 be the polar of the 
range [P] is homographtc with the pencil Q {0}, and the two 
together determine an involution on the polar of Q. 

Corollary 1. 

If a pair of pomts divide a chord of a conic hannonicallj, 
each point lies on the polar of the other, and the two are 

said to be conju(]ate with respect to the conic. From the reci- 
procity of the relation between such points it is easy to deduce 
the theorem of Art. 17, Cor. 1, that the intersection of anif two 
Btraight Umb ia thejx>le qftha line which joine their poke. It is 
evident that a eifetem of eanica AamSn^ a common e^'polar 
triangle (note, p. 272) deteirmme an invahoUm on anjf tranevereal 
drawn through a vortex of ihe triangle, 

CoroUary 2. 

Two straight lines are said to be conjugate toiA ruped to a 
eon£c when ihey paee each through the polar cf the other^ or in 

other words, when they arc harmonic conjugates with respect 
to the two tangents (real or imaginary) that can be drawn to 
the conic from tbclr point of concourse. From a given point 
there can in general be drawn one pair only of straight lines 
alt right anglee to one another and conjugate to a given eonie 
(Art. 110) ; but if the given point he a fieue^ every two eonjugate 
Itnee draim through it are at right angles (Art. 7); and con- 
versely it may be shewn that no other real point ia bo related 
to the conic. Notice that conjugate diameters are also conjugate 
lines in the sense of this corollary. 

PBOPOSITION Y. 

117. //' the locus of a point he a conic the envelope of its polar 
with respect to a conic is a conic^ and conversely. 

Take four fixed points ABCD and their polars with respect 
to a conic: and take a variable point P and its polar with 
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respect to the same eonic: and let the fixed polan meet the 
polar of P in the points a, <7 respecttTelj. 

Then by Art. 116, the points a, 5, c, d are the poles of 

PA,FBjPC^PD', and P[ABOD] is equal to {abcd]i and if 
the one be constant the other is constant. 

Hence, if the locus of P be a conic passing through the 
points ABCDy the envelope of the polar of P will be a conic 
touching the polars of ABGD^ and converaelf. [Phip. I. 

ChrcUary. 

To any figure generated by points or jwhs con'csponds a 
reciprocal figure generated by their polars with respect to 
any assumed auxiliary conic; and any property of the one 
fignre implies a reciprocal property of the other. The method 
of deducing ledprocal properties from one another will form 
the subject of Chapter xii. NotieOi as a special case of 
the proposition, that any conic raay be regarded as its own 
reciprocal, its several points being the poles of the tangents 
thereat. Also see Scholium E at the end of this chapter. 

THE TRIANGLE. 

PROPOSITION VI. 

118. If two triangles circumscribe a conic their six vertices 
lie on a coni(\ and roin-rrs ///. 

Let ABC and BUF be two triangles whose six udes touch 
the same conic: let BC meet BF in d and EF in e: and let 
DE meet AB in b and ^67 in e. 
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Theo by Prop. I, aboe the four taof^nts AB^ AC^ FD^ FE 
are faomograpbic with respect to the tangeota BC and 
therefore 

or F\BQDE\ - A {BODE\ ; 

and therefore the bIx points ABODEFVtd on one conic. 

Gonyeraeljy if the six vertioes of two triangles lie on a conic, 

it may bo shewn in like manner that their six sides touch a 
conic 

Corollary 1. 

If the enveloped conic be a parabola, and if D be taken at 
its focus and £ and F at tbc circular points at induity (Chap. Xl)^ 
the conic through ABCDEF becomes a circle. Hence the 
ekreumsoribod circk qf any triangle ABO whose eieke iouch a 
parabola pasaee through the focus (Art. 39). 

Corollarg 2. 

If two conies he so related that a single triangle can be 

scribed in the one and circumscribed to the other , an infinity of 
triangles can he so circuminscribed to the two conies. For XqIABC 
be the first triangle, and ah any chord of the outer conic which 
touches the inner: complete the triangle abc by drawing the 
second tangents from a and b to the inner conic: then the 
point c most always lie on the same fixed conic with the pouts 
ABCab. 

PBOPOSITION YII. 

119. If two triangles be self-jpohn^ with retipect to a conie^ 
iheir six vertices lie on a eonicy and their six sides touch a eonie. 

Let ABC and DEFhe two triangles self-polar with respect 
to a conic :t then evidently the join of any two of their six 
sides is the pole of the join of the opposite vertices. [Art. 116. 



* A triangle may be called self-polar with respeet to a oonio- cf . the French tcm 

** autopoloire" — wlien each vertex is the pole of the opp>ogitc side. Such trianglos are 
iisnally tertncii si /f-cioijiu/ntf^ and some writers call them stlf-r^ci/iroaJ. The rerticca 
of a Bclt-coujugaie triangle constitute what is called a Coftjij^atc (or self -con jugate) 
TWotfof pointi. 

t 8eetlwUt]u)itiipliedilgnnKo.4. 
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Let BC meet AD m d and EF in d' : then d' is the pole 
of AD^ and d and d' are therefore conjugate poiots (Art. 116) 
with respect to the conic. 

Alao let BG meet AE In e and DF m : then e and e are 
Hkewue conjogate points with respect to the conic: and it is 
evident that B and 0 are conjugate with respect to it. 

It follows that the points BO^ dd\ ee* are couples in in- 
volution, and hence (Arts. Ill, 102) that 

[BCde] = [GBde] = [BC^d']^ 

or A {BGDE\ » F{BGDB]. 

Therefore a conic goes through the six points ABCDEF\ 
and therefore another conic (Prop. Yx) touches the six sides of 
the two triangles. 

Gorollary 1. 

Ift^pon a given conic one triad o/pointi sdf-'^o^uffaU vM 
rcBped to a second given conic can he determined^ an infinity of 
sticil friade can he determined upon it. For if ABG be the 

first triad, li any other pointy on the first conic, S one of the 
points in which the polar of R with respect to the second conic 
meets the lirst, and T the pole of RS with respect to the 
second conic ; the point T must always lie on the same conic 
with ABGB8, By taking B at the centre of an equilateral 
hyperbola, and 8 and T at the circular points at infinity 
(Chap. XI.), we deduce that the drele throiu/h any conjugate triad 
with respect to an equilateral hyperbola passes through its centre. 

[Art. 64, Cor. 4. 

CoroUary 2. 

Let the first conic become a circle, and let Q be one of its 
points of concourse with the second conic. Next let the points 
R and S coalesce at so that the inscrihed self-polar triangle 
B8T degenerates into the vanishing triangle QQT: then T 
becomes the pole with respect to the oonic of the tangent to the 
drde at Q. ConverMly, i£ QQ any chord of a conic and 
jTita pole, the drcle drawn through 2* so as to touch QQf Bi Q 
(or Q ) is such that an infinity of triangles self-polar with respect 
to the conic can be inscribed in it. 

T 
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Corollary 3** 

Let the circle descnbed as above meet the diameter CT o£ 
the conic in a second point and let V be the middle point of 
QQ^ and CP, CD the semi-diametors coDjugate and parallel 
toQQf. Tbennnoe 

it followB that CT. Vi \% equal to and heDce that 
CT.Ci^GF't C1J^^GA*±CS^\ 

and hence that thfi circumscribed circle of any triangle self-polar 
with respect to a conic ia orthogonal to its director eirde. In the 
case of the parabola every rach circle is orthogonal to tlie 
directrix, or has its centre upon the directrix. Otherwise tbm: 

let any circle in which sclf-polar triangles with respect to a 
conic can be inscribed meet the director circle in O and the 
chord of contact of the tangents OQ^ OQ to the conic iu F and 
P'; and let V be the middle point of QQ, Then since the 
points P and F are conjugate) and since the angle QQQ is a 
right angle, 

and therefore the line VO^ which Is normal to the director drele 
at 0, is the tangent at 0 to the circle OFF* 

THE QUADRILATERAL. 

PBOPOBTTfON VIII. 

120. The intersectiona of the opposite sidts and of the 
diagonals of a quadrilateral are a conjugate triad with respect to 
every eonio dreumserihing the quadritateraL 



• The former of the two proofs of GASEfN's theorem (note, p. 186) in Cor. 3 is 
dne to M. Paul Scrret {NouvrUf* Annnhn XX 79. IHfll). The theorem may alsio ba 
proved independently of Prop. VII., as follows: let Ix- any chonl of an ellipse, 
V and rita middle point and pole, and R any two conjugate points upon it, ao 
that VP,VRsQV\ Let theoiiele roimd TPB meet VT again in Ox then it nay 
be ilwwn that VO.VTz:QV\ and hence that CO.CT = CA* -k^ C» {Svm. 
Awn, ZX. 25). Bee also the Qmrterly Jornntal of Alaihem<aie$ X. 129. 
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If ABCD be any four points on a eonici and OPQ the 
intersections of (-40, BD), {AB, CD), {AD^ BC)i then since 




the line OP and the point Q divide both AD and BO 

harmonically (Art. 107), therefore OP is the polar of Q. 

In like manner OQ is the polar of P: and therefore 0 is 
the pole of PQ^ and the points OPQ are a conjogate triad, aa 
was to be proved. 

CoroBafy 1. 

To draw tangents to a conic from a given point Q with 
the ruler anly^ draw any two chords QAD and QBC from the 
given point: let the line (the join of the joins of AB^ CD 
and AC, BD) cat the conic in T and 7*: draw QT and QT^ 
which will be the tangents required* 

Corollarif 2. 

From a given point P draw a fixed chord PAB and a 
variable chord PDC to a conic. Then since AC, BD and -4Z>, 
BC meet on the polar of P, therefore 

A[C}=^BID]^A [D], [Prop. I. 

where C (or D) may be either extremity of the variable diord. 
Hence, taking any three positions of CD, we have 

A {CC'C"D]:=>A [DD'D'C] ; 

and therefore ant/ variable chord CD drawn through n fixed 

t2 
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paini det$rmme9 an tfitH>2ttlibii alt any povU A an ike camc^ 
and eonnendy. For example, a diord of a conic which 
sabtends a right angle (Art. 110) at a given point on the 

curve passes through a fixed point ou the normal thereat.! 

riiorosiTiON ix. 

121. The ikree 'diagonals of a complete quadrilateral deter" 
mine a triangle which iB eeifpolar with respect ta every eonie 

inscribed in the quadrilateral. 

Lot a, c, d denote the tangents nt any four points 
Bf (7| i> on a coniC| and ab the join of any two of them 

o and h» 

Then (in the preceding figure), since AB and CD paas 
through P, their poles ab and cd lie on 0^ the polar of P. 
And in like manner ad and he lie on OF^ and ae and bd 

on FQ.t 

That is to say, the three diagonals of the circumscribed 
quadrilateral abed lie upon the sides of the self-polar triangle 
OPQ. 

Corollary^ 

In the reciprocal qnadrilaterak abed and ABCD determined 

by any four tangents to a conic and their points of contact 
respectively, two pairs of diagonals cointcrsect and form a 
harmonic pi ncil 0 (Art. 107); and the third diagonals 

lie in one straight line, and their extremities form a harmome 
range {ac, P, W, G}. [Prop. iv. 



* Otherwise thus : if PB and PF be the tangents to the oonio from the givea 

point r, then E {ECFD] w harmonic (Art. 18), nmi therefore A [KCFD] ia 
harmonic, or .1 C and ^1 Z> are conjugate rays in the involution of which A F. nxA AF 
are the double raya. Note that four points on a conic are said to bu harmonic wlien 
tbqr MiUeiid a hanneiile pendl tt every fifth (Prop, i.) ; aacl the tangents at four 
aneh polnta aie Mtid to be henuonia 

t TUe theoiem is due to Fregier (Oergonne'a Annak* Yi. 231, 1816). 

X This was proved by MACLArntN in Sect. ii. §§3.'), 3r. of the Appcnfiix to hit 
work on nlpcbra al»ove referred to (Ex. 321, not«>), in which he applit-d CoTRs' 
theorem of harmonic means to curves of the second order. He thus virtually rtfipm- 
oeted * theoxeai of DeMurgnes (Prop, viu.), altbongh ledprocatioii, na a mi:Lhod, wae 
only diioovCTpd In the oentuy fbllowing. 
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PROPOSITION X. 

122. Any came and the three jpairs qf chorda joining any 
Jour points upon t< tneet every tranevereal in /our paira ofpointe 
in involution.* 

* 

(i) For if any transversal meet a conic in the points AA\ 
and any two of the three pam of ehords joining four points 
on the curve in the points Bff and C0\ then by the theorem 
.Ad quatuor lineaa (Scholium C), 

AB.AB' I AG.AC' = A'B.AB : A'CA'C; 

and therefore AA\ BB\ GO* are couples in an involution 
(Art. Ill) ; and the third pair of connecting chords determine 

a fourth couple in the same involution. 

(ii) Otherwise thus. Let any transversal meet a conic in 
the points AA\ and any two chords ab and cd in BB\ and 
the chords od and ^ in 0(f* 

Then since the points AdbA* on the conic are equicross with 

respect to a and c, therefore (estimating a [AcIhA] and c [AdbA'\ 
on the trauavcrsal) wc have 

[ACBA] » [AB'G'A] - [AG'B'A] ; 

and therefore AA\ BB\ CC' are couples in an involution 

(iii) The four sides of a given trapezium suffice to determine 
an involution on any transversal (Art. 108), and every conic 
circumscribing the trapeaium passes through an additional 
couple in such involution ; and no conic which does not circum- 
scribe the trapezium can pass through a couple in such Involu- 
tion for every position of the transversal. For if the transversal, 
as it tarns about any point A of a conic, meets it again always 



• TbbteoiMof ti» finidMiraDtdflieoteim Having lint proved 

it for Un dide 1m eztanded it to tlie genaiml ooalo bjr pvogoctlon, iMving to othen 
to devlw tome direct proof applicable to the general case (Poudra's CEurrti 4$ 

XkiargtieM l. 174, 193), The proof given above in Art. 122 (i) shews that the theorem 
is an im mediate corollary from the ancient theorem Ad quatuor linens. For the 
second proof (with a diagram) see iSalmon's Conic SectiotUf Art. 344. The theorem 
■eems to hare been first stated for tlie case of Arm eonietf instead of one oonio aiicl 
•a inscribed qnadiUateral, hj Storm (Geigonn^t Annaki xvn. ISO). At the end of 
the same memoir (p. 198) Sturm alladea to the r ec ip rocal theoreni of Prop. XL See 
alio Fonoelet TVadc du FropriMt PrtjftoUvu tu 14S. 
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in the conjugate point il', tins conic must have an infinity of 

points A' in common with the conic tlirougb A and the four 
summits of the trapezium. Hence the proposition may be 
stated at) followa : 

A BytUm cf wnicB through four common paints {with their 
^ree pairs qf common chords)* meet every transversal in pairs 
qf points in involution^ and conversely. 

Each of the two donble points belonging to any transversal 
must bo at its point of contact with one of the conies of the 
system, or at an intersection of a pair of their common chords. 
There can therefore iu general be drawn two conies through 
font given points to touch a given straight line. 

Corollary 1. 

The foci of any traasversalt with respect to a qnadrilatenl are 

evidently conjugate points with respect to every conic circa m- 

Bcribing it. Ilcuce the polar of a given point F with rcsjxd 
to a system of conies through four given points A BCD passes 
through a fixed point FW which is determined as the second focus 
of the transversal which touches the conic ABQDF at F, 

CoroUary 2. 

Through three given points ABC draw two conies touching 
a given line at its extremities F and F* respectively. These 
conies intersect at a fourth point 2>, through which must pass 
every conic throngh ABO which has F^ F* for a pair of conjugate 

point8.§ Ileucc wc are led to infer generally that, in describing 
conies subject to given conditions, the condition that two spccijied 
points F and should be conjugate with respect to a conic is 
equivalent to having given one point J) on the curve, 

* Audi pair mty be tegarcM aa a degenerate hyperbola of the sjstem. 

t We u«e tln*H cxprc^=ion a« an abbreviation for " the foci of the mrolation deter- 
mined upon any tntasveraai by the sides of the quadxilateral, taken in opposita 
poira." 

X It waa proved analytically by l0m6 (JExomen At diJerenUt nUtkod«$ employiet 
pom Hmmdn Im prMhm de OemHrk pp. 84— S8» Fada, 1S18) fhat (fa jyvtai ^ 

conies (or fuadrim) hate lAe joaie poinUi of tnterMcttcnf tkiir Hamtten (or ifi'nairfiaf 
planes) teoemlly conjugate to a system of pnrnUrJ rflamefers meet in a point. 

§ For example, if F and F' be tlie circular pfjints at infinity, the conies are 
equilateral hyperbolas, and they pass through the orihocentru of the thaugle AUG, 
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Corollary 3. 

Each comoiOQ tangent FF" to two conies is cut harmonically 
by every other oonic (or pair of chords) through their foaif 
oommon potnte. By ibppoeing three of the four common points 
to coalesce, and one of the conies to heoome a circle, we deduce 
that the common chord of a conic and its circle of curmture at 
any point and their common tangent thereat divide their further 
common tangent harmonically. [Ex. 647. 

Corollary 4. 

A system of conies having double contact cut every trans- 
versal in pairs of points in an involution, having one focus 
upon their common chord of contact CC, In particular, if a 
transversal meet one of the conies in AA\ and their fixed 
oommon tangents (which themselves constitute a degenerate 
conic of the system) in ^j^, then CO' passes throagh a focus 
of the involution AA\ BW* Ilencc, if two points A A' on 
a conic and also two tangents to it be given, their chord of 
contact passes through one or other of two fixed points on the* 
line A A' ; and if a third point A' on the oonie be given, the 
same diord of contact passes also through one of two fixed 
points on the line AA"^ and may therefore have any one 
of four positions. There are therefore four solutions of the 
problem, to draw a conic tJirough three given pointa so as to 
touch two given lines. 

Corollary 5. 

If one focus of an invohition be at infinity its other focus 
bisects every segment of the involution (Art. .112). Henc^ 
and from Cor. 4, any two oontca having double contact make equal 
and oppoeiie iniercepie on every tranevenai jxtraUd to their 
common chord^ and therefore on every transversal withont ex- 
ception in the case in which their common chord is the straight 
line at infinity (Art. 57). Conversely, we are led to infer from 
Ex. 50 that every two similar and coaxal conies are to he 
regarded a» having double contact with one another upon the line 
at infinity, 

* Nutice Uie special caae of £x. 6i), 
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PBOPOAlTIOir XI. 

123. I%$ pairs of tangents from any point to a tyHem of 
contcs inscribed in the sanie qiiodrHateral form a pencil iit 
involution^ and conversely, * 

Let four tangcats to a conic mteraect in the three pain 
of points aa', bh\ cc' ; and let any transversal meet their polars 
in AA'^ BB\ OCT and the conio in Dl/ ; and let 0 be the 
point of which the transversal is the polar. 

Then each ray of the pencil 0 [aaWcc'DlX] is the polar 
of the corresponding point in the range [AA BB' CC DD']^ and 
the two systems are therefore honiographic (Prop, iv) ; and 
iinoe the latter is in involution (Prop, x) the former is also 
in involation. 

If now we suppose the four tangents to remain fixed whilst 
tiie oonie yaries, the paua of tangents OD^ OU from any 
assumed point 0 to every conic of the system are conjugate 

rays in the involution 0 [aa'hh'cc]^ as was to be proved. 

Conversely it may be shewn (Art. 122 §iii) that if the 
tangents from every point 0 to a conic belong to the involution 
0[aa!hh'cc]^ the conio must be one of the system inscribed in 
the quadrilateral whose summits are aa\ hb\ co\ 

Corollary 1. 

1%€ director dreiUi qf aU eonioo inoeribed t n the oame quadri' 

lateral are coaxal* For if 0 be taken at either point of con- 
course of any two of these circles, the tangents from it to 
their two conies will be at right angles, and therefore the 
tangents from it to every conic of the system will be at right 

• This ifl ono of Gaskin'b theorems, for the reciprocal of which sec Art. C9. It 
may also be deduced from Art. 119, Cor. 3. combined with Prop, xri., which rtv^uira 
that the UmUing points uf every two of the director circles should lie upou a fixed 
straight line, and al«o npon the drcle through the iotersectiont of the three diagooak 
of the qoadrflateral, mmI ■honld therefore be two fixed points. Prof. Towrumd 
hM wtehWshud Urn analogoat tbeotem in thsse dimendoiis» that f A« iftnsofsr t fk m ^ 
iff Ifte «yi(a» of quadrics towAwff tigkijixed plants {and (here/ore inscrUt&i in the 
§am€ developable surface) have a common radical jilaue. Sco the Quarterly Journal 
of JUathemadcs vol. viii. 10 — 14. The Kame theorem ap]K*ars to liave \jovn pn^ved 
iadependently by M. riCQUBT (Chaslcs liappcrt sur kt progres de la Utomarie p. ^70, 
FMi% 1870). It ooems to ae that the direelor dide and sphera might hm him 
caDad tha Obthootoli and OBSBoarasRB. 
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angles (Art. 110). To the same eoszal Bystem belong tbe 
cirdeB on the three diagonak of the qaadrilateral as diameters. 

[Art. 33, Cor. 3. 

Corollary 2. 

If ono Bide of the quadrilateral be at infimtji its three 
diagonals become the parallels through the yertices to the 
opposite sides of a triangle ; and the cirdes npon these diagonab 
become the perpendiculars of the triangle, whose intersection 

most therefore be a point on the directrix of every parabola 
inscribed in the triangle. [Art. 29, Cor. !• 

(JoroUary 3. 

It may be shewn by redprocation* from Art. 122 (or directly, 
by the kind of reasoning there employed), that the pole of a 
ffi'ven etraight line vsinh reepeci to a eyetem of conies vMcribed 
in a quadrilateral lies upon a foeed straight line; and that to 
have given that a specitied pair of straight lines arc conjugate 
with respect to a conic is equivalent to having given one tangent to 
the curve \ and that two conies can in general be drawn through 
one given point so as to touch four given lines ; and that four 
oonics can be drawn through two given points so as to tench 
three given lines. 

Corollary i. 

Every pair of tangents TP, TQ to a conic whose foci are 
8 and // arc harmonic conjugates with respect to the bisectors 
of the angle 8TH (Art. 50), as are also the lines from T to 
the circular points at infinity ^ and (j> (Chap. xi). The 
tangents IIP, TQ are therefore a conple in the same involution 
with T[Sn(p(fi]^ and every cowie which has 8 and H for foci 
may accordingly he regarded as inscribed in the trapezium 8^S4>. 
On account of this affinity of the points ^' to the foci of 
every conic in their plane we shall sometinies speak of them 
as the FocoiDS, comparing the use of the term centroid^ or 
qnasi-eentre. 



* Notice that the piool of Prop. xi. is itoell on example of reciprocation. 
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FBOPOBmOK XII. 

124. The locus of the centres of all conies inscrilted in a gicm 
qmdnlateral i9 a straight Unej^ which alao bisects its thnt 
ddagonaU* 

(i) Since the director circled of the system of inscribed oonics 
are coaxal (Art. 123, Cor. 1), their centres, which are abo 
the centres of their conies, lie on a straight line. This line 
u eyideotly the diameter of the quadrilateral (Art. 107), sinoe 
ibe middle points of the three diagonals (regarded as flat oonics 
iiucribed in the qaadrilateral) belong to the locos of centres. 

The proposition also follows as a special case from Art. ISS, 
Cor. 3 by regarding the centre of every conic as the pole of 
the line at injinxty with respect to it. 

(ii) In the following proof the parallelogram of forces is 
assumed. 

Let any conic touch four fixed lines AB^ BC, CDj DA in 
Nf jS, Zr, M respectively. Then the resaltant of AM and ANj 
regaided as representing forces, bisects the chord of contact JCY, 
and therefore passes through the centre of the conic. 




C 



* This important theorem of Newton (£x. 506, note), which was origiuallj^ 
proved by fbe fSkoMlbuj mdOaod of Skx. 870->^ wsmd m a ■tarting point foe 
later ffwwtrchM Into the piopertiet oC ■jralems of coniee mliject to hm than five 

oonditiona. Notice the use made of it by Bui anohon and Poncklkt in Gergonne's 
A nnales XI. 219. It might liavc been deductti from it l)y projection — a metho»i not 
unknovm to Nbwtox— that tlit'Tx- are an infinity of p.iirN of straight h'nea conjugate 
to the entire system of oonici> luuchiug four givuu Uuch, which ia the cquivaleat of 
Pfop. XI, en im/ohsim. 
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TboB the centre is a point on the resnltant of each of the 

pairs {AM, AN), (NB, RB), {CR, CL), [LD.MD]] that ia 
to Bay, it is a point on the resultant of AB, CBj AD^ CI), and 
its locus is therefore a straight line.* It is evident that the 
resultant of these forccB bisects the two diagonab AG and BJJ\ 
and by resoWing them aeyerally into 

PB+AP, CQ+QB, QD-^AQ, CP+PB, 
we 8ee that it bisects the third diagonal PQ also. 

CoroUari/. 

One conic and one only can be inscribed in a given quadri- 
lateral so as to have its centre npon any given straight Itnci 
since this line by its intersection with the diameter of the 
quadrilateral determines a single position of the centre of the 

conic. Hence we are led to infer that to have given a diameter 
of a conic is equivalent to havinfj given a tangent to it, since 
cither datum alike (when four other tangents are given) deter- 
mines one conic and one only. This is in accordance with 
Art. 123, Cor. 3, since every diameter of a conic b conjugate 
to the lioe at infinity. 

PROPOSITION XIII. ' . 

125. The centrea of all the etmioa which e£reim$er^ a given 

quadrilateral lie upon ita eltven'2)oint conic, 

(t) Through four given points two conies can be drawn so 
as to have their centres (real or imaginary) upon any given 
straight line. [Prop. xii. Con 

The locus of the centres of aU the conies through four given 

points ABGD is therefore of the second order, since every 
straight line meets it iu two points and two only. 

The join AB of anj two of the four points meets this conic 
of centres in two point8| which must evidently be the middle 
point of AB and its intersection with CD* 

(ii) Otherwise thus. If 0 he the centre of any conic through 
ABCBf the radiants from 0 parallel to the six joins of tho 

• KouttUe* Annak* I. 24 (1HC2). For a proof depending upon the ^JUUuiOBl 
priodple of momeuU see tlic QuarUrly Jvurnal of Mathtmatk* vi. 215. 
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points ABCD ue homographic with the radiants from 0 to 
their middle points (Prop, ii); and the locns of O is therelbra 

a conic through those middle points. And it Is obv^ious tijat the 
three intersections [AB^ CI))^ {AC^ BD)^ {AD^ EC) are aiao 
poiats on the locus. 

(iii) The eonic of centres will have two real points at iofinitj 

or owe, or none according as two real parabolas or one or none 
can be circumscribed to the quadilatcral ABCD, The locu? 
will tliercforc be in general a hyperbohi If this quadrihateral be 
convex (Ex. 184), or a parabola if two of its aides be parallel, 
and an ellipse if the qnadrilateral be reentrant. 

(iv) Let either of the two parabolas (real or imaginary) which 
pass through ABCD touch the line at infinity in A", which will 
accordingly be the pole of that line with respect to the paraboki 
and therefore the centre of the parabola. 

The conic of centres therefore passes through the two points 
on the line at infinity which are conjugate with respect to all 
. the conies through ABCD (Art 122| Cor. 1), as well as 
through the six middle points and the three intersections of 
their three pairs of common chords; and we have therefore 
called it the Eleven-Point Conic of the quadrilateral ABCD, 
Its centre \$ at the centrotd of the points ABCD^ since at that 
point the joins of the middle points of (AB^ GD)^ (A^^ ^^)f 
\AD^ BO) meet and bisect one another.* 

It is evident that the polara of any point on the eieoen'-poini 
conio of ABCD toith reapeei to all ike conies round ABCD are 
parallel J since they all meet in a point (Art. 122, Cor. 1), and 
one of them is the line at iniinity. 

Corollary 1, 

Since the eleven-point conic E contains a conjugate triad 
(Art. 120) with respect to every conic F through ABGD^ 

* TUb ii at onoe eTidont, time four eqnal pwtieles at ABCD balance two and two 

about the middle points of any pair of the above lines ; and therefore the oentroid 
of the four particles is at the middle point of the line joininjr any such pair of middle 
points. In the Qttarterly Journal of Mathtmntics vi. 127 I have shewn bow to 
rerify a simple construction for the ccntroid of tlic area of ani/ quadrilateral by m 
extenaion of tbe baiyoentrio principle. 
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therefore if 0 be an intenection of E and jP, the tangoDt to 
J& at 0 has its pole with respect to F on £ [Art. 119, Cor. 3. 

Corollary 2. 

The eleven-point conio of anj qnadrikleral ABCD in- 
scribed in a eonic touches the diameter of the qnadribteral 
formed by the tangents to it at ABCD^ since the complete 

locus of centres of the system of conies inscribed in the latter 
quadrilateral is its diameter (Prop. SH.), and the locus of 
centres of all conies round ABCD is its eleven-point conic, and 
cnt conic only can be both inscribed in the one quadrilateral 
and drconuicribed to the other. 

Corollary 3. 

When the two points at infinity which are conjugate to all 
the eonics round ABCD are the circular points the eleven-point 
conic becomes the nme-point circle, and the points ABCD 
become a triad and their orthocentre. The nine-point circle 
really belongs to this form of tetrastigm, and not specially to 
any one of the four triangles determined by its vertices ; in 
the same way that the system of equilateral hyperbolas cir- 
cumscribing any one of these foar triangles is a system of 
conies drcumscribing the tetrastigm. 

SCHOLIUM D. 

Wo havo scon that an ellipse or a hyperbola may degenerate 
into a strai^iit lino -/-/' or its complement (Art. 3;}, Cor. 3). For 
example, the diaguuulb oi a quadrilateral may be regarded as flat 
eonies inseribed in it, and accordipgly their middle points belong 
to the loons of centres of all oonics inscribed in it (Prop. zii). This 
agrees with the bifocal defiuitioa SP IIP - a constant, in 
accordance with which the point P may in tho limit lie anywhere 
upon the lino SU^ OT npon the complement of JSJl, if the lower 
sign be taken. 

Again, if TP, TQ and TP\ TQ' bo the tangents from any 
point T to two ellipses whose common foci are 8 and Iff the angles 
FTP* and QTQ are always equal ; and henoe when the inner eUipse 
assumes the Ihie-form SJI the angles 8TP and IfTQ are equal. 

P>iit since this is also the case when the second ellipse is left out 
of consideration, and tho linos 7".^ and 'P/f are simply drawn 
Ihrongh the fixed points .S and 7/, tho point*pair 8 and .ZT are 
so far indistinguishable from the llat conic SIT. 

Again, let tho ellipse be regarded as the euTelopo of a straight 
line subject to the relation X/a » b\ where X and fx are the peipen- 



oiyui^cG by GoOglc 



286 



CKOSS RATIO AND INVOLUTION. 



diculars upon it from S aud IT, When b vanishes tlio ellipse ffglfll 
appeals to coincide with the pmnts 8 and which aie ropioflontod 
by X • 0 and ii - 0 taken ttptHrattfy; bat by taking X 0 and |i « 0 
Bimtdtaneonaly we find that (beeides the tangents whose points of 
contact Bxe at !^ and II) the limiting conic has an infinity of 
tangents which ultimately coincide with the line joining S, H and 
have their points of contact distributed along SIT* We may therefore 
say (1) that an eUipse degenerates into tlio lino *S'Zr joining its foci 
when its minor axis vanishes, meaning that SH is au actual 
limiting fonn of theounre;t or (2) we may say that it ^'degeneratea 
into" the point-pair 8, understanding that at the instant at 
which it does so degenerate it ceases to belong properly speaking 
to the class conic, although the point- pair TTand the line joining 
them may he, as regards some properties, indistinguishable. 

In like manner the hyperbola may bo said to degenerate into 
its asymptotes ECe and E'Ce {Axi. 54); but strictly speaking it 
becomes the pair of vertically opposite angles ECE' ana eCs^ and 
then has for its tangents at 6 those lines only through C which lie 
wiihm the said angles. The conjugate hyperbola at the same time 
becomes coincident with the two supplementary angles, and has 
for its tangents at C all the lines through C which fall within those 
angles. It is therefore practically sufficient to say that either of 
the two conjugate hyperbolas *' degonorates into " the line-pair 
£Cet E'Cd and has for tanfi;ents every straight line through C; 
but the theoretical difference between these two views v/t tiie limit 
becomes apparent when we obsenre that the one makes tiie enr- 
Tature at C zero whilst the other makes it infrnxU. 

For some further discussion of those matters see the Quart^lf 
Journal of Mathnnnficfi viii. 126, 235, 313. x. 9o ; Oxf. Camh. Duhl. 
Mef^^nufcr of Matlumatic^ IV. 86, 129, 140, 148; Chasles Sulioru 
Coniques pp. 30 — 33 ; Salmon's Higher Plaw Curve$ pp. 377, 383 
(od. 3, 1879). 

HEXAGEAMMUM MYSTIGUlf. 

PBOFOSITION XIY. 

126. The three pain of opposite sides of any hexagon inaerihed 

in a conic have their intersections in one straight line. 

(i) Let ABCDEF be any six points on a conic, and let 
0, P, Q be the interaectiona of {AB,DE), [BG, EF), ( CD, AF). 

* Thi£ appean alao by projecting the oooic upon any plane from any verta im Ito 

t If X, /i, V be the perpendiculars from three points iqwn a ifcraight line, the 
envelope of a line Bubjoct to the relation \uv — aMumea a corrcpiX)ntling line-form 
when c vanishes. By supposing each cooniiiiatc to l^'come espial to a j>eri^>eruhcular 
of the triangle of reference whilst the product ul the rcmuiuing two ooonlinat«M 
yrwaiUlm, we see that the limit of the onrve is made vp of three peits esdi ef 
which oonstittit«e a ride of the triangle of referenoe or its complement. See ehe 
MtOkmiOieal Quetthm /votn the Educational Timb^ toI. ZTI. 43. 
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Then sioce the four points ACDE are eqnicroM with leqpect 
to B and therefore 

[OKDE]^B[ACDE] =F[ACDE] = [QCDL], 

if X he the interBectiou of BF^ BO and L the intersection of 
-FP, DQ. 

And since the ranges { OKDE] and { QCDL] are thns eqnal 

and have a common point />, therefore the lines OQ^ EL^ KG 
meet in a point, or tho polot3 OFQ lie in a atraight line,* as was 
tu be proved. 

(it) Otherwise thus. Let 0 and Q be the intersections 

of AB^ BE and AF^ CB respectively. And let OQ meet AD 

in and BC in and -Ci^in P\ Then will coincide with 
P. 

For the points 0, Q and the conic determine upon the trans- 
versal an involution to which, by a property of the inscribed 
qnadrilateral ABOB^ the couple PR belong (Prop, x); and 
by a property of the qnadrilatend ulDJSFthe couple P*B bebng 
to the same inTolution,t 9xA therefore P coalesces with P. 

(iii) Otherwise thu8.| Consider the surface generated by 

• This line chaiiffcs its position when the points AIJCDI-^F arc taken in a diflEeront 
Older. Ou the various i'tutcal-Unes OPQ soc the note ou Pascul's theorem at 
tiMOid of SalmoDlB Comk Sutiomg; and mo TowDaend'k Mcdetn Q^omtiry chap. 17. 

t Tho propoiltioii if thni Tiitaany « ooroUaiy (Art 122 §i) ikoni tho tiMatm 

Ad quntuor Hneas. See also Salmon's Conic St rt ions, Art, 267. 

I This proof, as it stand?, is taken from Malh. Questions from the EdUOATIOHAL 
TlMKS xviii, 83 (1H73;. For the corrLsiK>n(lii>^' I>nx>f of Prop. XV. gee vol. XIX. 66. 
Both theorems had been treated in thi.s way by 1>AM>^IN in vol. HI, of tliQ Aouv€aux 
Mmairta dt VAmdimi^ 4e, dt Bnacfk* (1826). 
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a straight line which always meets three fixed non-IntersecUfic^ 
straight lines in space. ^ 
Let 1, 2, 3, be the fixed lines and 1', 2', 3' any three poeitioiis 

of the raoving line. Then the common section of the two planes 
through 3', 1 and 2, 2' respectively passes through. the points 
(3', 2) and (l, 2'). 

In like manner the eommoii section of the planes throogh 
1', 2 and 8) 8' passes through the points 3) and (8, 8*} ; and - 
the common section of the planes through (2', 3) and (1, V) i 
passes through the points (2', 1) and (3, 1'). The three common 
sections therefore form a triauglei and consequently lie in one 
plane. 

Now let the surface be cat by any arbitrary plane. This 
plane will be met by the planes through 8'| 1; &c. in 

a hexagon 1^ T, 2, 2', 3, 3'; and by the three common sections 

(since they are co-planar) in three coUinear points PQR^ which < 
are also the intersections of the opposite sides of the hexagon. ' 
The proposition is thus true for any plane section of the ruled 
quadriC| and therefore for any c<mic. 

OcraOary 1. 

Five points BCDEF on a conic being given, we may now 
find any number of sixth points A on the curve, Tis. by drawin^^ j 
arbitrary lines BO through one of the given points and then . 

determining successively the points OPQ^ and the line QF^ ' 
and its intersection with BO, Notice that A is a vertex of 
the variable triangle AOQ^ the extremities of whose side 
OQ slide along fixed lines ED and CD^ whilst its three 
sides pass through three fixed points P.£F respectively. 

[Prop. I. Cor. 2. 

Corollary 2. 

If ABCEF be five given points on a conic, the tangent 
at any one of them C may be constructed by this proposition ; 

for we have only to make D coincide with (7, in which case 
the line CQ becomes the tangent at C, Again, by supposing 
C to coincide with B and E with we deduce that the tangents 



Digitized by Google 



C1I086 RATIO AND INVOLUTIOK. 289 

At the Tertioes B and JF*of a quadrilaieral ABDF inseribed 

in a conic intersect upon the straight line which joiof the points 
of concourse q£ ita aides AB^ DF and AF^ BD. 

PROPOSITION XV. 

127. The jam$ cf ike three pairs of oppotiU verUeti iff omu 
hexagon evreumoerUnng a eome meet w ajxnnL 

(i) Let the tangents at By &c. in the preceding figure be 
Of by &c. ; and let ab denote the intersection of any two of them 
a and h. 

Then the join of ab and <2e ia the polar of 0| the join of ba 
and ^ia die polar of P; and the join of ei and fahihe polar 
of Q. And these three joins meet in a point, since their polea 

OFQ are in one straight line. 

(ii) Otherwise thus. Let AA'j BB\ CO' be the opposite 
Tertioea of any hexagon cireaniacribbg a conic; and let the 
four tangents AB^ BC, A'B'^ CA determine the range 

[ECA'F] on the tangent CA\ and the range [GKB'C] on 
the tangent B'C\ 



G 




These ranges bebg equal (Prop. i)| we have 

A [BGA'C] = [ECA'F] « { GKWC] ^B[A CB'C] ; 

and therefore, AB being common to the two pencils, their rajs 
(-dC, BC)j (AA\ BB')y {AC\ BC) meet on a straight Una 
(Art 106)» or the diagonala AA'^ BB'^ CO' of the hexagen 
meet m one point. 
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(hr&Uafy 1. 

Ilaving given five tangents to a conic we may determine 
tlie'ir points of contact by this proposition; for if the summit C 
of the cireamscribiDg hexagon he m the curvej the tangents 
AC and B'C being supposed to coalesce, then the line joining 
the opposite summit C to the intersection of A A' and BB* 
determines hj its intersection with AB' the required point of 
(Contact C\ We may also determine an infinity of other 
tangents to a conic when five tangents AB^ BC, CA\ A'B\ 
B'C are giyen; for if we draw any line throuji^h the given 
f>oint A' to meet AB in A^ the point C may be determined as 
above. 

CcroUary 9. 

The orthocentre of any triangh is a jwi'jit on the dincfrix 
qf every parabola inscribed in it For if abc be any three 
tangents to a parabola, a'c the tangents at right angles to 
q and e respectively, and co the line at infinity, which together 
make op a hexagon ahee'co a* circumscribing the parabola, then 
the joins of ahj e'oo and he, a'oo are two of the perpendiculars 
of the triangle ahc ; and the join of the joins of the orthogonal 
tangents aa and cc is the directrix j and, by the proposition, 
these three joining lines cointersect.* 

8GH0LIU1C B. 

Pascal's theorem (Prop, xiv) — elsewhere called by him the 
theorem of the Mfsii^ Hexagram'^WM ennnoiated without proof in 
his E$tai8 pour Coni'qttes (1 640) as a property of the circle, whidi 

might be generalised by projectioni and tlien used as the foundation 
of a complete treatise on conies. See Q^uvren de Blaise Pascal, iv. 
1 — 6 (nouv ed. Paris, 1819) ; Chasles' Jperqn Hisfortque^ pp. 68 — 74. 

Brianchon's theorem (Prop, xv) was deduced from Pascal'?* by 
means of Desargues' properties of what are now called polars 
(Scholium B). The author's proof of his theoremi given in his 
Mimoir^ tur U§ Surfam cowrbet du teecnd Begri {JimrmU d$ VSctU 
polyteehnifU$t tome Ti. 297—811, 1806)» was as follows. 



• Thii ptoof is sivm, m faj ICr. John 0. ICoove^ in 8a1nKm*s Coide S te d t m (Ait* 
iSS, Ex. 8, tlxili ed. 1S79). 8«e also fleliolinni p. 67. Brianehon and Ponoelk bal 
dadoced Ite redprooal theorem of Art. 69 from pMcal*» hexagnun. . 
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Take any three concurrent Btraii^ht lines 1PAA\ FBB\ PCC 
in apafOOi and let LNMhm denote the aix inteneotions 

{AB,A ir\ {BCyB'C), {CA, C'A'), 
{AB', A'B), {BC, ffC\ (CA\ CA) 

respectively. Then the four triads of points LMJY, Zmn, 7i/n, ImN 
are evidently collinear, since they lie severally upon the oommon 
seetionB of the four pairs of planes 

{ALBC, AB C), {ABC, AB C), {AB C, ABC), {ABC, ABC% 

And since eveiy two of these triads have one point in oommon the 
four common sections and therefore the six points ZMNhm lie in 
one plane, which also together with point P diyides each of the 
eegmenta AA\ BB\ CC harmonioaUy. [Ark 107. 

If the whole figure be now projected orthogonally upon any 
plane, then (with tljo pnmo notation) tlie six points LMXlmn will 
in general still lie by threes upon four separate straight linos, in 
the order ahove-uiuutiuned ; but if any other three of them as LinJS 
be also colliDear the »f> points will then lie in one straight line, 
ainoe the plane of projection must be at right angles to the plane 
of the original six points ; and this line together with the point P 
will divide the segments AA\ BB\ C(" harmonically. 

This is the case when AA'y BB\ CC are concurrent chords 
of a conic, hince their extremities may be taken in any order 
to form an inscribed hexagon (Prop. xiv). For example, tlio 
liexagon ABCAB'C has for its Pascal-line Z^l/w, on which the 
remaining three points ImN must also lie. Brianchon then observes 
that two of the three concurrent chords suffice to deteimine this 
line, whilst the third CC may be supposed to turn about P, and to 
coincide with either of the former, or to become itself a tangent 
(if P be an external point). Having thus virtually given u iresh 
proof of the properties of polars,* he at once deduces his own 
theorem (Prop, xv.) from the reciprocal theorem of Pascal, which 
he takes from the OiomHrie de position (Carnot), probably not 
knowing to whom it was due. See also (iergunne's Annales iv. 
196, S79 (1813—14). . 

This brilliant application of Desargnes* theory of polars, in 
conjunction with the property that ihi$ pohr planes of all points on 
one quadric with retpeet to a second envelope a third, which Prinnchon 
proved in the same article (as an extension from the case of similar 
and coaxal quadrics), served as a basis lor the method of Reeiprocal 
Polars, the full development of which was so lai'gely due to 
PoNCELEi (Crelle's Journal iv. 1 — 71, 1829). 



* Pascal himf^elf nl;^ doubt 1cp!« (IcJuced the properties of polan (which he 
would have learned from Desargnes) from his hexagram, 

U2 
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696. If ABO^ DEF be two triangleB sncfa that AD^ BE, 
CF meet in a point, the tntenections of (B(7, EF), (CA^ FD\ 
(AB, DE) lie in one straight line, and converaelj*; and 

every tetrad of radiants or colllnear points in the fi|^ure ii 
harmonic 

697. If the ▼ertioes of a triangle elide leTerally on three 
fixed radiantSi and if two of its sides pass through fixed poiutSi 

the third side passes through a third fixed point in a line 

with the former two, and conversely. 

698. If one qnadriiateral be divided into two others 
hj any straight linOi the diagonab of the three inteFsect in 

three colllnear points. 

699. Prove for the ease of the circle that any foor points 
on die cunre and the tangents thereat are eqnieross; and 
that the cross ratio of any four points ABOD on the cnrre is 

, ^ AB.GD 

700. Prove that the sides and diagonab of a qnadriiateral 
determine an involution on any transvenal; and that its aix 
summits subtend a pencil in involution at any point id its 

plane. 

701. The circles on the three diagonals of a complete 
quadrilateral as diameters are coaxal; and they are orthogonal 
to the circle through the three intersections of its diagonab; 
and they determine an involution on any transversal. 

702. Any two triangles which are reciprocal polars with 
respect to a circlef are in homology. 

703. Find the locus of intersection of tangents to two 
given circles whose lengths are in a constant ratio. 

• Two such triangles are said to b« in perspeetUM Of m homology. Solutions of 
Exx. C9G-702, 705 are given in McDowell's Exmtsma Emlid and t* M9dm% 
Geometry, pp. 134-187, 227, 239 (new edit. 1878). 

t The saind may be proTod for any conic, us (for ex&niplu) in Cremona's £Um€Mi 
4» Cimkrk Pn^tetim, p. 227 (1876). 
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704. The pairs of radiants from any point to the vertices 
of a triangle and parallel to its opposite aides reapectiyelj 
fonn a pencil la involutioih 

705. Deduce by reciprocation from the property of the 
orthocentre that, if from any point radiants be drawn to the 
summits of a triangle, the radiants at right angles to them 
meet the opposite sides of the triangle in three oollinear points. 

706. The nine-point circle N of the tetragon determined 
by a triad of points and their orthocentre (Art. 125, Cor. 3) 
touches the sixteen circles inscribed or escribed by fours 
to the four triangles determined by the summits of the tetragon 
(note, p. 191). If ABO and O be the points of contact of 
any of these sixteen circles with its triangle and with N 
respectively, the sixteen sets of lines OA, OBj OC, making 
in all forty-eight lines, pass by fours through the extremities 
of the six diameters of N parallel to the sides and diagonals 
of the tetragon; and every two tetrads which pass through 
opposite extremities of the same diameter have equal cross 

ratios.* 

707. Prove by reciprocation from the theorem Ad quatuor 
Imeaa (or otherwise), that if a quadrilateral be circumscribed 
to a circle, the ratios of the products of the distances of 
its three pairs of opposite summits from anj fifth tangent are 

invariable.t 

708. From the anhsroionic point-property of a conic deduce 
the theorem Ad quaiuar Itneas ; and thence deduce the theorems 

of Art. 16, and the property of any principal or oblique 

ordinate. Shew also how to deduce the anharmonic property 
of four tangents from that of four points | 

* See Dr. Casey's article in the Quarterly Journal of Mathematics, ir. 245. 

t See Mulcahy's Prtmeipk* of Modem Otaautryf p. id (ed. 2, 1862). 

X Alltheohoida dmwa to » oooio fioiii • givm pointP npoa it tn biseotod 
ly rimilir conio touciiiBg thft fonnerat/* and pnwing tinoui^ tto centra 0. Let 
the tangent at Q meet that at P in A. Then OR meets PQ in a point f lying on 
the inner oooio ; and by the point-property of th« latter, 

P{Q) = P{q] = 0{q} = 0{R] = {/{]. 
This proof is from Gasrin a Geomttrkal Construction a Conic &tctum p. 26 
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709. From the anhannoiiic tangcut-property of a conic 
deduce the l ehition between the iutcrcepto made upon a pair 
of parallel tangents by any third tangent.* 

710. From the pouit-property of a conic, A [ABCD] 
^ Jj [ABCD]^ deduce that it' from any point K on the chord 
AB iv transversal be drawn meeting the tangents at A^ B 
in T and and the oonic in C and i>, then 

KG.KT. TD^KD. TK. TC. 

711. Deduce elementary properties of the hyperbola liroai 
the relation* 

where 00 and 00' are its two points at iniinity, and AB any 
other two pobts on the curve. 

712. Deduce Art. 23, Cor 3 from the rchition 

F{PEQ<t> ] « 00 [PEQfg> }, 

where 00 is the point at iniinity on the pariibola. 

713. Shew ahio by cross ratio that three fixed tangents to 
a parabola divide any fourth in a constant ratio. 

714. Deduce from Prop. Yl. that, if a conic touches the 
sides of a triangle and passes through the centre of its 
circumscribed circle, this circle touches the orthocycle (note, 
p. 280) of the conic. 

715. Deduce from Prop. IX. that the nine^point circle of 
every triangle self-polar with respect to a parabola passes 
through the focus; and construct a triangle self-polar to every 

parabola inscribed in a given triangle. 

7t6. If OP and OQ be tangents to a conic, the circle 
through P which touches OQ in Q is such that triangles 
self-polar with respect to the conic can be circumscribed to it. 



* Cbaslbs has founded his Traiii de$ BteHons Coniques upon the aaharmonic 

properties of couics (cf. Aperrn Jfiftortque, pp. 39, 334-344). The properties of 
diauieterft Jind of tlio foci are deducetl in chaps, vi, aiul x. The same ^neral method 
is followed by Cremuua; and it is given as an alternative hj Kouche and D« 
CombwoiiaM {lyM de GiomHrU § 1126, 4iiie «d. Mb 187S). 
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717. Shew how to ioBcrlbe in a given conic a triangle 
(or fi-goa) whose sides pass severally through given points.* 

718. Having proved the properties of polars by cross ratiO| 
dednce the fundamental property of a diameter of a conic 

719. Prove Prop. 11. by the same method, and deduce 
the elementary properties by which it was proved iu the text. 

720. From the properties of quadrilaterals inscribed - or 
circumscribed to a conic, deduce that the diagonals of every 

inscribed parallelogram are diameters of the conic; and that 
supplemental chords are parallel to conjugate diameters; and 
that the diagonals of every circumscribed quadrilateral ar^ 
conjugate diameters. 

721. If a variable tangent to a conic meet the tangents from 
a given point L in F and 7/, and it' M and K be a certain 
pair of hxed points on the fixed tangents; shew that MF.KH 
is constant,! and deduce that a variable tangent to a conic 
divides any two fixed tangents homographically. 

722. If ABODE be a pentac^on circumscribing a parabola, 
the parallels from B to CJ) and from A to DJii intersect 
upon C£. 

723. If A BCD be a quadrilateral circumscribing a parabola, 

the parallels Irom A to CD and from C to AD intersect on 
the diameter through and every other tangent divides 
AD and BC (or AB and CD) proportionally.^ Couaider also 
the limiting case in which ABC is a straight line. 

• On Exx. 717 &c. see Salmon's Cnntc Srcttong §§297, 3iG-8, Exx , where 
Townaend's solution is given; Rouche et De ('oinberouitsc Traite de U'omitrie 
The prublem — for a Bimple case of which see Pappua Coiled, lib. vii, 
prop. 117— waa lolTed by Pouoblkt, and analytically by Oabkih. Bee ftittorieai 
Notket rt^eeting an AneieaU Problem in The Mathematician toL iu. pp. 75, 140, 
225^ 811, 42 (sniipL). 

t See NtWTOx's theorem Ex. 871, with Ex. 364, note ; and compare Bx. 726, note. 
See aliM) CHASLKS G'romWnV Suju'rieurt § ! :'0 ; Sfrtions C'lutt/ins §rjti. 

I Eix. 722-3 having been deduced froi.i Briunchou's hexagon in Quetclct's Corre- 
gpotuiance mathiimuiyw et j)ht/ti<^ue IV. Ibb, Chatties waa led (ibid. iv. 3C4, v. l's9) 
flOB Bs. 728 to Ex. 724 (whidi ia eqairalettt to the anhanumie proptrty of four 
taogenta to n conk), apparently without being awan that an eqoivdent theorem 
(Ex. 721, note) had been proved by Nkwtom. Bee alao Apw^ Bittorifm pp. 841-4 
(Noie JLVi.). 
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724. In ft quadrilateral ABGD circumscribed to a couic^ 
the ratio of the ratios in which anj fifth tangeot divides ^tber 
pair of its opposite sides is GonatsDt. 

725. If the fifth tangent meet AB^ CD in M and J^i 
and if a sixth meet AD^ BO'vbl JPand theo 

AM.BQ. CN.DP^AP.DN. CQ,DM. 

726. Quatuar reOtU BL^ Bl^ DK^ DHpodttone doA^ dmeen 
^mtam LE taUm^ vijHirtei oAicwms J?/, /IT, XL smi m raiiim 

727* If a fixed oonie 8 and a variable conte 8' be inscribed 
in the same quadrilateral, the four points in which 8' intersects 
8 subtend at any point on 8* a pencU whose cross ratio is constant, 

being equal to that of the range in which the sides of the qoadri* 
lateral meet any fifth tangent to 

728. If the tangeqt at O to a conic meet anj other 

three tangents in the points abc^ and meet their three 
chords of contact in db'c^ prove that [Oahc\ = [Oa'h'c], 

729. If AB be a given chord of a conic, and PQ a 

variable chord such [APQB] is constant, the envelope of FQ 
is a conic touching the former at A and B, 

730. If the chords AB and OD of a conic be conjugate, 
and ACB be a right angle, and a chord DP meet AB 
in Q\ prove that the angle FCQ is bisected bj CA or CB, 

731. If ABO be a triangle circumscribing a parabola 
and aibc the points at infinity on its ndeS| the tangents from 



• Lambert Intigniorts Orbita Cometarum Propriettitts sect. I. lemma 18 §§61-53 
(17G1). The envelope of LII is shewn to be the parabola toucbiug the four gireo 
linet (Art. S8^ Our. 8). ' [The probleiii bad been tdlvvd la anoter wmy in tha 
AHikmtdta Unkermlit prob. 52 (ed. 1707)— al. prob. 56]. Hare wa hun ob?M^ 
llba aabannooiepiopafty of fonr tangonta to a parabola} and bj atating fhe loaolfc 

in the projective form that the ratio of the ratios jj^ and U constant we at once 

•hew the propx-rty to be true for all conica. [St e also tlie PriHcipia lib. I. sect. T« 
lemma 27 C<jr., where Wqbn and Wallis are referred to for earher solutions.] 

t BiieSjthaai fbacraaamttoof the coniaoii pointa of any two conica in the one 
ii eqnal to that of thdr connoii taafaata ia tba other. 
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any point 0 to the parabola belong to the involution 
O \AaBb Cc]. Hence shew that the directrix of every parabola 
inscribed m a triangle pasies through its orthocentre* [Art. 110* 

732. The joins of four points on a conic meet any 

transversal in three pairs of points in an involution, to which 
the intersections of the transversal with the conic also belong. 
Hence deduce (by removing the transversal to iniinity) that 
every oonic through a triad of points and thdr orthooentre is 
a reetangnlar hyperbola. 

733. If AEB and CDF be two triads of collinear points, 
the intersections of {AF^ CE)y {BF^ ED)^ (£0^ DA) are in 
one straight line.* 

734. In a hexagon inscribed in a conic, if two pairs of 
alternate aides are parallel the third pair are paralleL 

735. In every hexagon inscribed in a conic the two triangles 
determined by the two sets of alternate sides are in homology. 
•State the reciprocal theorem. 

736. The Pascal lines of the sixty hexagons determined by 

a Pascal hexastigra pass by threes through twenty points; 
and the Brianchon points of the sixty hexagons determined by 
a Brianchon hexagram lie by threes on twenty straight line8.t 

737. If two conies touch one another at A and By and if 
LM be a chord of the outer which touches the inner conic j find 
the loci of the intersections of AL^ BM and AM^ BL» 

738. The chords joining four points on a conic to any 
fifth P and to any sixth Q intersect in four points lying on 
a conic through F and 



• Pappu-* CoUtctio lib. VII, prop. 139 (vol, ii. p. 887, ed. Hultech) j Simaon De 
^trUmatibus p. 414; Chaakt iVwMM p. 77. Kpte that AFBCED is » hionsim 
SaMritod in a line-pair, lo fluit ¥uaX% theoram is a gwiwiMwHioa of tldi kauu 

of Pappas. 

t See TowksBND's Modern Geometry II. 172. The terms hexastiprn and bexa- 
gnim fire here very appropnatcly used tx) denote the figures detenniued by six points 
and lines respectively, taken in any order. In the text however I liave retaiiKHi the 
lenn bezagram as a dc&ignatkm of Faaoal't figare oat of regard lur historical 
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739. If a conic 8 be inscribed in a triangle eelf-polar 
with respect to a conic S\ shew that tnanglea seif-poiar with 
respect to S can be iuacrlbed la S\ 

740. Given the sum of the squares of the axes of a conic 
inscribed in a given triangle, the locus of its centre is a 
circle concentric with the polar circle of the triangle.* 

741. Given five points on a conic, find (bj cross ratio or 
involution) its second intersection with anj straight line through 
one of the five points, and its two intersections with any other 
straight line; and determine its points at infinity and its 
asymptotes, real or imaginary. 

742. Prove by cross ratio that five tangents determine 
a conic; and determine other tangents and their points of 

contact ; and shew how to construct the tangents from anj 
given point, real or imaginary. 

743. Prove by involution that if three sides of a quadrilateral 
inscribed in a conic turn about three points in a straight line, 
the fourth side turns about a point in the same straight line; 
and hence shew how to inscribe in a conic a triangle whose three 
sides pass severally through three coUinear points. 

744. Prove Garnet's theorem| that if oa', hb\ ec\ be the 
three pairs of points in which a conic meets the sides BC^ 
CA^ AB of a triangle, then 

Ab.Ab'.Bc. Be. Ca. Ca= Ac,Ac\ Ba . Ba\ Cb.Cb\\ 

Prove also that the same relation subsists when A^ O deaote 
the BideB of a triangle ; a, a\ &a the tangents from its vertices 

to a conic; and Ab denotes the sine of the angle between 
any two lines A and b, 

745. The distances pqr of any point on (or tangent to) a 
given conic iVoiu three fixed lines (or points) are couuected 



* See thA Quarterig Jomrntd 0/ Mat hm o i i H X. 180. 

t This » ma obvious oorolluy from Art. 16. It is given in Gsxnot's Oitmitrk 
dit jwtifMm f m (Flsrifl^ 1608) ss s esse of A more genexal ttoorom. 
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hy a relation of the form 

JFp* + Qsl" -i- Bi^ -k- F'gr + Qrp + Bpq - 0, 
where P, Q, &c are ooiutaDt coefficients. 

746. If four tangent! to a oonic parallel to four chords 
<ibed throagh either focus meet any fifth tangent in points ABCD^ 
then 

[ABOD] - ^ , 

where p' and ^ are the perpendicnlars npon the fifth tangent 

from two pairs of opposite intersections of the fonr tangents. 

If the latter be fixed pp' yaries as qq. Hence deduce that 

tlie product of the focal perpendiculars upon auj tangent to 

a conic is tonstant.* 
• 

747. If three summits of a quadrilateral circumscribing 
a conic slide severally on three rays of a pencil, the fourth slides 
on a fourth ray. Ilence shew how to circumscribe to a 
conic a triangle whose three vertices lie on three ^^ven radiants. 

748. If upon a given arc ^£ of a circle whose centre is 
O there be taken any arc Am^ and likewise an arc Bn 
eqnal to 2Am^ then 0[m]^B{n]. Hence deduce a solution 
of the problem, to trisect a g^ven angle AOB. [Ex. 528. 

749. The product of the distances of any point on a hyper^ 
boU from a given pair of parallels to the asymptotes varies 
as its distance from the chord intercepted by the parallels: 

and the product of the distances of any point on a parabola from 
two fixed diameters varies as its distance from the chord joining 
their extremities. 



* The dtaUnow of anj ti»o tangenta horn either foooid (Ait. 188, Oor. 4) being 
in A ntio of eqnelity, the prodocte of the fooel perpendiooUue apon any two tengente 
aie In e ratio of eqtudi^. The cioee ratio of the range in which eny tengent meeta 

the sidee of the qaadiUatenl i9^i/</>' is equal to — ' where 8T end HZ are 

the focal perpendiculanj \x\yoXi the tangent {Oxf. Camb. Dubl. Messenr/tr of 
iJiUJtenutiUs IV. U4). Cha«lee calls the po^rta of concoune of common taugeut« to 
two eonioa ** pointa om M H o ox " {89etum$ Ccniyuet chap, ztr.), with icference to the 
UN <rf the term Vm^iUcut for focus notioed above on p. 5. 
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750. From Ex. 744 deduce a construction for a conic 
passing through four given points and touching a given straight 
Hue: and shew that the lines joining the Tertices of a 
triangle drcamscribing a conic to the opposite points of contact 
cointeneot: and when fonr points on a conic and the 
tangent at one of them are giYeni shew how to draw the 
osculating curcle at that point. 

751. Through the centre of a oonic and anj conjngate triad 
with respect to it a hyperbola can be described fasTing its 
asymptotes parallel to any given pair of conjugate diameters. 

752. The system of radiants irom any point parallel to the 
tangents to a parabola is homographic with the range in which 
these tangents meet any fixed tangent* 

753. If from a series of coUinear points pairs of perpen- 
diculars be drawn to two fuLed straight lines, the joins of the 
feet of the several pairs of perpendiculars envelope a parabola 
touching the two fixed lines. 

754. If any chord of a conic drawn from a fixed point 0 
upon it meets the sides of a given inscribed triangle in points 
ABC and the conic again in P, shew that [ABGF] ia constant; 
and deduce a construction for the tangpent at a given point to 
a conic of which four other points are likewise given. 

755* If ABC be the interMCtions and abo the points of 
contact of three fixed tangents to a coniC| the product of the 
distances of any tangent from A and a varies as the product of 
its distances from B and Ci the product of its distanoea lh>iB 

h and c varies as the square of its distance from A : the pairs 
of radiants from any point 0 to BC and Aa determine an 
involution to which the tangents from 0 to the conic belong: 
and these tangents with Ob and Oe determine an involation 
havmg OA for one of its double rays. 

756. Deduce from Brianchon's hexagon that when a quadri- 
lateral circumscribes a conic the joins of its opposite points of 



* For aolationa of £xx. 741-759, 765- 800 tee Chades' Sertumg Comi^ 
pp. 8-67, 72-tOS^ 187-^49, 160, 204, 209, 244^-499, 821 Ac 
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eontmct pans tbrongh the intenectioii of its two diagonals; and 

that in a triangle drcamscribing a conic, tbe three lines joining 
its yertices to the opposite points of contact meet in a point. 

757. The three pairs of lines from the Tertices of a triangle 

to tbe intersections of its opposite sides with a conic are tangents 
to one conic: and the lines from any two points to the vertices 
of a triangle meet its opposite sides in six points lying on one 
conic. Beciprocate these two theorems; and from the seoond 
of them dednce the property of the nine-point circle. 

758. Tlte ratio of the products of the distances of anj point 
on a oonic from the odd and even sides rsspeetively of a given 
inscribed 292-gon is constant; and the products of the intercepts 

on any chord made by the odd and even sides are in the same 
ratio from whichever extremity of the chord the intercepts are 
measured. 

759. The ratio of the products of the distances of any tangent 
to a conic from the odd and even summits respectively of a 
given circnmBcribed 2n-gon is constant ; and the ratio of the 
products of its distances from the summits and from the points 
of contact of any given circumBcribed »-gon is constant. 

760. If two angles of giToh magnitudes PAD and PBD 
turn about A and B as poles given in position, then if the inter- 
section P of one pair of their arms be made to describe a conic, 

the intersection D of the other pair will in general describe 
a curve of the fourth order, having double points at A and B 
and at the limiting position of D when the angles BAP and 
ABP vanish together: but the locus of B will be of the third 
order if the angles BAD and ABB vanish together. If P 
describes a conic passing through A^ then D describes a cubic 
having a double point at A and passing through B»* This cubic 



* This ia Newton's Curvartm Jkacriptio Organica (note p. 264). The caae at 
the «nd of Bk. 7S0 foUowt fton tbe principle that • oaUc proper eeniioi beve tno 
doalile pointe (Sehnon'k Migktr Plam Otrvet (43). TUe tpteU CMe it givsD hy 
CbaOm {Apmrfu MoHfiic, p. 887) ee A #Mir«liM«oii of Nswroa^ oanrtnetion ia 
the /Vwnpte. 
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degenerates into the line AB and a conic through A and 3 
m the case in which the original conic passes throagh both 
A and B, 

761. The nlnc-fioint circle of a triangle touches its inscribed 
and escribed circles at points lying on the ellipse which tonchds 
the sides of the triangle at their middle points.* 

762. Kcciprocate Maclauriu^s description of a conic giveo in 
Art. 113, Cor. 2. 

763. The sides of a quadrilateral inscribed in a conic meet 

the tangents at its opposite angles in four pairs of poiuU Ijiog 
on one coniuf 

764. If a quadrilateral be circninscribed to a oonio, the iaar 
pairs of lines joining its vertices to the opposite points of eoataet 

touch one conic. 

765. If the sides of an n-gon turn severally about fixed 
points, whilst it— 1 of its summits slide each on a 6xed line; 
the summit describes a conic passing through the fixed points 
on the two adjacent sides. 

766. Shew also that any two sides not adjacent intersect 
on a fixed conic through the points about which they turn. 

767. If the arms A and B of an angle pasB each throng:h 
a fixed point, whilst its summit slides on a fixed line ; slicw iliat 
the join of the points in which A meets one fixed Vine and 
B another envelopes a conic touching the join of the fixed 
points. 

768. If each summit of an r?-gon slides on a fixed line, 
•whilst n — I of its sides pass severally through [or subtend given 
angles at) fixed points ; the side envelopes a conic touching 
the lines on which its extremities slide; and CTery diagoaal 
of the n-gon envelopes a conie. 

769. Any two pairs of conjugate lines from a point O to 
a conic determine an involution whose double rays are the 
tangents from 0 to the conic 8tate the reciprocal theorem. 

. • Sec Salmon's Conic Scrtinns, § 346, Esz. 

t Mubius Bartfcentrtsche Calcul §281. 
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770. One point and one only of every conjugate triad with 
respect to u conic lies within the conic ^ and two aides of every 
self-polar triangle meet the conic. 

771. The lines drawn from any point on a conic to two 
conjugate points A and B meet the conic at the extremities 
of a chord which passes through the pole of AB. IState the 
reciprocal theorem. 

772. If a quadrilateral be circumscribed to a conic, the 
extremities of any chord . through the intersection of two of 
its dmgonab lie on a conie paasbg through the eztremitieB 
of both. 

773. Any three pairs of points which divide the three 
diagonals of a quadrilateral harmonically lie on one conio. 

774. If the extremities of two diagonals of a quadrilateral 
be conjugate points with respect to a conic, the extremities of 
the third will be likewise conjugate. i 

775. If two of the three pairs of joins of four points be 
conjugate lines with respect to a conic, the thurd pair will be 
conjugate with respect to it. 

776. The pairs of chords drawn from a tixed point on a 
conic 80 as to make equal angles with a given line intercept 
a Tariable chord which paaees through a fixed point* 

777. The pairs of tangents to a conic from points on a 
itnigbt line determine an involution on any transversal through 
its pole, or on any tangent to the conie. 

' 7 78. The pairs of tangents to a parabola from points in the 
mm straight luie are parallel to conjugate rays of a pencil 
in involution. 

779. Two tangents being drawn to a conic from any point 
on a fixed straight line, if x and x' be their distances from its 
pole, and y and if* their distances from a fixed pouit, shew that 

- + » a constant. 
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780. Any two nmges in uiToliitioD on the lame axis have 
one segment in eommon. 

781. The locQiof the middle point of a chord drawn from 
a fixed point to a oorae b- a oonie tbrongh the potnt| and 
through the points of contact of the tangents from it to the 
original conic, and throagh the two points at tnfinit7 on Aat 

conic 

782. Find the enTcIope of a line whieh meets two fixed 

lines in a pair of conjugate points with respect to a given oonic. 

783. The envelope of the parallel from any point on n fixed 
straight line to the polsr of the point with re^peet to a eonie 

is a parabola touching the fixed line. 

784. The locos of the intersection of a pur of conjogate 
lines with lespect to a given oonic, drawn each throngh a fixed 

point, is a conic, which passes through the two fixed points, and 
tlirough the points of contact of the tangents from them to 
the original conic. 

785. If two angles be circumscribed to a conic their two 
summits and their four points of contact lie on one conic 

786. Any transversal being drawn to a oonic from a fixed 
point 0, the perpendicular to it from its pole envelopes a 
partfbola, which touches the polar of 0 and the tangents to 
the oonic at the feet of the normals to it from 0. 

787. Circumscribe to a given conic a polygon having each 
of its summits upon a given straight line* 

788. The poles of a given straight line L with respect to 
the system of conies through four given points is a conic, which 
with the line L divides the six joins of the four points bar* 
monically, and passes through their three intersections, and 
throngh the two points on L which are conjugate with respect 
to every conic of the system : it also tenches the sixteen conica 
which pass throngh the said conjugate points and touch by 
fours the sides of the four triangles determined by the given 
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789. If four conies pass through the same four points, the 
polars of anj point with respect to them form a pencil whose 
cross ratio is constanti being equal to that of the tangents 
to the four oonlca at any one of their points of concourse: and 
reciprocally, if four conies touch the same four lines, the poles 
of any straight line with respect to them form a range whose 
cross ratio is constant, beinj^ equal to that of the points in 
which the four conies touch any one of their common tangents. 

790. If two conies osculate at 0, their tangents at the 

further extremities of any chord through 0 intersect on the 
tangent at 0, and conversely : and every two equal and coaxal 
parabolas osculate at infinity. 

791. Two couics which have two pairs of conjugate diameters 

of the one parallel to two pairs of conjugate diameters of the 
other must be similar and similarly situated. 

792. Deduce from Art. 114 (i) that parallel conies* have a 

common chord (real or imaginary) at infinity; and if also 

concentric they have double contact at infinity. Shew how 
to draw a conic which shall be parallel to a given conic, and 
shall also pass through three given points or touch three given 
lines. 

793. Three fixed conies having four points in common, shew 

that if a variable pair of transversab be drawn from fixed 

points 0 and «» to meet the three conies in triads of points mAB 

J 7 1 .1 -ex.- OA. OB J toa.wb 
and mao respectively, the ratio ot the ratios — 1 & aud 7 

is constant.f Hence deduce that a conic m:iy be regarded as 
the locus of a point the square of the tangent from which to 
a fixed circle varies as the product of its distances from two 
fixed lines, which are common chords of the conic and the 
circle. 



♦ Similar and similarly situated conies may be called parallel since their curves 
are ererywhere parallel at corresponding points: they have also been called 
"homotiietie'' (OIimIm 8eai»n$ Cmiques §873), wfaSoh dioiild nther mewti '^placed 
togtiber.** Fofr aaother vm of the terai parallel lee GeKgoanb'a Antmlu zil 1. 

t Exx. 793 d-c. have been extended to quadxios bj UK Martin Ckodiner in thA 
Qmrixrlif Journal 0/ MiUlumaties X, 182—147. 

X 
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794. If from any point on one of three conies which hare 
four points in coininoii a tangent be drawn to each of the 
remaining two, the ratio of the ratios of these tangents to the 
parallel diameters of their comes is constant: and if OFQ be 
the middle points of the intercepts made by the three conies 
on any transversal, then OP and are in the ratio of the 
parallel focal chords of the second and third conies. 

795. Fonr fixed conies having fonr points in common being 
met by a yariable transvenal, yia. two of them in the paus 
of points oa' and hb\ and the third in two points of which m 
is one, and the fourth in two points of which n is one; aliew 

that the ratio of the ratios — ^ — ri and — , — 1, is constant. 

mb,vio , no.nb 

796. If ABOD be fonr conies snch that the eight points 

of concourse of AB and OD lie on one conic, the eight points 
of concourse o( AG and BD (or AD and BCj lie on one conic. 

797. When a point 0 has the same polar with respect to 
three conies ABC^ three pairs of the common chords of AB, 

BC^ GA respectively pass throngh 0 and form a pencil in 
involution : and when two conies A and B have each double 
contact with a third conic C, a pair of the common chords of 
A and B are harmonic conjugates with respect to their chords 
of double contact with C, 

798. The common tangents to three conies taken in pairs 
form three quadrilaterals: shew that the three parabolas 
inscribed in them have a common circnmscribed triangle. 

799. If through the intersections of two given conies A 
and B a third conic G be drawn, and if from any point 0 
on G there be drawn tangents Oa, Oa to A and Ob, Ob' to B-y 
the lines a6, ah\ ab, a'b' and the four common tangents of 
A and B touch a fourth conic. 

800. The locus of the point the pairs of tangents from which 
to two given conies form a harmonic pencil is a third conic, 
on which lie the eight points in which the given conies tonch 
their common tangents. State the reciprocal theorem. 
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CHAPTER XL 

OONIOAIi PBOJEOTION. 

128. Two figures A and B in an j two planes are said 
to be in PenpeeHve when a point 0 can be found in space 
each that eveiy radiant from it to a point on A passes through 
a point on and conversely. Either 6gure is then said to 

be the Central or Conical Projection of the other on the plane 
of the former, the point 0 being called the Vertex or the Centre 
of projection. When 0 is at infinity the projection becomes 
parallel or orthogonaL [Art. 86. 

Let P and Q be any two points in the plane of A^ and P' 
and Of their projections from the Tertez 0 upon the plane 
of B, Then evidently the lines PQ and P'Q intersect upon 
a fixed straight line, viz. the common section of the planes 
of A and B. Now by projecting the whole figure orthogonally 
upon any one plane, or by supposing the planes of A and B 
to become coincident, we see that if to every point P of one 
figure corresponds a single point of another figure in the 
same plane, and conversely, and if PP passes through a fixed 
point; then every line FQ in the one figure meets the cor- 
responding line P'Q in the other upon a fixed straight line. 
For example, if the joins of the vertices of two triangles meet 
in a point, the joins of their opposite sides lie in one straight 
line. [Ex. 696. 

Two figures thus related in one plane are said to be in 
Perspective or in Homology, We shall in general use the 
former term for this kind of correspondence, and the term 
Projection for the case of figures in perspective in space. The 
terms Reversion and Homographic Tranaformaiion will be 
explained in their place. 

X2 
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129. It is evident that Art. 88 applies to central as well 
8 to parallel projection. Parallel lines however do not project 

from anj yertez into parallels, except in the case in which 
they are parallel to the common section of the primitiye plane 
with the plane of projection. 

If through the vertex V of projection (fig. p. 314) there 
be drawn the plane Vab parallel to the plane of projection 
AO'Bj and so as to meet the plane of the figure to be projected 
in the line it is evident that all points on ab will be 
projected to infinitji or in other words thej will remain nnpro- 
jected. For this reason oft is called the Un^roje^ed Line^ and 
it is also said to bo projected to infinity. 

Since every point at infinity in the plane A O'B corresponds 
projcctively to some point on ab^ we come again to the con- 
clusion that all points at infinity in one plane lie in a straight 
lino (Art. 17 Gor. 2). The atraigJU line at infinity ia to U 
regixrded as parallel to every other straight line in ite plane^ since 
it intersects every such line at infinity : it is in fact coincident 
with the circle of infinite radius* described about any point 
whatever in its plane. The line at infinity and the two foooidt 
(Art. 123 Cor. 4) or circular paints at infinity — so called becaose 
every circle in their plane passes through them — will be seen 
to be of peculiar importance in the projection and tranaforma- 
tion of curves. 

THE iOC01DS.t 

PROPOSITION I. 

130. Every circle in a given plane paeaee through the focoidsj 

and conversely ; and every two concentric circles in the same 
jjlane touch one anot/ier at the focoids. 



• For a tangential equation to this circle, which in wmetimes inadequately 
paid to n- vl < nt the focuids otdy, see Whitwortb's Triiinear CoordimaUs 
Art. 382 (Caiubridge 1866). 

t Thii term it open to the objection that it oombines a Latin word with a Grec^ 
ending: but we maj perhapa be allowed to treat both aa natnraliaed Bn^iiih 
espveniona. In qxsaldng of the foooida Ae. we tadtljr refer to a apedfied plane 
Eveiry plane not at infinity haa its fvo foooida and iu on« line at inflnilj. 
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(i) Any namber of right angles toniing abont their sninmita 

tn one plane generate similar pencils in involution (Art. 110)i 
whose imaginary double rays form two sets of parallels; tbat 
is to say, each set pass through one of two fixed imaginary 
points 0, ^' on the line at intinity. 

These are accordingly the fad of the inyolotion which the 
arms of all right angles in one plane determine npon the line 
at infinity in that plane ; and conversely emry right angle A OB 
%8 divided harnio/iicilh/ bj/ the lines 04) and 0<t)', 

If therefore 0 be a variable point at which a fixed line AB 
subtends a right angle, it follows from the harmonicisra of 
0{AipB<lf] that the locus of 0 is a conic through the points 
AB^' (Art. 118). That is to say, every cMt AOS passes 
through the focoids, and conYcrsely every conic through the 
focoids is a circle. 

(ii) The centre C being the pole of the line at infinity 
(which is the join of the focoids), it follows that the lines 
from C to the focoids touch the circle at those points; and 
hence that all circles in one plane which have any point G 
for their common centre touch one another at the focoids of 
that plane. 

(ill) Or by §i and Art* 132 Cor. 5, all concentric circles in 
one plane touch one another at the focoids. This also follows 

from the consideration that any two diameters CX and CY 
of a circle which are at right angles are conjuf/ate lines with 
respect to the circle, and the lines C<l> and C4>'* with respect 
to which they are harmonic conjugpates must therefore touch the 
circle — and all cirdes having O for centre must touch one 
another— at ^ and 

CoroUarg, 

Every rectangular hyperbola has for a pair of conjugate 
points with respect to it the focoids of its plane, since its points 
at infinity lie on two straight Imes at right angles. 



* These Hnee nay be ngudtd m the tujfmfMet of the dide (Art. 114). 
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F£OPOSITION II* 

131. Every eofdo may he regarded ae ineertbed in Cfte 

quadrilateral wliich has for opposite summits the real and 
imaginary foci of the curve and the focoids^ and far diagonals 
the two axes of the conic and the line at infinity, 

(i) This is proved by the method of Art 128 Cor. 4, where 

StmdH may be either the real or the imaginaiy foci. 

[Scholium A. 

(ii) Otherwise thus. Eveiy two lines through 8 whidi 
are conjugate with respect to the oonic being at right angles 

(Art. 7), the lines Scj) and S4)' which divide them harmonically 
are tangents to the conic (Art. 116 Cor. 2). That is to sav, 
the lines joining the real or imaginary foci to the focoids touch 
the oonici as was to be proved. 

P&OFOSITION III. 

132. Any two straight lines drawn at a given angle in a given 
plane and the lines joining their jyoint of concourse to the foooid* 
form a pencil of constant cross ratio. 

For if a6 be a fixed straight line, and to any point at which 
it snbtends an angle of given magnitude a, then by a property 
of the cirde cm&i the pencil snbtended by ah and the ibooids 
at e» is of constant cross ratio; and the rays ami, mb may be 
parallel to any two lines OA and OB inclined at an angle 
a in the same plane. 

Corollary, 

Any plane figure may be moved about ui any way in its 
own plane without changing its relation to the foeoids, Mooe 
every angle in the figure has an invariable relation to tiie 

focoids. 

SODSOLIUIC 

DESABom regarded the opposite extremities of an infinite line 
as coincident or consecutive points, and the asymptotes of a hype^ 
bola as its tangents at infinity (Poudra's CEworet de Desargties i. 103, 
197, 210, 245). Honco \\q deduce (Scholium B, p. 153) that the 
hyperbola is a single curve, which spreads completely across its 
plane without breach of continuity. It follows logically that no 
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transversal can be drawn in the same plane so as not to meet 
the hyperbola. Nevertheless it is obviuun that some linos — its 
conjugate axis for example — do not (however far produced) meet 
the curve in geometrical 2)oints. Thus we are driven to the con- 
oeption of ideal or imaginary points and chords of intersection, and 
are led to say that every straight line meets any hyperbola (or 
other oonio) in two points real or imaginary, which ooalesoe in the 
oase of tangency. Although this is here given merely by way of 
inference, the words of Desargues Jiimself (used in another con- 
nexion) are very appropriate to this subject: V entfyuhvirnt n$ 
peut comprendre enmment aunt projpriiUz g^ue le rauonnsment luy dM 
/ait conclure" {tRuire^ i. 195). 

BoscoviCH has a very remarkable appendix to his treatise on 
oonics, entitled Ik I^am/nrmtAiom Loeorum QwmUricorum, uhi d$ 
Continmtatii lege ac de quibutdam Infiniti my«/«^M(UniTers8DMatheseos 
Clementa, torn. iii. pp. 228 — 356 ), in which he brings out clearly 
and with an abundance of geometrical illustration the notions of 
positive and negative in direction: of geometrical cotilinuity : of the 
transition from positive to negative through zero or itifinity : of the 
imaginary chords of tlie hyperbola, wliose H(}uares are negative : 
and of the quasi-elliptic nature of the liyperbola, certain of tho 
properties of which follow from properties of the ellipse by change 
of sign (§§678, 715, 758, 770, 808, 812, &c.). See also Soholium 0, 

The discussion of these matters having been revived in the 
present century (Chasles Rapport iur les progrh de la Geomitrie 
chap. I. § 19, p. GO), PoNTKLKT at length worked out liis theory of 
eordes idealcs (1820) ; and he ishewed that all circles in one jilano pass 
through the same two imaginary points <^ and ^' on tho line at 
infinity, and that a focus common to any two conies in one plane 
is a ** centre of homology or intersection of common tangents 
to tiie two oonics. Hence it follows, by supposing one of the two 
oonics to become a circle, that 8^ and S<^' are tangents to every 
oonio of which 5 is a focus. See Gergonne's Annahtni. 73, xii. 234 ; 
Foncelet Traite deft PropriefSx Projectiven des Figures §§ 89 — 98, 258, 
367, 453 (Paris, 1822). IMiicker extended this conception to plane 
curves of all orders, regarding as a *' focus" of any curve tho point 
of concourse of any two tangents drawn to it from the focoids, ono 
^rom each (CreUe's Journal x. 84 — 91; Salmon's Higher Plan6 
CwrvH S 138). 

According to Hiiokef^s definition, the tangents from the fbcoids 
^ and ^' to an ellipse (or other conic) determine by their opposite 
mtersections two pairs of " foci." If S be any one of the four, 
every pair of conjugate lines from S to the conic form a harmonic 
pencil with 6<p and Sip' (Art. 116, Cor. 2), and are therefore at right 
angles. This, which is of course a corollary from Desargues' theory 
of polars was proved for the real foci by Do la Hire {Seciiones 
Cornea: Lib. viii. prop. 23, p. 189. Paris, 1685). The two points 
on the transverse axis at distance t ^{CA* - CB") from the centre C 
have been shewn to poesess the property in question (Art. 7, Cor.) ; 
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and by symmetry, the two points on the conjugate axis at distance 

± Cvl') from C must be the romaininf^ two (or imaginarr) 

foci. In order to prove that a point 5 is a foc us of a given conic, 
it Bufficos to prove that t^o pain of conjugaU linet at right angles can 
be drawn to the conic from S. ^Art. 110. 

PROJECTION. 

PROPOSITION IV. 

133. AU rows of pomU and penciU afrajfs are homagrapkk 
foiik their projection»» 

(i) For if ABCD bo any row of four points in the primitive 
plane, and A'B'C'D' their projections from a vertex V upon 
any other plane, it is evident that [AB'G'D] = [ABGD\. And 
if 0 be any fifth pobt in the primitive plane and its projection, 
then 

a [A'B'C'D] = [A:B'C'D'] = [ABCD\ = O [ABCB\, 




Thus every tetrad of radiants OA^ OB^ 00, OD or of 

collinear points ABCD is eqnicross with its projection ; a result 
which may be briefly expressed by saying that Jigures in per* 
apeciive are honxographic, 

(ii). More generally,* let the joins of any nnmber (say six) 
of points ABCDEF be connected by a homogeneoos and 

symmetrical relation 

1. AB. GD.EF-k' m.AG.BE.DF-^ n • AD. BE. GF^ 0, 
in which the terms differ from one another only in their 



* See SeliBOii*B ComV SecHontf Art. 361. 
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tmfficients and in the order in which the letters ABCDEF 

occur in them. And first let all the points lie in one straight 
line, and let VF be the perpendicular upon it from the vertex 
■of projection. 
Then since 

the above relation ledaces, by the omission of a common factor, 
to a relation between the since of the angles which the joins 
of the six points subtend at V, It therefore still subsists 

when the points in question are replaced hy their projections 
upon any plane. 

And further, if any number of points ABCDEF &c. lie 
on different straight lines, the perpendiculars upon which from V 
are FP, KP, VF\ then any i^metrical and homo* 
geneous relation between the joins of the points will still be 
projective, provided that it implicitly involves in every term 

(Ex. 744) is projective, so that when proved for the circle 
it is may be extended to all conies by projection. 

(krollanf. 

The properties of harmonic section, of poles and polars, 
and of involution are projective ; so that it suffices to prove them 
for the simplest figure into which any figure to which they belong 

can be projected, 

PROPOSITION V. 

134. Anif giraigki Uiu in tke pnmiiive plane eon he prq^cted 
io infinUy^ and any two anglu in thai plane eon at the same time 

he projected into angles of given magnitudes, 

(i) Draw any straight line ah in the primitive plane, and take 
any plane Vab through ah for the " vertex-plane," in which 
the vertex V of projection is to lie. Then it is evident that the 
line ab projects to infinity upon any assumed plane of projection 
ABQ parallel to the vertex-plane. 



314 CONICAL PROJECTION. 

(ii) Two oonditions now aaffioe to fix tbe position of Y 
b tiie Tertex-plane. 




To project a given angle AOB in the primitive plane into 
aa angle of given magnitude a, let the arms of AOB meet 
the nnprojected line in a and h ; and upon ah describe in the 
▼ertex-plane a circular segment aVh containing an angle eqnal 
to a. Then the Tertez V maj be taken at anj point on 
this segment. 

For the vertex-plane and the plane of projection (being 
parallel) are met by the plane VOa iu parallel lines Va and A0\ 
and bj tbe plane VOh in parallel lines Vh and BQ. Thereforei 
O being the projection of 0, 

L AaS^aVh^a^ 
or the projection AO'B of the angle AOB ia of the assigned 
magnitude a. 

To project a second given angle in tbe primitiTO plane into 
an angle of given magnitude fi^ let its arms meet tbe unprojected 
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line in a' and : then the vertez V most lie also on a segment 
described upon a'h* in the vertex-plane so as to contain an angle 
equal to /9: and the intersection of this with the segment 

on ab completely determines the position of V, 

Corollary 1. 

Ph>ject any ftm collinear points ABCD into points ahcd. 
Then in the special case in which one of the latter <2 is at 
infinitj) 

If therefore we determine the point i> on a given straight 
line ABO so that [ABCD] may be equal to a given ratio, 

and if any straight line through D be taken as the unprojected 
line, the projections of AB and CB will be in the given ratio. 
In like manner a second point D' on the unprojected line is 
determined by the condition that the segments of a second line 
A'B'O' shall project in another given ratio. 

Corollary 2. 

Any pencil of rays in involution may be projected into 
a rectangular pencil in involution by projecting the angles 
between any two pairs of it) conjugate rays into right 
angles. [Art. 110. 

Corollary 3. 

Any (wo points F and F may he projected into the focoida 
of a given jilaue. For if AB and CD be any two segments 
in the involution of which F and F are the foci, we have 
only to project the line FF to infinity and any two angles 
AOB and CFJD in the primitive plane into right angles 
(Art. 180 §i}. This construction is magmary when JPand J* 
are real points. 

F&OPOSITION YI. 

135. Ani/ quadrilateral may he projected inio any other 

quadrilateral of given form and magnitude. 

(i) To iHPoject a given quadriUteral ABCD into a squaroi 
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project one of its angles BAD and tbe angle AOD befwees 
its two diagonals into right angles, and its third diagonal 
FQ to infinity. Thus the projection of A BCD beconies a square, 
whose magnitude is dctermioed bj the distance of its plane ^om 
the vertex-plane. 

(ii) To project a given quadrilateral A BCD into another 
of given form, it suffices to project one of its angles BAD 

Q 




and tbe angle AOD between its two diagonals Into angles 
of certain given magnitudes, and tbe segpnents AOj OC and 
BOf OD into segments which are in certain given ratine. 

[ Art. 134 Cor. 1. 

For in the projection — the same letters being used — if AO 

be taken arbitrarilj, tbe point 0 is determined hj tbe ratio ; 

(JO 

and tbe position of tbe line BOD is known ; and from the angle 

BO 

BAD and the ratio -^j) points B and D are detenoined. 

The form of the projection being thus determined, its magnitude 
may be increased or diminished at pleasure by moving the plane 
of projection towards or away from the vertex-plane. 

Corollar)/, 

Any four points or lines in one plane may be projected into 
any other four points or Unes in one plane. 

FBOPOBinON VII. 

136. A given wnte may he projected tnto a oonte kavutg 
the profedione of two gtven powia /or /oc9\ or the one/or eeiUre 
and the other fir a/ocue. 
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(i) To project a given conic Q and a given point 8 within 
it into Q' and S' respectively so that S' may be a focus of Q' i 
draw from S any two pairs of lines conjugate with respect 
to Q, and project the angles contained by them into right aoglea. 
Thus S' becomes a focus of Q'^ being a point sach that every 
pair of conjugate lines drawn from it to are at right angles. 

[Art. 184 Cor. 2. 

We may at the same time project a given point C in the 
plane of Q into the centre C of Q\ viz. by taking the polar 
of C with respect to Q for the unprojected line. 

fii) Otherwise thns. Let (75 and the tangent at any assumed 

point F to the conic Q meet the polar of S in X and B 




X A S 



leapectiTely. Then if the polar of (7 be projected to infinity and 
each of the angles BX8 and .S^Pinto a right angle, the points 
C and S will be projected into a centre and focus of Q\ as before. 

(iii) By properly choosing the point C7 in the foregoing 
constructions, we may project Q so that any two points 8 and H 
within it project into 8' and H' the real foci of Q^, 

For if SII meets Q in A and Bj and if the double points 
of the involution determined by the couples AB and SH be 
the point C on SH and the point G on its complement; 
then in the projection, the double point C bisects every segment 
8'H\ AB\ &C. of its involution) since in conjunction with 
the second double point (in this case at infinity) it divides every 
such segment harmonically. [Art. 112. 

Hence S' and //' are equidistant from the centre C of 
and since iS' is a focus if' is likewise a focus, as required. 

(iv) Th» system qf conies inscribed in a given quadrilateral 
SFHf may be ^^njecied tnio confocal conies by projecting i^and 
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• 

F into the ibeoids of the plane of projection (Art 134 Cor. 3). 

This construction is imaginary when the quadrilateral JFSHF' 
is real : but the foregoing constructions are alwaja real, the 
points 8 and H being taken within Q. 

P&OPOSIIXON YUI. 

137. A fftven eonio may he projected into a evrde Ikamng 

tJip projection of a given point for centre : a system of conies trough 
four given points may he projected into coaxal circles : or a si/stem 
ofconicB touching one another at two given points into oonoentrie 
eirdee. 

(i) By taking the point 0 at 8 in Art 136 we project 
the given conic into a conic having the same point (not at infinity) 
for both centre and focus; that is to saj, we project it into 
a circle having the projection of a given point for centre. 

(li) Otherwise that. Take the polar of any point O £or 

the unprojected line; through C draw any chord ACA\ and 




project the angles which it subtends at two assnmed points 
P and Q on the given conic into right angles* Then in the 
projection, the same letters being used, 

CA » CA = aP= CQ^ 

or the projection is a circle abont C as centre. 

Thus the two angles determine the species of the projectioOi 
and the unprojected line may be taken arbitrarily.* 

(iii) Hence, by projecting any conic into a cupcle and one 
of its chords FF into the line at infinity, we may project 



• This may also be deduced from a consideration of the circular sections of a cone 
described ■lUtnoflj on any givea oooie at htm (Silaon's Qmie SeetioHs ArU 365). 
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any two points F and F' on a conic into the focoids, as was 
otherwise shewn in Art. 134 Gor. 3. 

It follows that all oodIcs through two given points may 
be projected into circlet, and all conies through fonr given points 
into coaxal drdes^ and all conies tooching one another at two 
given points into concmHc circles. [Art. 130 §iL 

PROPOSITION IX. 

138. 2%e arms <^any angle qfconetant magnitude m a given 
plane may he projected into rage of a pencil of constant eroee raJtio^ 
whose other two rays pass each through a fixed point. 

For the arms of a constant angle and the lines joining their 
intersection to the focoids form a pencil of constant cross ratio 
(Prop. III.], which projects upon any plane into a pencil of 
constant cross ratiO| two of whose rays pass through the projeo- 
tions of the focoids. Note that this pencil is harmonic when 
the constant angle is a right angle* [Art. 180 § i. 

139. In the following examples of the projection of angle- 
properties* the theorem to the right follows in each case from 
that opposite to it on the left, as appears conversely hy pro- 
jectmg the points FF* into the focoids. 

The tangent to a circle la at right Any chord Ft " of a conic is cut har- 
aBfl^ to tlie ndiiii to ito poiiit of eon- monieall j by any tangent ind tihe Uno 
tad joining its point of oontnot to the polo O 

of FF'. 

Confooal oonies inteneot it right If two conica lx> in«rril>e(I in a qnadri- 
^wgloa, lateral of which FF' .ire a pair of opposite 

summits, the tangents at any one of their 
oommon points cut FF' harmonically. 
The loom of the point of ooooonne of T^he loem of the point of oonconne of 
two tengente to % oonib iHiioh intenect two tengente to n oonio which dlride n 
at ri|^ ugles is a concentric circle ; or giren line FF' harmonically is a conio 
in the case of the peiabolA the locus ii the touching the former at FF'\ or if FF' 
directriz. tooches the original conic, the Iocub is 

the join of the points of contact of the 
aeooiid tengents to it fkom J* and F*. 
The loene of the intenectioii of tea- The kcne of the intetMotian of tea* 
gentf to n perehola which meet at a gents to n eoxao which ditide a given 



* See Salmon's Conk JStctiuns ji§ 3d6-b } Eotich6 et de Combeiomse GimnitrU 
$1175. 
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giTen angle ia a hyperbola having the 
same focna and directrix. 



The envelope off a chord of a oonie 
which mhtende a oonetaiit waf^ at one of 
the tod is another oonie having the eame 
focoa and directrix. 



If P be any ix)int on a given conic, 
8 any fixed point, and SPT an an^ of 
constant magnitode, the eoTdope oi TP 
is a conic having S for a focus. 

If the point P be taken on a given 
Btraight line (instead of a ct)nic). the 
enrclope of TP becomes a parabola 
having i8 for foona. 



finite line FF' touching the oonie in s 
Clin St ;u it cross nitio ia a conic toucbiri 
the former at tlx- {»ointR nf cnnt.irt of tbft 
second tauguut^ to it frum / oiui /'\ 

If tangents 8F and 8F' be dxavro te 
a conic from given pointe Faad F*, tt» 
envelope of a variaMe dtoid mA 
that S{AFBP'] is constant is a cove 
touching the former at ita pointe ot OOB- 
tuct witii SF and Sf. 

If 6FF' be fixed points, uad P a 
variable point oaa oroie throagli tad 
F'f the envelope of a line PT such that 
i> {5/T/''} is constant is a oonie tooehiiiC 
SF and SF', 

If /* be taken on a given >tnv;ght line 
(instead of a ctmic), the <. nv. loj e of TP 
becomes a cooic iuM:hbcJ in the triaugk 
F8F\ 



PERSPECTIVE. 

140. The relation of Perspective ia one plane may be treated 
either as a limiting case of the projective relation (Art. ISS), 

or imlcpendently as follows.* 

From a fixed centre of ])cr8pcctive S in the plane of a given 
figure draw radiants to all points p of the figure, and let these 
radiants meet a fixed axis of perspective in the same plane 
in points (fig. p. 10). Then if on every radiant 8B there 
be taken a point q such that 

{SpBq] ^ a constant, 

the locus of ^ is sud to be in Perspective with the locus of p. 
Taking anj two positions of SB, we have 

- {Sj.Bg] i 

and therefore pp' and always intersect on the axis of 

perspective BR (Art. 104). Hence also we see that to every 
straight line pp in the one figure corresponds a straight line 
qq in the other , and to every range [p] in the one a bomo- 
graphlc range [q] in the other. Figures in perspective w piano 
are therefore homographic, and they possess the same properties 
as figures project! vely related in space. 

• See Chaales Stetiom Cimijuet p. 169. 
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It may be shewn that if two figores in perapectiTe in relief 

be turned about the line of intersection of their planes, their 
centre of perspective describes a circle in a plane perpendicular 
to that line.* [£x. 850. 

SCHOLIUM B. 

The method of Projection-^which is implicitly contained in the 
ancient tlioorom of Art. 103 — wns freely used by Desaboues. It 
was used also by Newton, iiiidur tho name Generatio curvarum p$r 
Umbras, in his Enumeration of Lines of tho Third Order, where 
he remarks (p. 2j, ed. Talbot) : ** And in the eamo manner as the 
circle, projecting its shadow, generates all the conic sections, so 
the fire divergent parabolas, by their shadows, generate all other 
enrvee of the second genns. And thns some of the more simple 
onnres of other genera might be found, which would form all 
curves of the same genus by the projeetion of their shadows on a 
plane." 

Desarguos also proved tho fundamental pro})orty (Ex. 6qC) of 
triangles in perspective, whether in relief or in piano {(Euvrcs i. 
413, 430). Tho term ** homologie," for perspective in one plane, 
was introduced by Poncelet, and is now generally used by French 
writers. But since the term is in itself inexpressive, an inoon- 
▼enient distinction has to be made between homdogue and hamo' 
logiqm (Boach^ et De Oomberonsse GimitHe %% 1094, i 167). 



EEVEBSION. 

141. Take fixed points 0 and a fixed straight line MITt 
and through the fixed points draw any two straight lines 
intersecting at some point It on MN^ and also a paur of parallels 
meeting BO and S8 in P and p respectively (p. 10). Then 
Pj p may be called Reverse Bnnts: O and 8 the Origins of 
reversion : and MN the Base Line. When the locus of P is a 
conic having S and MN for focus and directrix, we have seen 
that the locus of the reverse point p is the eccentric circle of 
Oj and we have derived properties of the conic from pro- 
perties of thb circlet We now proceed to treat the subject 
of reversion more generally. The original figure from which 
a reverse figure is derived may be called its Obverse, 



• Chafilca GiomttrU Suptritnre §§36S-9 } Crcmoua Gt;omitne rrojectirt §90. 
t See ArU. 4-6, 16 and £xx. 6-10. 
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PROPOBITION X. 

142. To any straight line drawn in a given direction car' 
responds a reverse line passing through a fixed point on the bam 
line. 

Let O and » be the origins of reyenton : P and p any two 

reverse points : com and FM a pair of paia-UclSj mectiug tiic 
base Hue in M and m. 




TbeD| if £ be the point on tbe base line at wbicb Fm and Op 
intenecti 

OF: 

and tbereforo OM and pi)i are parallel. j 

Hence, if wm bo a fixed lino and P a variable point on 
any assumed line parallel to a>m, the locus of p is the straight I 
line drawn thiougb tbe fixed point m on tbe base line parallel | 
to OM. 

Corollary 1. ^ 

The point at infinity on any system of paralleb P^f cor- 
responds to a reverse point m on tbe base line. All points ' 
at iuiinity in tbe same plane are therefore to be regarded as lying 
in one straight line, of wbicb tbe base line Is the reverse. 

Fttrtbermore the direction of the line at infinity is indder* 
mvnoU. For, as pm tnma about tbe same point m on tbe 



I 
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base line, the revefse line PM remains parallel to mmi and 
ultimatelj, when pm coalesces with the hase line, Plf hecomes 

the line at infinity^ whlcli may accordingly be regarded as 
parallel to aoj assumed line a>m, 

Carollanf 2. 

If the arms of any anj^le MPX aad of the reverse anglo 
mpn meet the base lioe in J/, N and n respectively, then 

Notice that to every angle PSQ subtended at either ori/jin 8 
(tig. Art. 4) corresponds an ejual reverse angle pOq subtended 
at the other. For example, the angles PSO^ p08 eqnal^ 
in the figure of Art 6. 

• 

PBOPOSmOM XI. 

143. Any straight line being taken as hase Une^ any two given 
emfflea may he reversed into angles of given magnitudee. 

For the angle MPN (Prop. x. CSor. 2) reverses into an angle 
of gtyen magnitude a, if the origin O be taken on the circular 
Bcgment MON described on MN so as to contain an angle equal 
to Om By a like construction a second angle may be reversed 
into an angle of given magnitude /S. And if be taken 
at the intersection of the two segmentS| the two angles will reverse 
nmnltaneously into angles eqoal a and P respectively. 

The applications of this general theorem are precisely 
analogous to those of the corresponding theorem in Conical 
Projection. [Prop. v. 

CoroUarg, 

From any origin 0 a given conic may, hy properly choosing 
the hase line, he reversed into a conic through two given points 
at infinity, whose magnitude is then determined by the position 
of the reverse origin (o. Or if the base line be given, the origin 
O may be detennined by reversinf^ the angles between two 
aasnmed pairs of lines PA^ PB and PG^ PD — which may be 
llrawn conjugate with respect to the given conic — ^mto angles 
a and /9 respectively. By properly determining the origins 

t2 
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Mid the base lioe together we may reyerae any conic and paint 
U and P into any conic and point U* and P\ For example, 
if a and 13 be right angles and the polar of P with respect 

to Z7 be taken as base IIdc, U' becomes a circle whose centre 
ia P\ [Prop. Ylli. 

144. The following are eome applications of the propeitj 
of reverse figures that all angUa subtended at the origin in tke 
one Jigurc eorreapond to equal angh$ subtended at the repene 
origin in the other. [Art 142 Cor. 9. 

a. A variable chord of a conic which suhtenda a right angle 
at a given point envelopee a conic having that point for a focus, 
• For if the g^ven point O and its polar be taken as origin 
and base linoi the reverse conic has its centre at the reTeree 
origin Q) (Art. 142 Cor. 1) ; and a yariable chord of the latter 
conic which subtends a right angle at ey envelopes a concentric 
circle (Ex. 289;, of which the obverse is a conic having 0 and 
the base-line for a focos and directrix. 

h, A variable chord of a conic which subtends a right angle 
at a given point on the curve passes through a fixed point on the 
normal thereat.* 

For if a conic through 0 be reversed into a circle throagh 
s», eveiy chord of the former which anbtends a right angle at O 
has for its reverse a diameter of the circle, and therefore paseea 
through the fixed point which is the obverse of the centre of 
the circle. Note that the taugeuts and also the normals at 
0 and s» are reverse lioos. 

HencCi to reverse a conic from any point 0 upon It as origin 
into a circle, we must have as base line the polar BO qf tks 
point of concourse of all chords which subtend right angles ol 0. 

c. Let DOE be a fixed angle inscribed In a coniC| P aaj 
point on the carve, B and 0 the points in which FD and PB 
meet the polar of the point of concourse of all chorda which 



* This tbeonm of Frfigiar— p. Ve, note, ud Com^pmtdmet smt fEod$ Rogak 
Pohjtechmiqm tomo in p. SM^ 181S-4i s linitiiig eaae of fa. Set fldioliaaiD^ 
p. 2So. 
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subtend right angles at Oi then will the angle BOC be equal 
or supplementary to the angle DOE.* 

For if with 0 as origin and BG 9a base line the conic be 
reyened into a cirele, then (with the Batne notation) the points 
B and O are remoTed to infinity, and the theorem follows at 
once from the equality of the angles DOE and DPE in the 
same segment of the circle. 




d. If a straight line PDB toming aboat a fixed point P 
meet the arms of a constant angle BODy which turns about a 

fixed point 0, in B and />; then if the point B moves along 
a straight line 7?0, thu point D describes a conic through 0 and P, 
For when BC is the line at infinity the locus oi D i& evidently a 
circle through 0 and P; and therefore by reversioui the locos 
of in the general case is a conic through 0 and P. 

This is a limiting form of Newton*s Descrtptto Orgamoa 
(Art. 113 Cor. 1), since the line through F may be regarded as 
a vanishing angle BFD, 

s. Every range [ABCD] and its reTerse ^Mboi\ subtend 
similar pencils 0 [ABCD\ and » [Qbcd\ at the originS| and are 
therefore homographic All the properties of cross ratio may 

therefore be extended from the circle to the general conic by 
reversion. 

145. TJie Orthocentre. 

a. Let the sides of a triangle ABC^ the reverse of A'B'C\ 

• Sec Mathtnuitieal QuMlioiW /roin <A« SOUOATIOSAL TllCli^ yoL I. pp. 40 
(QoMiion liOd). 
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meet the baflc line in points 2>, Fj and let aD, hE^ cF be seg- 
ments of the base lino which subtend right angles at q>. Then 
Aa^ Bby Cc are reverse to the perpendiculars of the tnangle 
A'BC (Art. 142 Gar 2) and eoiotenect at the merae P of 
its orthooentre. 

It is hence eyident tbat the rides of aaj triangle ABC and 

the radiants from any point to its vertices determiuo an invola- 
IntloD {aBf bE^ cF\ on any transversaL [Art. 110. 




h. If the triangle A DC envelopes a fixed conic touching 
the base Hue, the obverse of which is a parabola^ the point P 
traces a straight iine| the reverso of the directrix of the 
parabola. [Art 29 Cor. 1. 

Or if, starting with the parabola and taking its directrix 
as base line, we reverse it into a circle about » as oentroi 
the point P is removed to infinity. Hence, if the sides of a 
triangle ABC touch a circle, and meet any fourth tangent 
to it in abc^ and if the diameters parallel to the polars of abc 
meet the fourth tangent in DEF^ the lines AD^ BE^ CF are 
parallel. In other words : 

1/ the ndea of a triangle ABO touch a circle^ and if the 
parallel tangenU meet any seventh tangent in DEF^ the Unee 
AD^ jU£, CF are panilUL 

i 
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More generally: 

If from three coUinear points X YZ pairs of tangents he drawn 
to a conic^ ami if ABC be the triangle fanned by one tangent from 
each pair and DEF the points in which the remaining three 
tangents meet any semntk tangent^ tks lines AD^ BE^ OF meet at 
a point in a straight Une with XYZ. 

146. ne Normal 

The rererse of tbe normal at any point P to a oonie if tho 

line through the reverse point p which with the tangent at p 
intercepts on the base line a length which subtends a right angle 
at the reverse origin oi. [Art. 142 Cor. 2. 

147. Conjugate Diameters, 

If a conic be reverted into the eooentric circle of o»| it 
may be seen that a pair of its conjugate diameters inclined at 
angles a and a, reverse into lines through the pole of 
the base line with respect to the circle and which contain angles 
ir — a and a. 

148. The Asymptotes, 

If a conic meets the base line in M and the asymptotes 
of its reverse correspond to the tangents at M and and 
are therefore parallel to MO and NO^ where 0 is the origin 
(Art. 142). We may therefore determine the eccentricity of 

the reverse conic by making the angle MON of any assumed 
magnitudei real or imaginary. 

sGROiitnr 0. 

Reverse lines OP and through tho origins (which may 
bo bupposod to lie on the eamo side of the base lino) being reverse 
in direction, figures are oonsequently, in a manner, turned wmr 
in this transformation, so that an origmal figure and its derivative 
may be regarded as obverse and reverse respectively. Thus 
in Art. 4, if the circle he divided by axes through 0 parallel 
and at right angles to the base line, its first and third quadrants 
must l)o turned ovor or interchanged, and likewise its Bocond 
and fourth, in or^lcr thiit tlioy may become similarly situated with 
tho sectors of the conic to wliich they severally correspond. 

If reverse points P and p be referred to rectangular axes 
of coordinates, the base line oeing the common axis of x and 
tiie axes of |f being drawn through 0 and » respectively, then 
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if X, F be the coordinates of P and x, y those of and if OD 

and u)d be the ordinates of 0 and oti it may be shewn that 
Yy^uid. ODy and X : -x=» Y: (ad. Hence an equation nf any 
degree between x and y implies an equation of the same degree 
between X and Y. 

Bevorsion is a special case of the following transformation. 
Take 6zed origins 0 and and a fixed director line (or plane} 
oorresponding to each : from any point P draw POD to meet 
the 0-direotor and Pmd to meet the ^-director : then the poml 
of concourse of taD and Od corresponds to P. The construction 
in the text results from supposing one of the directors to be 
at infinity. The analysis for the penoral case is fnlly given 
in a section by Prof. Cayley contributod to my article on the 
nomographic Transformation of Angles in the Quarterly Journal 
of Mathematics xiv. 26 — 39. 

HOMOGEAPHIC TBANSFOEMATION. 

PBOPOSITION Xll. 

149. Any two plane fumographic figures of the eame epedm 
are capable of heing placed in perspective. 

We have seen that any two plane figures in perspective 
«re so related that to every range in the one corresponds a 
homographic range in the other (Prop. iv). GonTcrselj, 
any two plane fignrea thus related are capable of being pkoed 
in perspective. 

(i) For if ABCD be four fixed points and P a variable point 
in a plane figure, and A'B'C'D'P' the corresponding points in a 
homographic figure, it is evident from the relation, 

P\ABCJ)]^F [A'B'G'D], 

that by projecting the points ABGD into AB*G*iy (Art 135) 

we at the same time project every point P into its corre- 
spondent P\ 

(ii) The same resalt may also be arrived at as follows. 

Let ^ be a given plane figure, regarded as moveable in 

any way in its plane, and B a fixed homographic figure in 
the same plane. Tlicn to the focoids </> and 0', regarded as 
belonging to A^ correspond fi&cd points i^and F' related to B. 

[Art. 132. 
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Let F(f) and F'(p' meet in the point 0 related to B, and 
let 0' be the corresponding point in A. Also let P and Q 
he any two pointe in Bf and F' and Q the conreaponding pointa 
in A» 

Move the fignie A a certain distance in a certain direction 
mntil (y coincides with 0, and then turn it abont 0 nntil 

the points FOr' are brought into one straight line.* TiicDj 
since A and B are homographic, 

0 {rgF^} = 0 {F'gFr} ; 

and therefore, filnce three rays in the one pencil coalesce 
severally with three in the other, the fourth ray coalesces 
with the fourth OQf^ or every two corresponding points Qj Q 
are in a straight line with 0^ the required centre of perspective 
of ^ and B. It then follows from Art. 140 that A and B maj 
be placed perspeotiTe in space. 

OoroUaary, 

Since fignres hoinographic with the same fignre are homo* 
graphic with one another, and since any conic and an assumed 

point in its plane may be projected into a circle and its centre 
(Art. 137), and conversely ; it follows that any conic and point 
in one plane may be projected into any other conic and point 
in oneplane, [Prop. zi. Cor« 

SOBOLXUM D. 

Transformation is a oonyeniei^t (if not striedj accurate) ex- 
pression for the derivation of one igvae from another in accordance 
with an assigned law of oonespondence. The general idea of 

homogrnphic transformation may be found in a passing remark 
of Desakoues {(Envreii. 214), who, having enunciated the funda- 
mental property of the polar planes of a sphere, concludes by 
stating curtly that it may be extended to surfaces wliich arc related 
to the sphere as the ellipse is to the circle: " Semblable propriety 
-ee troave i Tegard d'autres massifs qui out du rapport k to ooule, 
oomme lee ouales autrement ellipses en ont au cecole, mais il 
J a trop \ dire pour n*en rien laisser." 

In the tract on Plani-eoniquea appended to his NtmodU mithode 
«ii QiomUrie jv. (Paris 1673), De la Hire derived the genetal conie 



See Salmon's Higher /'lane Curvu Art. 330. 
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from the circle by a geometrical transformation in piano. A 
similar tranaformation appears to have been aniTed at bj La 
Poim about thirty yean later (Ohaslee SectitmM Cwi^uet p. 174). 
Nbwior shewed how to transform carves of all orders {Prindptm 

ah 

Lib. I. sect y. lemma 22) by substitutions of the form 

YmfE (cf. Schol. C), and added two examples of tho application 

of bis method {loe. cit. props. 25, 26). The collinear'' figures 
of MObius "sout aussi des tigures liomograpbiques les plus g^n^rales' ' 
(Chasles Sections Coniques p. 165). Miibiua proved int&r aha that 
any four points in a plane may be projected into any other four 
points in a piano {Barycentrische Calntl p. 327, 1827). For a 
general expedition of the principle of Ilomography boo Chasles* 
Mimoire on duality and homography, at the end of his Aper^u 
hutmp^ See also his GiomitrU 8upM$itr$ pp. 362—412, and 
Toinueiid*8 Mid$m Qimubry ehaps. 19—22. 

EXAMPLES. 

[It i* ^fi to the reader in some cases to modifjf the enwnciotiom of the pairs of 
theorem ist lie MMa e o tmnu to as to briny them imto exaet eorrespomitmee}. 

801. The diagonals of a parallelogram Each diagonal of a comjilete quadri- 
and the lines bisecting its two pairs of lateral is divided banuoaically hj the 
opposite fi/Sm form a hannonic penoQ. femaining two diagonals. 

802. If two triangios be Bimilar and If the intcrBectioim of the three p>ain 
similarly placed, the joins of felidr oone> ef MiM of two trianglee lie in one straight 
qmiding TWtioeB mwt in a point. line^ the joins of the opposite Totioci 

oointenect. 

806. Anytwopsinof paaOalsthrongh Tbe three pein of joini of any foot 
points P and Q meet any transverssl in points ina plane delennine an isTohitiQS 
an inTolntion ha?ing its oentie on PQ, on any tzansYeraaL 

801. The eestres of the diagonab of a An infinity of pain of otiaight lines 
complete quadrilateral are in one steaight can be fotmd which divide the three di^ 
fine. [p. 268. graala cf a qnadrilatewd hanBonicaHy. 

806. FfeiaUd choids of a drele are Oonoiment dhocda cf a oooie an 
bisected 1^ a straight line tinongh its divided harmonically by tiidr eoBUBBCs 
eentre. point and its polar. 

806. If two of the thiee pairs of op- The three pain of opposite sides of any 
positc sides of a hexagon inscribed in a hexagon inscribed in a conic have their 
circle aro paallel, the third pair an inteneotioiiB in one stxaight hne. 
pondleL* 

807. A system of ooaxal otrcles meet AU theoonioe through fonr given points 
any transveisal in pailS of points in an meet any transvenalin pairs of points is 

involution. [Art. 109. an involution. 



♦ Soe Gergonne'H Annales iv. 79. 
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806. PSonr afaNdM nn bs diMiii tonoh- 
ing thiee ifina itmiglit Uim 

809. Four conies can be drawn throngh 
ttme i^vea points ao m to ham a '^yqu 
pfldnt for ft fooniu 

810. The diameters of a circle .subtend 
a peucii in iuvulutiou at oujr point on tho 

OildlIBi^6nD06b 

811. Given two pairn of lines conju- 
gate with riNpuifc to a cia^lc, tho locu^ of 
its OiUtru ia thu roct;uiguliu: hyperbola 
eSieimiMriliing the qnadrilateml of whioli 
tbe ooDjngite linai am <^iiMMite aidea.* 

812. Given three pairs of liiiea amju- 
gate with tvepoct to a circle, the positions 
of its oentra oooatttitto an orthooentric 
toCnatigm* 



818. Bveiy cinde ttuoni^ tho oantra 
of a notangnlar hyptibola dicQmaaibea 
an infinity of tanangles aeUopoIar with 
TBBpect to the hyperbola. 

814. If a triangle PQR light angled 
ai P be imeribad in a leotangnlar hyper- 
hoUs the perpemBcnlar horn P to QRIb 
the tangent «6 P. 



815. The directions of twD sides of a 
triangle inscribed in a circle being given, 
the envelope of tho third aide ia a oonoen- 
txic circle. 

816. The envelope of the polar of any 
point on a drde with xeapect to a con- 
centric cirole ia a ooooentric circle. 



Itov oontoa can be drawn throngh two 
gheii pointa and touching three givea 
haaa. 

Four conies can be drawn throngh 
tiuee given pointa ao aa to toncih two 
given linea. 

A eystem of concurrent chorda of a 
conic subtend a pencil in iuvulutiou at 
auj point on the cnrve. [p. 276. 

Given a chord FF' of a conic and two 
p.'UM of liucH ronjurp\tc with rePi>ect to it, 
the iocub uf the pole of FF' is a conic with 
reapeet to which Paad F' are a pair of 
conjogate points. 

Through two given ix>int3 four conica 
can be drawn so as to have three given 
paixB of linea coiqngate with reject to 
tiwm ; and their conunon chord ia divided 
harmonically by every conic throng its 
four polea with reapeot to them. 

If two triangles be aelf-polar with 
respect to a oonic^ their six angular pointa 
Ueonaoonio. 

If Pand F' be conjugate points witii 
respect to a oonic, PQ and Pit any two 

chords which divide FF' harmonically ; 
then QR and the tangent at P divide 
FF' hanoonically. 

If two sides of a ti'iangle inscribed in 
a oonie paaa each through a given point, 
the envelope of the third side is a conic 
touching the fonnw at two points on the 
join of the given pmats. 

The envelope of the polar of any pdnt 
on a coidc with respect to a second having 
the same fbcoa and directrix is a tttird 
having the same focus and directrix. 



• Aom the centre 0 of the circle dmw a pen^ondicnlar OP to one of the lines, and 

let it meet the conjugate line in Q ; and draw OP' perpendicular to one of tlic Kocond 
pair of lines, and let it meet the fourth litic in U'. Then .since 01' .U(l - (r.wliiw)* 
= OF. OQ', the locus of 0 is a conic through tho four vertices of tho 4uadrilutcral ; 
and it lA eabily mxm that the orthoccntrs of any three of thorn is a point on the loona. 
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817. FttndkldMiidsof Adidsnteiifc 

jnmooMtamtgitioty » concwitric dlipae In a oooatent onu latio bj 

ttmehing the circle at the wrtwmltfM 6t hsfing double contact with the 

the perpeodiculAT diameter. vqpon the polar of the point of 



818. XW7 pemOdogam imaribed la 
\ dwie fa imrtiMignlir. 




818. Tlie diagonals of every paraIlelo> 
gmm circumscribod to a oiiele meet at 
light anglei at its centre. 



The intsnsctions of tliB two 

and ol the Ofipodte sides of any 
teral are a oonjngate triad with 
every cironmeciibing tbe 
tend. 



The dfagoaafa of a complete 
lateral are a conjugate triad 
to eveiy oonic inaoibed in iu 



880. The OBntreaof all thewwtengnlar CKTeafonrpoSntion aoooia^ tiie 
l^yp er liu l ei cirCTunecribed to a gifea tri- of fhepolecf Agivenliiiefa aooni^ 
an^ tte on ita nine-point dreku 

821. The circnmscribed circle of every If two triangles circvmiscribe m 
triangle which drcumacribes a parabola their six summits lie on a conic, 
passes through ite Ibeae. 

822. The enrelopo of the polar of a The envelojje of the pnilir of a giren 
given point with reppect to a eystom of point with respect to the system of coaics 
confocol oonicd is a parabola touching inscribed in a quadrilaieral ia a conic 
tbrit 9am and having the]given point* for tooching its three dii^nals ; and the 
apoiotonttf dinctiis. [Bls.878. choid of oootaet of the seoood taDgenta to 

tins oonio &om the eztiemitiet of aaj dia- 
gonal of the qoadrilateral fa the line joia- 
ing the given point to the point of 
oouiae of the remaining two i 



888. If ftom a Axedpohit Otangente If from a fixed point O taaganta OP 

OP and OQ be drawn to any one of a and OQ be drawn to any one of a system 

system of confoailconic-^.therircle through of ooufocal conicsi, the conic through their 

(y/'U passes through a second fixed point, foci and OPQ panes through a fourth 

[Exx. 34U, 380. fixed poinLf 



8M. Givn liiiee oonoentcio einfa% U three oonice tooeh one 

any tangent to oneof them is divided into tiie tame two points, anj taageat to 

segments of oomHtant fangtha bj the la- of them is divided in a constant 

maining two. ratio by tbe remaining two. 

8K. Iborfixedtaiigeiititoapeiabola Four find taogenti to a oonio divide 

divide uuf fifth tangent into eegmeate any fifth tangent in a constant < " 

whose latfaaaiaooniteBt pSs. 716. 



* The tangents at this point to the two confocala through it touch the parabola, 
t Project the common foci of the firHt system into the foooids of fhfi plsno of fho 



second. See the Quartarljf Journal of Jdalhtmatia X, 287. 
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82G. Any two pairs of points which If the extremities of each of two dia- 
divide the dia^ronab of a VBOtaogls hu- gonala of a quailrilatcral are conjugate 
uoaicaUf lie on a circio. points with rc^p.-ct to a conic, the cxtre- 

mitie^i of the third are, conjugate with 
mpeot toit.* 

827. If POp^ QOqj SOr^ 80s be any foor concurrent 
chords of a conic, the conies through OPQRS and O^gra have 
a common tangent at 0» 

828. If FF' be a ^mmon chord of two given conies, its 
pole with respect to any conic which touches both of them 
and peases throngh F and F' has for its Iocub a conic toachiog 
tbe tangents at ^and F' to the given oonics. 

829. If a conic tenches tbe sides 8F and 8F* of a given 
triangle and also two other given lines, the second tangents 
to it from i^and F' meet on a fixed straight line. 

830. Given, in addition to a chord of a conic, two tangents, 
or one tangent and one point, find in each case the locus o£ 
the pole of the given chord. 

831. If two conies have doable contact| the cross ratio of 
four of the points in which any four tangents to the one 
meet the other is equal to that of the remaining fonr points, 
and also to that of the points of contact taken in the same sense 
of rotation.t 

832. Extend by projection Newton^s theorem, that the 
diameter of a quadrilateral is the centre-locus of all conies 
inscribed therein4 [p. 282. 

833. The circle through any triad of points conjngate with 
respect to a conic is orthogonal to its orthocyde (pp« 874| 380). 
Is thb theorem projective? 



• Thii theoran md itt reciprocal ue doe to Hnai (Cnllete Journal zz. 301, 
ISM). 

t See Salmon's Conie Seeiumt Arts. 276, 354. 

X Ito analogae in tpaoe was givea in G«igoiim's Anmal$$ xvn. 200. 
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834* From m fixed pomt O tangents OP and OQ are diawn 

to any eontc inscribed in a given quadrilateral, and through P 

and Q are drawn the straight Hues which with PO and QO 
respectively divide the three diagonals of the quadrilateraJ bar- 
monicallj. Show that the lines so drawn touch the fixed conic 
which is the envelope of PQ. [£x. 822. 

835. If AB be one of the diagonals of this qoadrilateial, 
the conic throngh ABOPQ passes throu^^li a fourth fixed point 

(7, such that AO^ AO' and BO^ BO' divide the remaining two 
diagonals harmonically. Shew also that the three positions of 
Q corresponding to the three diagonals of the qnadri lateral lie 
in one straight line. 

836. If from a fixed point O tangents OP and OQ be 

drawn to any one of a system of oonfocal conies, and if the 
normals at P and Q meet in A^; the locus of the orthocentre 
of the triangle NPQ is a straight line, and the locus of the 
orthocentre of OPQ is a rectangular hyperbola having one 
asymptote parallel to the central distance of 0.* What do 
these theorems become by projection? 

837. Given the orthocentre of a triangle inscribed (or cir- 
cumscribed) to a given conic, the product of the segments of 
its perpendiculars is constant. Ileoce shew that if one solid 
angle contained by three planes mutually at right angles cao be 
inscribed (or (nrcnmscribed) to the surface of a given cone of the 
second degree, an infinity of such angles can be inscribed (or 
circumscribed) to it. 

838. The locus of the point in space from which triads of 
lines mutually at right angles can be drawn to triads of points 
on a given conio is a sphere. 

839. If the conic be supposed to vary, yet so as always 
touch the sides of a given quadrilateral, the sphere will pass 
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tlirongh a fixed eirde in a plane at right angles to the plane of 
the qnadrilateraL* 

840. ABO IB a triangle inscribed in a conic: Aa^ Bb^ Oc 
are chords drawn through a point Oi and Ahj Be, Ca meet 

the polar of 0 in PQR respectively. Shew that the lines from 
any point on the conic to the points FQIi respectively meet the 
fiidea of ABC in three collinear points. 

841. Raj3 being drawn from a fixed point on a conic, shew 
that the intercepts upon them between the conic and a fixed 
tangent may idl be projected upon a given line throogh the 
fixed point, from another point on the conic, into segments of 
the same length* 

842. If a point P on a conic be connected with two fixed 
points ^and F' in its plane, all the chords whidi are divided 

barraonically by FP and F'F are concurrent ; and the locus of 
their point of concourse, as P varie8| is a conic touching the 
first at two points on FF\ 

843. If a conic passes through two given points and touches 
a given conic at a given point, its chord of intersection with 
the given conic passes through a fixed point. 

844. ABGD being four points on a conic, E and F are tho 
poles and 0 is the point of concourse of AB and CD. Throngh 
E is drawn a straight line meeting CD in M and the conic 
in Q and J?; and upon this line a point P is taken a fourth 

harmonic to QMR, Shew that the locus of P is the conic 
through ABCDEF, the tangents to which at E and F paps 
through 0 ; and that the tangents from 0 to the first conic 
pass through the four points in which the common tangents to 
the two conies touch the second. 



• On Exx. 837-9 pw Pirqiic-t's Ftude gi'cmitrique dcs Sf/stirnes Poncfuels et Tnn- 
genticU dt .S'tvfiy».« r,)///Vy»it,!t §§ 72, 73. 85, MG. Picqjiet now n-sc'S Uie tcnn i>rtfi"j>(ir: 
circle (p. 42) to dcuoLc the orthocycle, and tho term orthoptic $umtnit$ (p. 41) of tho 
*'p0Ddl'* of eoniot inioiibed in a qnadxilatenl to denote the two fixed pointi on their 
oithoojclea. Gaddn% difloomj of theie pointi wm intiGipated by PlQckiBr {Amlgf* 
tUd^-S^om^triti^Entmahmif^ U. 196^ 1S8I). 
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845. If a variable conic has double contact with each of two 
fixed conicB| find the loci of the points of conconrae of iti 
common tangents with the fixed conies. 

846. If aa', od be parallel chords of a conic and p anj 
seventh point on the conre, prove that the three points {pp^ b'c']f 
{bp^ o'a% (cp, €tb') lie on a straight line parallel to the chorda. 

847. If from each of four points on a circle perpend iculan 
be drawn to the joins of the remaining three, the feet of these 
perpendicnlars lie by threes on fonr concorrent lines. Geoe- 
ralise this theorem by reversion, or otherwise. 

848. Any two conies may be regarded as homogrmphic 
figures in which any three points on the one corre^nd to 
three points taken arbitrarily on the other.* 

849. Shew how to place reverse figures in perspective, and 
adapt the constructions of Arts. 141-148 to the case of figoras 
in perspective in one plane. 

850. The construction in Art. 134 (ii] for fixing the position 
of V in the vertex-plane is independent of the angle between 
that plane and the primitive plane: as this angle varies the 
vertex remains fixed in its plane : it therefore describes a circle 

in a plane perpendicular to ah^ or to the intersection of the 
plane of projection with the primitive plane. 

* OhadM &0fioM Ctmqmt p. 167. 

NOTE. 

Tlio undermontioned Examples (cf. p. 141) are taken from the 
Educational Times Iteprint : 

Ex. 441 (X. 52); 442 (xx. 31); 443 (v. 101); 444 (vn. 49); 445 
(xxx. 90); 450 (xn. 27) ; 454 (vm. 72) ; 455 (iii. 35) ; 466 (xxx. 90) ; 
516 (X. 55) ; 517 (v. 56) ; 518 (i. 53) ; 520 (v. 36) ; 521 (vn. 96) ; 
522 (XI. 59) ; 523 (xviii. 32) ; 524 (xviii. 54) ; 526 (xxi. 35) ; 527 
(xxiv. 87) ; 560 (xvii. 35) ; 562 (xviii. 52) ; 563 (xviii. 98) ; 578 
(VI. 71); 607 (xv.88); 611(xxv.23); 612(xxv.21); 613 (iv. 70); 
620 (XXIV. 43) ; 638 (iv. 97) ; 640 (xiii. 60) ; 644 (v. 87) ; 645 (xi. 
104); 080 (IV. 69) ; 681 (x. 32) ; 682 (xvii, 60) ; 684 (xxir. 22) ; 
685 (xxu. 51) J 687 (xxiv. 101) ; 688 (xxvi. 69); 689 (xxviii. 95); 
690 (XXXI. 18) ; 714(xi. 60); 727(xin. 26); 737(xxv. 61); 738 
(n. 6) ; 835 (xm. 61) ; 840 (m. 39); 841 (ix. 79) ; 842 (xi. 100) ; 
848 (zn. 54) ; 844 (xiv. 80) ; 845 (zix. 101) ; 846 (xzm. 94) ; 847 
(xxx. 64. xxvm. 57). 
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CHAPTER XIL 

BEOIPROCATION AND INVEIiSION. 

150. We now return to the method of Beciprocal Polars, 
of which some account was given in Chapter X. [p. 2G8. 

Take any fixed conic as Director^ and let any straight line 
or point be said to corretpond or be reciprocal to its pole or 
polar witb respect to the director. It is evident that to the 
intersection of any two lines corresponds the join of the 
reciprocal points, and that to a system of concurrent lines 
correspond a system of collinear points. [Art. 17 Cor. 1. 

To any curve| regarded as the envelope of its tangentS| 
corresponds the locos of their poles with respect to the director; 
and to the join of any two consecutive points on either curve 
corresponds the join of two conaecntive tangents to the other* 
Hence, to every tangent and its point of contact in either figure 
correspond a point and the tangent thereat in the other. 

It is hence evident that if two curves touch one another in 
one or more points; their reciprocals touch one another in the 
same number of points* 

Notice that the iangenta to the dtredor at its inkan$cHom 
with any curve are also tangents to the redproedl curve, 

PROPOSITION I. 

151. The degree of any curve not having singular points 
is (qunl to the class of its reciprocal with respect to a conic^ 
and conversely* 

(i) For if Z7 be any curve and u its reciprocal, A any 
straight line and a its* reciprocal ; then to every point in 

which A meets U corresponds a tangent to u, and every such 
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tangent passes through a. The iiiimber of points in wbidb 
an arbitrary line A meets U u therefore equal to the nnniher 

of tangents that can be drawn from any one poiut to i<| a» 
was to be proved. 

It follows that the reciprocal of a conic is a conic, as was 
otherwise shewn in Art. 117; and that the reciprocals of all 
oonics touching the same four lines, or having Ae tame fodj are 
conies passing through the same four points. [Prop, vu 

PBOPOsinoN n. 

152. 2b mry fomt and tta polar with reaped lo a mm 
eorreepond a etraight line and iie pole wUh reaped to the ree^meal 

conic : to even/ conjuqate triad of points in the one fiqure a 
conjugate triad of lines in the other : and to every jxticil or range 
in the one a hoinographic range or pencil in the other* 

(i) For if ab and oo be the tangents from any point a to a 
conic, then to their points of contact h and e e or re spoD d a 

pair of tangents AB and AC to the reciprocal conic; and to 
the points of contact B and C correspond reciprocally the 
tangents at b and c to the original conic [Art. 15Q. 

It follows that the join of 0 oorrespoDds to a, and the 
join of e to the point of concourse A of the tangenta at 
B and C. 

Hence to any point a and its polar he in the one fig^ure 
correspond a line /^Cand its pole A in the other; and there- 
fore to every conjugate triad of points in either corresponda 
a conjagate triad of lines in the other. 

(ii) It has been shewn in Art. 116 that every row of points 
and their polars with respect to any director are homographic 

Corollarf/, 

Since the points of concourse of a conic and its reciprocal 

correspond to their common tangents, thr cross ratio of the four 
common points of am/ tico conies in eitJier is equal to tiiat of tJttir 
common tangents in the other * [iiiX. 727. 
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P&OPOSITION III. 

153. Cfiven in a phne two straight ltne§ and their poUt 
wih reapeet to a eonte, the ratio qf the diataneee ^ any pomi 
in the plane from the given linee variee ae the ratio qf the 

distances of its polar from their poles,* 

(i) Let the polan of any two points 0 and P with respect 
to a conic whose centre is 0 meet CO in L «nd M respectirelji 
and let PNhe an ordinate to the diameter CO. 



o 




Then since CL,CO= CM, CN,\ 

or CM+ OMi CM^ CL^NL : CL\ 

therefore CM : GM= NL: CL = PR : CL, 

if FM be drawn parallel to CL to meet the polar of 0. That 
ia to aaj, the diatances of 0 and C from the polar of P are ae 
ihe dietancee of Pond C from the po2ar of 0, [fix. 325. 

(ii) If OX and CU be perpendiculars to the polar of it 
follows that 

PE: CL^OXi CH\ 
and the same proportion will hold if PE and CL be now 

supposed perpendicular to the polar of O. 

In like manner, taking auj second position 0 of 0 whilst 
P remains as beibre, wo have 

Br I 01 '•^ ox : CK 



* ChasleB Aper^ hUtorique p. 590, 1875. 

t If r.l/ meets the conic in J) and />', and if x be the polar of DI/, the point 
3/ and its ix)lar Pec divido DD' hannoiiicrilly. Hence Cyf.CW - CD"^, whateTOr 
be the poaitioa of Tlua folio ws alao bj ortliogonal projection from £x. 26 i. 

Z2 



Digitized by Google 



340 BfiCIPBOCATIOir. 

PR 

Henoei whatever be the poaitioD of P) the ratio -p^ is eqad 

to *^ • , where CL aod Gl are constant for given poaitim 

of 0 and o \ that Is to say, the ratio of the perpendicular» from 
a variable point P to the polars of two fxed points 0 and o txtries 
OB the ratio of the perpendicuUur$ from 0 and o to the polar of P, 
We may of course, as a spedal case, soppoae either point and 
its polar to become a point on the curve and the tangent thereat 

Corollary* 

It is hence evident that any homogeneoos* relation between 

the distances of a variable point P from any number of fixed 
straight lines implies a homogeneous relation of the same 
degree between the distances of the polar of P with respect to 
a conic from the poles of the fixed lines. Thus from the Loem 
ad ^tuor lineae^ PQ.PB^k.PS.PT (Scholiam C, p. 366), 
we deduce a relation of the same form between the distanoes 
of the tangent at P from two pairs of fixed points, opposite 
vertices of a quadrilateral circumscribed to the conic [Ex. 707. 

POINT KECIPROCATION. 

154. If 0 be the centre of a circle, OA the perpendicolar 
from it to any straight line L and a the point on OA or its 
prolongation such that O^.Oa ■•(radius)*; then a is tbe pole 

or reciprocal of L with respect to the circle. The same point 
a may also be determiued by regarding 0 merely as a fixed 
point, without reference to the circle, and taking OA,Oa equal 
to a constant quantity c*. This last construction ia ealled 
redprooaiion tnth respect to a pointy the point being called the 
origin. When 1? is negative every line or point and its 
reciprocal lie on opposite sides of the origin. The (construction 
is then equivalcut to reciprocating with respect to an iniaginar^ 
circle. [Prop. v. (ii). 

Notice that to the foot of the perpendicular A from tbe 
origin to any straight line L corresponds the line through 
the reciprocal point a parallel to X or at right anglea to Oa\ 
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WLKkd tbftt to each line io a Bittern of paraUela corresponds a 

point on the commou perpendicular to then) from the origin. 

PBOPOfiinON lY. 

155. Any two straight lines contain an angle equal to that 
subtended by their point-reciprocals at the origin ; and the distanee 
pf aany ^raiight lint from ike origin varies inversefy as the 
dM9tanee of its reciprocal therefrom* 

The first part of the proposition follows immediately from 
the perpendicularity of every straight line to the line joining 
its reciprocal to the origin. 

The second part is merely another way of stating that the 
product OA.Oa^ in the constmction of Art 154, b equal to a 
constant c*. 

Corollary 1. 



From the relation Oa = — — we deduce, that to any straight 

line L throup^h 0 corresponds the point at infinity in the 
direction at right angles to X, and cunversely. All points at 
infinity in the same plane therefore lie on the reciprocal of the 
origin, and are consequently to be regarded as coUinear. To 
the polar of the origin with respect to the original oonio 
corresponds the centre of the reciprocal conicj the polar of the 
line at infinity with respect to it. [Art 17 Cor. 9. 

Corollary 2. 

To the tangents OP and OP' from the origin to any conic 
correspond the points at infinity in the directions at right 
angles to OF and OP' ; the eccentricity of the reciprocal conic 
is therefore determuied by the angle POP*, the supplement 
of the angle between its asymptotes. Hence the reciprocal 
will be a hyperbola, an ellipse or a parabola according as 0 is 
taken without, within or upon the original conic. Thus we see 
again that every parabola touches the line at infinity, the reci- 
procal of the origin. The reciprocal of a conic with respect 
to any point at which it subtends a right angle is a rectangular 
hyperbola. In any case the axis of the reciprocal oonie is parallel 
to the bisector of the angle POP', 
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Corollary 3. 

From either point of ooncoone of their orUio(7ele8 as origm 
any two conies U and Freeiprocate into rectangoJar hyperiiolai 

u and v; and conversely every conic through the four inter- 
sections of u and v, being itself a rectangular hyperbola (Art. 69), 
is reciprocal to a conic sabtending a right angle at the origin 
and touching the four common tangents to U and F. Hence 
the orthocycUs all the eoniea which touch four given Umee ham 
two j9oint$ m cmnum. [Art. 12S Cor. 1. 

PROPOSITION v. 

156* Tke reciprocal of a eirde w&h respect to any pomt ie 

a conic having that point for a focus^ and conversely* 

(i) . If the director he a circle ahout the origin 0 as oentrei 
any other cirde 0 meets it at the fbooids <f) and and there* 

fore has for its reciprocal a conic touching Off) and the 
tangents to the director at the focoids. [Art. 130, 

This conic therefore has 0 for a focus; and its O-diredrix 
(the polar of 0) corresponds to the pole of the line at infinitj 
mth respect to 0^ that is to say, it corresponde to ike centre 
efO. 

(ii) . Otherwise thns. fiedprocate a conic fiwm either focoa 
M as origin, and let F he the point corresponding to any tangent 
to the coniC| and ^the projection of ^ upon that tangent. 



z 
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Then if OB be the conjugate aemiaxis, and - CB* be taken 
the constant of redprocation, 

or V lies on the major auxiliary circle, which is accordingly 
a reciprocal of the conic with respect to either focus. Hence, 
whatever be the constant of redprocation, the reciprocal of a 
oonic with respect to either focus is a circle, and oonversely.* 

In the limiting ease of the parabola^ produce BY and 8A 
(fig. Art. 26) to Z and B, so that S Y, SZ= SA .SB=^& constant. 
Then ^lies on the circle upon SB as diameter, which is accord- 
ingly a reciprocal of the parabola with respect to 8^ and con- 
versely. 

(iii). In the diagram, the eccenirictti/ of the coDic is equal to 
, and its Miifs reehm to - • 

Moreover, if ^ be the foot of the iT-directriXi 

HO. HX=- CB% [A rt. 85 Cor. 3 

and therefore (1) the 2Mirectrix is reciprocal to the centre of 
the cMbj and (2) the polar of H with respect to the circle-* 
which in this case coincides with the ^directrix (Art. 85 Cor. 1) 

— is reciprocal to the centre of the conic. 

If* the constant of reciprocation he changed the relative 
magnitude of the conic and the circle will alter, hut the following 
relations will still be found to subsist. The origin is now 
denoted by O, and the centre of the eireU^whkk will ia 
general be distinct from that of the conic — ^by 0. 

, . distance of C from 0 

eccentricity -—. — . 

^ radius of curde 

- - , ^ constant of reciprocation 

I latuB rectum M . l— , 

* radius ot circle 

centre of circle = reciprocal of 0-directrix« 

centre of conies reciprocal of polar of 0 with respect to circle. 



- * Another proof has been given by Laqui^rc, AouvcUes Annakt xx. 42, IdGl ; And 
another by Salmon, Come fl w tf o w Art. g<ML 
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CorcUary 1. 

One inscribed and three eacribed circles can be drawn t» 
a given trianglei and their radii are connected bj the relation, 

1111 

-«- + - + -. 
r r, 

Hence, by reciprocation with respect to any point (7, four conies 
can be described having a given point for a focua and passing 
throQgb three given pomtS| and the latera recta of three of 
them are together eqwd to the ktus rectum of the fourth. 

Corollary 3. 

The point Fin the diagram corresponds to the tangent YZ'j 
the point C to the //-directrix : the line VC to the point of 
conoonne 2> of YZ with the iMirectrix ; the point of conconne 
r of VO and YZ to the line DV. Bat Y lies on the circle; 
therefore DF touches the conic. Tlie second point V* in which 
DV meets the circle corresponds to the second tangent from 
y to the conic. This tangent is evidently parallel to the oppo- 
site tangent DV\ therefore YJIV is at right angles to />Kand 
JSiB the orthooentre of the triangle DYK [ii^x. 33a 

PlIOPOSITION TI. 

157. All the circles of a cmocal system reciprocate from 

either of th* ir limiting 'points into confocal conies, 

(i). hat ever be the position of the origin 0 in the plane 
of the circles, their reciprocals have 0 for a common focus. 
If the origin be taken at either limiting point* of the system 

of circles, it has the same polar with respect to them all, and 
therefore the line at infinity has the same pole with respect 
to all their reciprocals. That is to say, the latter have a 
common centre as well as one focus in common. Thej are 
therefore confocal, as was to be proved. 



• Tht'^e jKjiiita tin.' the limits of the system "par rapixirt i T injinimtnt j'ttit," 
and the radical axis and the line at infinity arc it^ limits *' par rapport 4 rinfinimtmi 
fraud.* When a dide beeomea infinite it degenentes in genend into n etnifl^t line 
at ailnite distance Ki^cCUr via lAe/uM of ta/fm^. See Bonoelet*a TVailtf Pr^. 
Pr^fteiiMi p. 49 (ISSS) ; Townsend'a Modem Gtemilrg h 199. 
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(ii). The sjBtem of conies through four given points reci- 
procate with respect to any one of the system as director into 

conies touching the tangents to the director at the given points. 
The construction § i. corresponds to the case in which the 
foooids are two of the four given points, and the director reduces 
to a point-circle. 

Corollary.* 

The further limiting point 0' of the circles corresponds to 
the minor axis of the confocals, and the line bisecting 00' at 
right angles to their further focus. The orthogonal circles 
through 0 and Q reciprocate at the same time mio parabolas 
towHnmg tAs minor axis of the eonfocah^ and whooe direetriceg 
paso through the further foeuB of the eonfboah ; and every common 
tangent to one of the confocals and one of the parabolas sub- 
tends a right angle at 0, 

SCHOLIUM A. 

BBCIPBOOA.TION prcHupposos tho Idea of an envelopOi which 
originated, according to Montuda (Hut MaiMmatiquet tome n. 
120, 1758), with Florimond DB Beauitb (1601— 1651), a zealous 
advocate of the new Cartesian geometry. In a letter to De Beaune 
dated 20 fev. 1639, Descartes writes: "Pour vos lignes courbes, 
la propri^td dont vous m'envoyez la demonstration me paroit si 
belle quo je la pr^fere a la quadrature de la parabola trouvdo par 
Archimede; car il examiuoit une ligne donnee, au lieu que vous 
ditermnn Vwpaee eowUnu dona une qui n^eai pat Mcor$ d<nmie. Je 
ne crois pas qu'il soit possihle de trouver g^neralement la converse 
de ma r^gle pour les tangentes, &c." {(Euvres de Lmmriee^ ed. 
Oousin, tome viii. p. 105, Paris 1824). Huyghens was the 
discoverer of evolutes (Scholium, p. 221) : Tschimhausen of oaustics 
(Chasles /i/«^or/'<7/«f p. 110, 1875). 

AIaclaukin {Geometria Organica, sect. iii. pp. 94 &c., London, 
1720) propounded the theory of pedal and negative pedal curves. 
Notice, us a couverse of Art. 38, that a conic may be regarded 
as the envelope of the arm TZ of a right anele inscribed in its 
auxiliary cirefe, whose other arm VZ passes through a focus 
Hence hj projection, if two sides of a triangle inscrihed in a 
given conic pass through fixed points C and H respectively, the 
envelope of the third side is a oonic having douhle contact with 
the former on the line CH, 



* This coroUary was 6ugge<«ted by Mr. R. B. Webb^ Fellow of St. Jolm*a College. 
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We hare seen that Nbwton pxored the general taagcni -pi i op e ity 
of oonios, which was eventually pxeflented in a new forn&t M a 

property of " flouble" or " anharmonic" ratio, by Steiner and 
Ciiasles (pp. 262, 295. Cf. Ex. 726, note). Chnsles' second proof 
of Ex. 724 [Quftelet's Correapondnnce 8cc. v. 289), viz. by recipro- 
cation with respect to a parabola, is interesting as an application 
of reciprocation to metric properties. 8ee also Bobillier in 
60r§ofM^9 AfmdUt xvm. 185 ; Poncelet, PropriiUi Pnjniiimm m 
431 (1866); Booth, iV^ur Gemitrie^ MMads ^ I. chap. 29. 

The PrineipU of Duality was first fully brought out by Ponoelefa 
method of xedpxooal polan (Scholium E, p. 890). For some 
controversies on the discoyery of the principle see his Proprii*h 
Projectives ii. 351 — 396. It has since been illustrated bj the 
coordinate methods of Mobius, Pliicker, Booth, &c. See also 
Chasles' Apergu historioue pp. 572 — 694, 1875; Townsend's Modern 
Oeonietry chap. 23. Figures which corresjpond according to the 
law of duality have been called by Ghasles (p. 587) CumUtim 
figures. They may aho be called Dual figures. Any two dual 
figures are such that to eyeiy point in either correepoudsr a straight 
line in the other, and to every range in either a homographie pencil 
in the other, as is the case, for example^ with zeeiproad ngores. 

MINOR DIRECTRICES. 

PBOPOSITION VII. 

158. With either fieue and dtreeinx of an eUtpse a$ arigm 

and base line (he major auxiliary circle reverses into a similar 
ellipse having for its minor auxiliary circle the reverse of the 
original ellipse. 

(i). For in Art. 4 it is evident that the major anxiliaiy 

circle of the ellipse reverses into an ellipse having the circle 
about 0 for its minor auxiliary circle; and by comparing the 
aegments of the latus rectum of the obverse with the segments 

GB* 

of the major axis of the reverse we see that -r CB in the 

GB . 

one is equal to in the other. The two ellipses are therefore 

(n). Let the annexed diagram represent the reverse figure, 
and let GA^ be the major semiaxis of the obverse eliipsei and F 
the point on the minor axis of the reverse corresponding to (7. 
Then F and its polar (the base line) axe said to be a Minor 
Focus and Dvreobrigs of dhe reverse. 
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or 



It is evident by parallels that 

OFi OBx OD^CSi CA^iCX^ 

C8 



OF* 



where e is the common eccentricity of the two ellipses. 

(iii). In the case of the Hyperbola, if ir- 2;^ and % be the 




angles of the obverse and reverse hyperbolas respectively, and F 
as before the point corresponding to the centre 0 of the obversei 
it may he shewn in like manner that F now lies on the mofor 

OA 

axis* of the reverse at a distance equal to ^ — from its centre 0* 

In the Rectangular Hyperbola the " major^* and minor foci 
and directrices are coincident. In the Circle the minor foci 
coincide with the centre and the minor directrices are at infinity. 

(iv). The j)n)portie3 of the minor directrices may also bo 
arrived at by Reciprocation, It is easily seen that the reciprocal 
of an ellipse with respect to its major auxiliary circle is a similar 
ellipse having that circle for its minor anziliary Gudoi &c. 



* Nodoe^ in jnitiflcition of the tenn minor axiB in the general hjpflriKiliy tint Xtm 
of tbii 111% beiDg a^giOiTek k alirafs lets tiMB ttMt of tt^ 
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Notice, in illoitratioii of ihw remttrkabte identitj of renlti 

arnved at by reciprocation and reversion ^ that if an ellipse and 
a hyperbola, have the same axes^ each is its own reciprocal irith 
respect to the other • [£x. 326. 

Corollary 1* 

From S in the obverse draw SY Xo meet the major auxiliary 
circle and draw «Sco at right angles to SY\ then Yco toucfaee 
the conic (Art. 38). Hence, in the reTene figure, if OP be anj 
radios of the conic and OB be drawn at right angles to it 
to meet tbe minor directriX| the envelope of PR is the minor 
auxiliary circle. 

Corollary 2. 

Every chord drawn throogh 8 to tbe major aoxiliaiy circle 
of the obverse has its pole on tbe base line and makes eqa&l 

angles with the tangents to the circle at its extremities. Hence 
any two parallel tangents QM^ Q'N drawn to the reverse 
conic and terminated by the minor directrix subtend equal 
angles at 0. 

SOHOLTOH B. 

The tlieory of Minor Directriceb* is duo to Booth {Xew Geonu- 
irical Methods vol. i. 269)| who investigated their pruperties by the 
method of reciprooation. In some cases he makes use of a double 
leoiproeation, first reciprocating a figure A into B and then B 
into A\ But sinoe figures reciprocal to the same figure are 
homographio with one another, it should be possible to derive 
the properties of A' directly from those of A. Take for example 
the property that // a fixed straight lini* and fhr tarujents from any 
point P upon it to an ellipse about (J as coif re meet one of it» minor 
directrices in Q and T, T' respect i re/ >/, then tan A 7'0^^. tan .\ 7"0^^ is 
constant. llegard tiio conic tm the reverse ol a circle, as in 
Prop. YU-t and let qtf be the points at infinity corresponding to 
QTT, Then the angles TOQ, T'OQ are equal to tSq^ fSq or 
ipft fpq respectively ; and it remains only to prove for the circle that 
i&u I f pq .tan ^t'pq is constant. Compare the longer method of 
double reciprocation by which Booth establishos the proposition 
(loc. cit. p. 276). Similar remarks apply to his double redpzo- 
cation of umbilical quadrics (p. 208). 

Taking 0 and to as ori|^ins, lot it be required to reverse three 
given points FQJi in apace into given points jjqr respectively 



* Tbey have slLm bucn called ttcoudarif diructhctu {I'l'oc. Jioj^al JruJi Academy 
III. MS). 
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(Scholium, p. 328), each pair of points Pp, &o. heing supposed to 
lie in a plane through the origins. Eadi |^air Fp determine a 
point (Op, ktp) on the 0-direotor and a point (Op, mP) on the 
M-direotor; and thus the three pairs Pp, Qq, Br completely 
determine the two director planes. This construction is equivalent 
to reversing Jive given points OiaPQR into five given points 
ufOpqr. Ci'. Cliasles, Apergu i^'e. p. 754. If one direetor-plmio be 
now removed to infinity, every two correspomling liuea through 
the origins become parallel, as in piano (Art. 142). 

From a given point 0 on an ellipsoid draw triads of diords 
OA, OB, OC at right angles, and let the Jix$d point of oonooufse 
of the planes ABC (cf. d. 324, note) and its polar plane be called 
the Fregier point and plane of 0. Then, if 0 be taken as origin 
and its Fr^^jjier plane as director, the ellipsoid reverses into a 
sphere. If 0 be not on the surface, we may reverse the ellipsoid 
into a splieroid aliout u; as centre, and thus shew that the envelope 
of the planes ABU (lJuoth i. 97) is a ^uadric of revolution having 
O for a focus. [Art. 144. 

159. Examples of RectproGoUon. 

We shall now give some illustrations of the method of 

applying the principles established above. The following 

theorems will bo seen to be reciprocal : 

• 

If two vertioM of ft triani^ slide If twoiideiof ft tananglepMsihioai^ 
cm flzed itnigbt lines whilst the sUet fixed points whilst the wtlow aUde ouh 

pass each throngh a fixed poiati the locus on a fixed stndght line, the third ddo 
of the thin! rertcx is a conic passing envelopes a conic touching the lines OB 
through the fixed points on the adjacent which its extremities sUde. 
sides. [p. 

If two sides of a tri.'inf^le inscribe*! in If two vertices of a triangle circnm- 

a conic pa.** each through a Hxeil point, scribed to a couic sUde each on a fixed 

the envelope of the third side is a conic line, the third describes a conic having 

having doable oontact with the former on doable oootact with the former upon the 

the join of the fixed pointi.* tufents to it from the intefieetion of the 

The diameter of a qoadrilatersl is the Given fonr points on a oosdc, the polar 
centre-looasof allconicBinaonbed therein, of a fixed point panes thiongh a fixed 

[Bx. 882. point conjugate to the former with re- 
spect to everj ocmic throogh the four 
given points. [p. 27t*, 

The envelope of the polar of a pvm (liven four points on a conic, thelocufl 

point with rcj'jX'Ct to a i-yst<>ni of confocal of the of a fixed Straight line is a 

conies is a parabola touching their axes, conic, dec. [Art. 125. 
Ac. 8SS. 

* This is etisilj proved by projecting the ooole and one of the fixed points into 
ft drde and its oeotro (Art. 88)« 
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The six centres of similitude of three If three conies have two common tan- 

arbitmry circlei lie by threes oa four gentH (orn common focus), their <iix cbari» 

Straight linea. of intersection pa&s bjr Uuneea tiiroagh she 

same four points. 

The locus of the centre of a circle The polar of the centre of a c.rc]e 

which touches two giren circles is a touching two given circles with re^>ecc to 

SObId bttving their centres for focL eitlierof them eoTelcpea another drde. 

The centre of any one of the eight Tlie p:)lar of the centre of a circle 

ciicleB which toucli throe given circles touching three given circles with res{<ect 

maj he defeenaiiied as u puint of oonomme toeiqroiMof thethieemaybe 

of two oooksy eech of which hie lor as • oonimon tangent of twoolhcr 

fod the oentvea of two of the given oir- The centre itself ma>j then he 

dee.* horn its polar. 

A vaiiaUe ohoid drawn thiongh a Parallel tangents to a oonie (or tan- 
fixed point 0 to a conic subtends » pencil gents from points on a given alrai^ht 
in involution at any point on the curve. line) detennine an invohitum OB anj fixed 

[Art 120. tangent. 

The nodnet of tiie loeal nar o e n dl- The aonan of the ^»^«»««^ of agnr 
onlam vpaa any tangent to n oooic ia point on n oonio from a fixed origin vanas 
oonatant. as the product of ita diatanoei froas tw 

fixed light lines. 

For if the polars of any two points F and F be taken with 
respect to a circle whose centre is Oj and if Pf be a perpen- 
dicular to the polar of i^and Fp a perpendicular to the polar of 

it ia easily Beea (Art. 153 §i.) that OF.Pf^OF.Fp.i If 
therefore J* and F* be the foci of a conic and P my point on the 
cnnre, it followa that OF.Pf.OF'.Ff' r^OP\Fp,F'p\ or OP* 
varies as the product of the perpendiculars from P to the reci- 
procaU of F and F*m 

160. Angles, Confocal Catiica. 

We shall next give some examples of the redprocation of 
angles (Art. 155), and of confocal conies. 

At any point on a cirda the tangent Any point on a oonic and the intene^ 
ia at right angles to the ladina. tionof the tangent thereat with the diiao- 

trix aabtend a ri|^ an|^ at the focna. 

The polar of any point with nipeet to The pote of any straight ttna witli 
n drde ia at rif^t anglea to the diameter lespeot to a oonie and the point of ooa- 
thron^ the point. oonrse of the line with the diieotrix aal^ 

toid n right an|^ at the focoa. 

• Bee Salmon's Conk Stctions Art. 317. 

1 an independen t proof aeeMaodowdl'aJSwwiieitn^ncW 
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Orthogonftl tangents to a conic inter- A chor<l of a conic which subtends a 
sect on a oonoentric cizcle. right angle at any lixuU puint envelopes a 

oonio liaving tluit pdnt and ito polw for 
» fooiM and directrix. 

Ccmfocal conies intersect everywhere Every common tangent of two eifdea 

at angles, and the tangents to two rabtenda a right angle, and the opposite 

oonfbcala from any point, taken alter- Interoepta on any transreraal tnbtend 

■nately, indlode equal anglea, [Ait 60. equal angles, at other limiting point. 
* 

11 XX' and TT' be two pairs of col- If tangents be drawn from any point 

linear points on two oircles, the tangents to two oonfocal oonica, the four joins of 

at XX' intenaei those at YV in four the alternate points of contact tooch ft 

points lyin^OB a third coaxal drcle.* third confocal. 

Given three pairs of lines oonjngate Given a focus 0 ot m conic and Uuem 

with respect to a circle, every conic pairs of points conjugate with respect to 
throufrh the four positiona of its centre is it, there are four positions of the 0-direc- 
a rectangular hyperbola. [Ex, 812. trix, and the orthoc3-cle of every coulo 

touching the four piisscs through 0. 

Tangentd being drawn in a given The tangents to the circles of a coaxal 
direction to a system of confocal conies, system at their points of concourse with 
their pointsof contact lie on a rectangnlar a given fannavenal through either limiting 
jijpeilioln, point 0 envelope a coniCp whcae cctho- 

cydc paaaea thiongh 0, 



161. TheFarabola. 

a. The reciprocal of a parabola with respect to any point 
0 is a conic through 0, and if 0 he the focas of the para- 
bola the reciprocal is a circle through 0, aod couverselj. 
Hence the iollowiog theorems are reciprocal: 

If A OB be a right angle inscribed in The loona of the Tettex of a right 
n circle the hypotenuse AB paseca through angle circunacribed to a panbda ia tlw 

the centre. directrix. 

The locus of the vertex of a right A choid of any given conic which 
angle drcnnacKibed to a parabola is the subtendR a right angle at a fixed ]xiint 0 
directrix. on the curve parses through a iixed point 

I on the nurmal at 0. 

Thus by a double reciprocation we deduce Fr^gler's theorem 
(Art. 144 %b) from a propertj of the circle. Notice that the 
Fr^Ur-foini ^corresponds to the dntdrvs of the parabola, the 
normal at 0 to the point at infinity on the parabola, the further 
extremity of the normal at 0 to the tangent at the vertex 
of the parabola, and that the tangent at 0 is parallel to the 
directrix. 

* See TowBiend'ii Jfodflm GseaMliy i. 864. 
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b. A triad of points ABO reciprocate with respect to tbetr 
orthooentre into a triad of lines parallel to BCj CA^ ABj and 

having* the same orthocentre. Also a parabola reciprocates 
from any point 0 on ita directrix into a rectangular hyperbola 
through 0, Hence the foUowing are reciprocal theorems : 

The orthooeotre of any triao^ dr- The orthooentre of any triangle ia- 
cnmHcnt)ed to ft pfti ft bolft liflt OH the Bcribed in a vectaoguUr h jperboilft Ikft OB 

directrix. the curve. 

The former is a special case of Brianchon's theorem (p. 290)| 
the latter of Pascal's (p. 175). 

r. Tf the reciprocals of three points ABC with respect to 0 
be the lines a5c, then to any point A' on BC corresponds the 
line through he making an angle equal to A OA' with a. Hence — 

The iwpencUcnkn of anj trba^ Jf from a fixed poiiit 0 on ft omie 
dieameeribed to ft puibdft meet on the there be drawn any thjree chords OA^ OB, 
divectriz. OCuad the three lines at right an^eeto 

^ them, an<l if the latter meet BC, CA, 

AB in A', li", C" rt'spectively, then A', 
n't 6". lie on a straight line pipiftfring 
through the SMgier point of O, 

162. The Minor Directrica. 

a. Let the tangent at Q to a conic meet the minor directrices 
in M and M\ and let Fp and F'p be perpendiculars tu this 
tangent and ^2' and QT' perpendiculars to the minor directrices. 
Then the angle QOM is equal to QOM' (Art. 158 Cor. 2), and 
therefore 

OMz OM'^QM: QW^QTi QT^J^xFp\ 

QT QT 

being to in a canskmi ratio (Prop, iii.) which » 

evidently a ratio of equality when Q is taken on either aaus. 

b. It may be seen that at any point Q on the conic, 

QT.QTi 00"^ OB*ie\OA\ 

QT.QT 

since if Q be a point such that qq T' constant the locus of 

Q is a conic (Art. 150), and the above proportion requires that 
this conic should meet the axes iu the same points as former. 
It then follows that 

Fp.F'p': OQ'^OT'iCA^ 
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if OF be the oenMl perpendicular to ifiT. 

c. If C be the pole of MM' with respect to the minor 
auxiliary circle, so that OJ/ is at ri«;ht an;:,^lc3 to FC and OM' 
to FC, and FG-^F'C^^OB (Art. 158 §iv), then, with the 
help of Bimilar triangles, it may be shewn that, if X be the 
intersection of MM* with the major axis, 

FGi 0M= OF : OX^FC: OM' ; 

and therefore DM+iyM*^20X^e{0M'^ OM'), D and U 
being the points in which the minor directrices meet the minor 
axis. 

d* The following are examples of reversion, or the same 
results may be obtained by reciprocation. 

Any choni of a circle i'^ at right aogles Any chord of a conic ari'l the line 
to the diameter through its pole. joining the minor focus F to the ]<oIc of 

the chord inert the /'•dinefcrix in pointa 
wUlch wdtiteoA. a right aa(g^ at the centra. 

n AS be fixed points on a circle and The arma of any angle ACB inscribed 
C any other point upon it, the angle ACB in pTen segment of a conic intercept on 
luMonecrf two oomstaat and sapptemen- the minor dizectrioes lengths which eab* 
tarf vaitaea. tend ooneteat and rapplemeiitaiy anglea 

at the centra. 

In like manner it may be shewn that the two pairs of 

opposite sides of a quadrilateral inscribed in a conic make 
intercepts on cither minor directrix which subtend supplementary 
angles at the centre. 

e. The major auxiliary circles of a system of conlcs having 
a focus S ;ind its directrix in common may be reversed into 
concentric conies having tho same minor directrices (Prop. VH.). 
Hence, the circles being coaxal and havmg 8 for a limiting 
point :* 

The opposite intercepts made by any The opposite intercepts made by any 
two dzclfle on any tnuievenwl enbtend two concentric oonice having the rame 
eqml an^ee at dther limiting point. minor dIrectriceB vpon any tnntvetaal 

[Art. 160. enbtend eqoal anglee at tlie centre. 

f. Each focus and directrix of a Rectangular Hyperbola being 
at the same time a minor focus and directrix (Art. 168 §iii), 



• See lfaodowell*s Eacereuu in Euclid 4e, Art. 2dl. 

AA 
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WO obtain in this ease the following propertji oofrapon&g 
to that of the ellipse in Art. 158 Cor. 1 : 

If PUDF^ be a chord of a rectangular hyperbola toudiiDg 

its auxiliary circle and meeting the directrices in D and 2/, 
the diameters through P and D [or P and D') are at right 
anglea. Hence it follows also that £D and F"!)' sabtend equal 
anglea at the centre. 

163. We shall conclude with a slight sketch of the mediod 

of Inversion. 

If 0 be a fixed point and P a variable point in a given 
plane, and if a point p be taken on OP or its complemeot 
snch that OP. Op is eqnal to a constant e^i then p is said to be 
an inverse of P with respect to the pole 0^ and the locos of p 
Is said to be the inyerse of the locas of P, It is eindeot ihat 

a straight line through the pole is its own inverse. 

To curves intersecting in points PQE &c. correspond curves 
intersecting at the inverse points pqr &c. ; and therefore to 
cnnree having contact of any order at P correspond invme 
curves having contact of the same order at the inverse point p. 

164. 1%$ invereeB of any two curves inUrmU at the aam 

angles as the original curves. 

For if PQ be any two points on a curve and the inverse 
points, then OP.Op=' OQ.Oq^ and therefore the angles OPQ 
and Oqp are equal. Hence, snppomng P and Q to coalesce, 
the tangents at the inverse points P and p are eqoallj inclined 
(on opposite sides) to the radius vector 01)9. It then follows 
that the tangents to any two curves at a common point P are 
inclined at the same angles as the tangents to the inverse 
curves at p, 

165. The inverse of a straight line not passing through the 
pole is a circle through thepole^ and conversely; and the tnverse 
of a circle not passing through the pole is a circle, 

(i). To a given line draw a perpendicular OA' from the 
pole of inversion, take any point J) on the given iine| and let 
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the point X be inverse to X and d to D. Then since 
Ox.0X= Od.ODj and since OXD is a right angle, therefore 
Odx is a right anglci or the locus of ^ is a circle haying its 
diameter through 0 at right angles to the given line. 

Conversely the inverse of a circle through 0 is a straight line 
at right angles to its diameter through 0, 

It is further evident that the tartgent to anj curve at F 
inverts into a drde through 0 touching the inverse curve at 
the inverse point unless F coincides with 0^ in which case 
the tangent at that point is also an cLsgmptate to the inverse 
curve. 

(ii) . The inverse of a circle not passing through 0 is a 
circle. For if OFQ be drawn to meet the given circle in F 
and Qj and if the point p be inverse to and q to then 
fltnce OP,OQ is constant and OF. Op is likewise constant; 

therefore Op varies as OQ^ or the Iqcus of p is similar to the 
locus of which is a circle. 

(iii) . Kotioe that by makmg the constant of invernon equal 
to OF.OQ we may invert the given circle into itadf. If QQ* 

be a common tangent to two circles and M its middle point, 
then with M as pole and MQ* as the constant of inversion 
each of the circles inverts into itself. Again, if 0 be the 
centre and e the radius of a circle orthogonal to a set of coaxal 
drdesi then with 0 as pole and <^ as the constant of inversion 
the whole system inverts into itself. 

166. The mne^pomt drele cf any tnangU Umcihe$ the vnr 
scribed €md escribed circles. 

Let ABG be a triangle, I the inscribed circle touching 
£G in (?, and E the escribed circle opposite to A touching 
BC in Q. Bisect jBO, CA in M and M' respectively,* draw 
AF perpendicular BC^ and let the nine-point circle N meet 
AF in J)f which will be the further extremity of its diameter 
through if. Then, with M as pole and M(f (equal to MQ"') 
as the constant of inversion, / inverts into Itself, E into itself, 
and ^into a straight line at right angles to ^fD. 

* See the litliographcd fignxe No. 5. On the aboTO proof eee p. 191, note. 

A A2 
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This ttraiglit line meets BG in a point R sndi tbal 

MP.MR = MQ*, that is to Scay, in the point of concourse of 
7?(7 with the line joining the centres of / and £';* and it 
makes an angle with BG equal to MDP^ or MM'P^ or 
B^Cf and maj therefore he shewn to coindde with the second 
tangent from B to / and K 

And since the inverse of N thus tenches the inverse of / 
and the inyerse of Ej therefore N touches / and whtdi are 
their own inverses; that is to say, it touches the inscribed 
circle and each of the escribed cirQles of the triangle ABC^ as 
was to be proved* 

To determine the points of contaet| let R8 be the second 
tangent from ^ to I [or E\ produce M8 to meet the drde 
Again in 8\ then S' (the inverse of S) b the required point 
in which N touches / (or E). 

167. mOardwid. 

« 

The inverse of a parabola with respect to its focus is a car- 
dioid having its cusp at the origin. Hence the following are 
inverse theorems : 

TbA stun of the reciprocals of the The 1en<^h of aay oospidal dioid d m 

pogmcnta of any focal chord of a |MZ»> cavdioid is coiutaiit. 
bola is constant. 

^veiy focal chord of a parabola is The locos of the middle pmnts of the 

dirided barmonicaUy the fociu and cu^ipidal chorda of a caidioid 2a a cini* 

the dii-ectrix. thi-ough the cusp. 

Tlie tangents to a pnrri1)<>la at the ex- The tanp-cnts to a cardioid at the cx- 
treinitiea of a focal chord which makes tremities of a cuspiilal chord inclined at 
an angle a with the axis are inclined at an angle a to the axis make angles equal 

an|^ I and ^ — I to the choid. to |aiid^-| with the chord. [Ait, 164. 

Hence the tangents to a cardioid at the extrfiuitis of any 
cuspidal chord intersect at right angles^ and it may now be 
shewn that the locus of their intersection Is the circle concentrie 
with the bisector of all cuspidal chords aod of thrice its radius. 

The tangents to a parabola at the ex> The two drclee through the en^ 
trenitlea of any focal tSbatA. intexeect at whieb touch a caidioid eadi at one ex* 
anglea on the diieoferix. tiemtty of any coipidal chord meet at 

right anglea on a find dicle thiongh the 

cusp. 

* See Mucdowcli's Exerciser in Euclid 4'C- Art. bG. 
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From ft fi3C6d point 0 dmw OT tovaj 
pdnt F on ft giren straight line ; then 
the envelope of the line throagh Y At 
right angles to Oi' ii& parabola. 

Tlie intersections of any three tan- 
gents to a parabola lie on ftdiclo through 
the focofl. 

If ABCA'Ii'C be any six points on a 
parabola, the intersections of {AB, A'li'), 
{BC, B'C% ((M, C'A ) lie in a straight 
Une. 



If ABCA'BO' be anj liz tangeote to 
• pftiftbola, the joins of (ilB, (BC, 
B'COf (Ci, Q'J!) meet in » point. 



SION. 357 

nom ft fixed point 0 on ft ^ren oizde 

draw any chord Oy ; then the envelope of 
the circle on On as diameter ie ft Cftrdioid 
having its cusp at 0. 

Any three circles touching a cardioid 
and passing through its cusp meet in 
three other points lying on a straight 
line. 

If ahca'b'c' be any six points on a 
cardioid whoM cusp is at 0, the intersect- 
ions of the three pairs of oircleB (Ooft, 
OceV)t (Okb OV^t Ooa, WoF) Be on one 
oiide. 

If oBeolftV be wj six drdes tonching 
ft esididd end psnwhig throned its cnap^ 

the three circles through the intecMOtioiiS 
of (a^ o'^), (6ct ^ V), (00, e'a') aie oosssl . 



168. Otreles of Curvature, 

The oscul;itln<^ circle at any point P on a curve inverts 
from any point 0 into the circle (Art. 165) which osculates the 
inverse curve at the inverse point ji. [Art. 163* 

But if the former circle passes through. 0 it inverts into 
a straight line, and j» becomes a point of zero cnrvatore, or of 
injlexion. Hence the following are inverse theorems : 

Three points can be found on an The inverse of an ellipse -with respect 

ellipse who'c osculating circles meet at to any jwint upon it is a curve having 

ft given point on the curve, and these throe points of inflexioiii which lie in a 

three pdnts lie on a circle through 0» straight \mc. 

It may be added that a parabola inverts from its vertex 
as pole into a ciuoid; a central conic from either focns into a 
limagon^ and from its centre into an oval of Oamni or, if an 

equilateral hyperbola, into a lemniscate of Bernoulli ^ a conic 
from any point upon it into a circular cubic having a node at the 
pole; and a conic from any other point in its plane into a 
trinodal qwsrHa having its nodes at the foooids and the pole. 



SGHOLniH 0. 

For the principle of Inversion Chasles {Rapport pp. 140 — 2) 
refers to I'tolomy, and to Quetelet (1827) j and lor a general state- 
ment of the method to Bellavitis (1836). In 1843—4 it was pro- 
poonded afresh by Ingram and Stabbs {JlrwmoUom of ih$ J)mm 
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MISCELLANEOUS EXAMPLES. 



FhHotophieal toL z. 5S, 145, 159 ; Philosophical Mk^Mmm 

zzm. 338, XXV. 208). It has been applied by Dr. Hirst to attrao- 
tions {Phil. Mag, 1868), and embodied by Peaucellier in his linkage*. 
Cf. also Camh. and Dublin Math. Journal viii. 47 ; Ox/. Camh. Ihthl. 
MeiBenger of Mathematics iii. 228 ; Booth's New Geometrical Jffthods 
vol. I. chap. 30 ; Salmon's ITi(jher Plane Curves^ Arts. 348 &c. ; 
Proc, London Math. Soc.\. 10.3, vii. 91. And for a complete exposi* 
tion of the method as applied to the Straight line and circle see 
Townsend'a Modem Qeomtry^ chaps. 9» 24. This method, imlike 

Erojection and redprooatioii, enables us to deduce properties of the 
igher curves from those of u lower order, and is thus peealiariy 
e£fectiTe aa an instrument of discoTexy and research. 



MISCELLANEOUS EXAMPLES. 

[851. If a triangle w self-polar to a parabola (p. 281), the 
three lines joining the middle points of its aides tonch the 

parabola, and conversely. [Ex. 715. 

852. Two rectangular hyperbolas being snch that the axes 
of the one are parallel to the asymptotes of the other, and the 
centre of each lies on the other ; shew, that any circle through 
the centre of either meets the other again in a conjagate triad 
with respect to the former. 

853. If two angles of given magnitades turn about their 
snmmits A and B aa poles, then (I) if one pair of their arms 

remain cooBtanlly parallel, the other pair intersect at a constant 
angle and thus describe a circl4i C through the poles ; and (2) 
if one pair of their arms intersect on a ^ed straight line D aa 
director, the other pair by their intersection describe in general 
a contc through the poles. The points at infinity on the conic 
correspond to the interseetlous of 0 and 2>; the axes of the 
conic are parallel to the positions which the parallel arms in 
case (1) assume when the arms describing the circle intersect 
at the extremities of the diameter at right angles to and 
if the director be any Une in a system of parallels the axes 
of the conies described are parallel. 

854. If the tangent at 0 to a rectangular hyperbola be 
met at right angles in P by a chord QE^ the diameten 
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bLaectlng OQ and OM bisect the angles between the diameters 
to 0 and P.* 

855. 1£AA\ Bff^ 00* be the three pairs of sammits of a 
quadrilateral circnmseribed to a parabola whose foeos is then 

8A.8A'^8B.8B'^ SO. SO'. 

856. Reciprocate the theorem that the feet of the focal 
perpendiculars npon the tangents to a parabola are ooUinear. ' 

857. Given two conies, find a conic with respect to whidi 
tbej are polar reciprocals. 

858. The tangent to a circle at any point makes with any 
chord through the point an angle equal to the angle in the 
alternate segment. What does this proposition become by 
reciprocation with respect to any origin? 

859. The problem, to inscribe in a given conic a 2M*goQ 
whose ti pairs of opposite sides shall pass in any assigned order 

through n given points, is always indctcriuinate or impossiblcf 

860. If two circles be drawn meeting a conic in OABC and 
OA'B'C respectively, every two of the vertices of the triangles 
ABO and A'B'O' subtend at 0 an angle equal to that between 
the opposite sides. OonTersely, if the vertices of two triangles 
inscribed in a conic be thus related to a point 0| then 0 lies 
on the conic 



• The nine-point drole (Art. 64 Oor. 4) of OQR pasaee through 0, 
t This queition and its aolntion were eaggested by Prof. TowsmD. Starting 
from an aiMtrary point J* on tbeoonio m one vertex, draw n anooeaeive sides of the 
polygon throngh the n pointa taken in the assigned order, and the other « sides 

through the same points taken in the reverse onler; and let the points on the conie 
thus arrived at Imj Q and Q' respectively. As F varies, the three systems of ixiints 
P, Qi W are houiographic (Art. 120 Cor. 2j, and tliei-efore also the two systems 
P + <2 and Q^ + P, If Q and once ooindde, one pair of homologous points in the 
two faomograpliic systems P-hQ wad <t + Pue interchangeable, and therefore every 
pair are interchangeable (Townscnd's Atodtm Geomttry II. |8Sl»), or Q and <^ always 
ooincidc. If then u and (/ coineide for any oM position of P thesolndon la inde- 
terminate and ii not it is impoasible. 
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86 1. The circiimscribed circles of any two triangles PQB 
and F*QB! circumscribiDg a parabola meet in a point 0 (otber 

than tbc tbcus) such that the anp^le subtended at O by anr 
two of the vertices of the triangles is equal to that between 
tbc opposite sidea.* Hence shew that the seven poinis 
OPQRF'QB! Ue on a conic. 

862. If three conies have one point in commoni their nine 
common chords which do not pass through it toach one oonicf 
Conversely, if three triangles circumscribe a conic, the three 

coules which circumscribe them by pairs Lave one point iu 
common. [£x. 861. 

863. Any three parabolas, taken in pairs, have three triads 
of common tangents, whose nine intersections lie on a conic 
What does this become by projection and reciprocation ? 

864. If ABO be the triangle formed by three tangents to 

a parabola whose focus is the inclination of EG to the axis 
is equal to the angle subtended by 8A at the circumference 
of the circle, lience shew that the square of the radius of the 

8a,Sb,JSc 

circle is equal to — • — , if^ be the parameter and abc the 

P 

pomts of contact of ^e tangents. 

865. Two triangles ABC and A' BO* inscribed in a circle 

being such that every two of their vertices subtend at the cir- 
cumference an angle equal to that between the opposite sides, 
shew that, l£ Oho the centre and OS a given radius of the circle, 

z 80A + SOB-i- SOO^ 80 A' + 80R + 80 C\ 

and conversely. Hence deduce that, if ABC be a variable 
triangle circumscribed to a given parabola whose focus is 8j 
and inscribed in a fixed circle whose centre is 0, the sum of 
the angles 80 A^ 80B^ 80 Oy measured in the same sense 



• If 0 Ix) a i)oint on the arc SP (p. uG) and r the point of contact of PQ, the 
aii-]i' liOS h vnn:i\ lo /!P(> 4 SPr, .mil therefore to Sr(2. In like uxaun&c JCOS is 
cquiil to Sr'Q' ; uud t;u i. for,. PUi:' i.s ciual to the angle {P<i. 

t ric<iuct, Kinde ffi:oin triquc dts Si/ttcmes PonctueU i^c. pp. 27, 5^ (Pom 1872), 
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MISCKLIJINEOUS EXAMPLES. 3G1. 

of rotation is constant; and the sum of the angles which 
BC^ CA^ AB make with the axis is constant. 8hew also that 
the protluct SA. SB, SC\ or Sn.Sb.Sc (Ex. 864), is constant, 
and that the product of the focal perpendiculars upon the three 
tangents is constant. 

866. If a triangle ABC inscribed in a given ellipse 
envelopes a fixed parabola, the sum of the eccentric angles 
of its vertices is constant ;* and the circles ABC pass through 
a fixed point on the ellipse and have a common radical axis. 

867. A variable conic through foor given points A BCD 
meets a fixed conic through D at the vertices of a variable 
triangle, which envelopes a fixed conic inscribed in ABC, 

State the reciprocal theorem. 

868. The tangents to an ellipse from any point on a' minor 
directrix intercept on the major axis a length which varies as 

the central dibtauce of the point. 

869. Any chord PQ of an ellipse and the tangents at P 

and Q meet the minor directrices in pairs of points ER\ MM' 
and A'A^' respectively such that, if 0 be the centre, the angle 
BOR is equal to ^ (MOM'-\-NON'); and the central distancea 
uf the points MM'NN' and their perpendicular distances from 
FQ are to one another severally in the same ratio. 

870. Prove by reciprocation with respec t to a point, that 
the sum of the reciprocals of the perpendiculars from any 
point 0 within a circle to the tangents from any point on the 
polar of 0 is constant. Also prove that the reciprocals of 

equal circles with respect to the same point have equal 

parameters, and the reciprocals of coaxal circles with respect 
to any point on the radical axis have equal minor axes.! 



* This theorem, which is doe to Mr. R. Pendkbnij, Fellow of St John^ GoUege, 
loQows from Ex. 865 bj orthogonal prajection. 

t If OAB be drawn from the origin to meet a gi^en drde in A and J9, then 

— aud — , are equal to the pcrpendiculani from a foctu of the reciprocal conic to a 

pair of parallel taiigeuu. Tlie Iwn^lU of iLa luiuor axid is therefore dclcrmined by 
the product OA.OJi, 
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871. Deduce the property of the focus and directrix of a 
conic irom the Locus ad quatuor lineaa,* 

872. If P and Q be opposite intersections of the common 
tangents to two conies, any two lines OA and OB which are 
conjugate with respect to both conies are harmonic oonjogates 
with respect to the lines OP and OQ, Deduce this from 

Newton's property of the diameter of a quadrilateral (Art. 124), 
viz. by projecting OA or OB to infinity. Also state the 
reciprocal theorem.! [i. 19. 

873. An ellipse being drawn through the centre 0 of a 
circle, shew.thi^ the lines from O to a pair of opposite 
intersections of their common tangents are equally inclined 
to the tangent to the ellipse at 0. [l 33. 

874. Find the locus of the centre of a conic which cuts 
four given finite straight lines harmonically, or which passes 
through two given points and cuts two given finite straight 
lines harmonically. [i. 62. 

875. If a g^Ten polygon be moved about in its plane so 
that two of its sides touch each a fixed circle, every side of 
the polygon touches a fixed circle. [i. 68. 

876. Deduce from Ex. 738, that if a curve has one tetrad 
of foci (p. 311) lying on a circle it has three other such tetrads, 
and the four circles cut one another orthogonally. [11. 10. 

877. If four circles be mutually orthogonal, tbelr centres 
form an orthocentrio tetrastig^, and one at least of the cirdea 
is imaginary. [iL 10. 



* First deduce the Locus ad tres linea* afi = ky\ and let the two tangents be 
dnwn Ikom tha foeitt A These we repreieotod by tha Cartesian equfttion x»-hy»=0^ 
and the porpeiidtenlan to tlMm ftom jr) m Tlwnlom 
«^ + raries m y", or the difUnoe of (x, $) from 8 JwAm aa ita dittot:» tmn tha 

polar of 

t Exx. 872 Ac. arc taken from tin? EDUCATIONAL Times litprintf thaTolttflM and 
page oi which ore spocihod ia uicU cutM. taw also pp. HI, 336. 
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878. Find the locus of the pole of a common chord of two 
fixed conies with respect to a couic baviug double contact with 
each of them. [11. 46. 

879. If two triangles cireuraseribcd (or inscribed) to a conic 
be in perspective, every radiant through their centre of per- 
spective meets their sides in three pairs of points in involution. 
Beciprocate this theorem, and point out its relation to Steiner's 
property of the directrix of 1^ parabola inscribed in a triangle. 

[IL 50. 

880. If two conies meet any transversal in pairs of points 

AB and A'B' respectively, the foci of the involution determined 
by AA' and BB' (or AB' and A'B) lie on a tburd conic passing 
through the intersections of the former .two. [11. 91. 

881. Given that one focus of a conic to which a given 
triangle is self-conjugate lies on a given straight line, find the 
loeiis of its second focasi and deduce £x. 715. [iii. 33. 

882. Given two points P and ^ on a conic, find a third 
point 0 upon it such that OF and OQ may divide a given 
finite straight line in a given cross ratio. [ill. 47. 

883. Let abc be the middle points of the sides of a triangle, 
O the centre of its circumscribing circle and 0' its orthocentre. 
Then if Oa, Oh^ Oe be produced to ABO respectively so that 
OA =^ 20a, OB^^Oh, 00-20ej the sides of the triangle 

ABC and of the original triangle touch one conic, which has 
their common nine-point circle for its major auxiliary circle and 
the points 0 and 0' for focL [iii. 53. 

884. Throui;h four given points draw a conic such that the 
chord which it intercepts on a given line shall be of given 
length, or shall subtend a given angle at a given pouit. [iii. 84. 

885. If j), p be variable points collinear with a fixed point A^ 
and so situated that the segment jop' always subtends a right 
angle at another fixed point if, prove the following properties 
of corresponding loci of p and p\ Eight lines equidistant from 
the middle point of AM correspond to similar conies passing 
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through A and cutting AM pcrpendicularlj at If. Theie 
conies are similar ellipses, or parabolas, or similar hyperbolas 
according as the cominou distance of the primitive lines from 
the middle point of AM is greater than, equal to, or less than 
^AM, The circles which pass through A and J/, taken in 
pairS| are corresponding loci| as alao are the cirdea which pass 
through JIf and have their centres on AM, [iii. 91. 

886. The critical conic of a quadrilateral being defined as 
the circumscribed conic which projects into a cirde when the 
quadrilateral is projected into a square, shew that, if AA\ Bff, 

CC be the three pairs of summits of a quadrilateral, a conic 
can be found having double contact at points lying on A A' with 
the critical conic of BB'CC\ double contact at points on BB* 
with the critical conic of CO'AA'j and double contact at points 
on CC with the critical conic of A ABB*. [lu. 92. 

887. If a straight line meet the aides BC^ CA^ AB of a 

triangle in PQR respectively, and O be any point in the same 

plane, the tangents at 0 to the conies OAPBQ and OAPCR 
are harmonic conjugates with respect to OA and OP. [iv. 44. 

888. Shew how to prove the principal properties of the 
lemniscate by inversion. [iv. 47. 

889. Prove that the " characteristics" of a system of conies 
satisfying four conditions ^are unaltered when, in place of passing 
through a given point, each conic ia required to divide a given 
finite segment harmonically. [nr. 56. 

890. Given four straight lines in a plane, we may project 
one of them to infinity and the remaining three into the sides 
of an equilateral triangle. Is it possible to project two given 
triangles at once into equilateral triangles, or a conic and a 
triangle into a circle and an equilateral triangle ? [nr. 88. 

891. The envelope of the circles on a system of parallel 
chords of a conic as diametera ia a conic having its foci at the 
eztremitiea of the diameter conjugate to the chords. Find 
where any cbrde touches the envelope. [v. 40t. 
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892. A vnriable conic being drawn touching three given 

conlcs, if the normals at the three points of contact colnterscct 
investigate the locus of their point of concourse. [v. 50. 

893. Four conies being drawn through the same fonr points 
so that their tangents thereat form four harmonic pencils, shew 
that if one conjugate pair of the conies be a circle and an 
equilateral hyperbola the other pair must have equal eccen- 
tricities, [v. 103. 

894. Through a given point 0 on a hyperbola two chords 
are drawn each at right angles to an asymptote, and from a 
variable point F on the curve perpendiculars PM and PN are 
drawn to the two chords through 0. Shew that MN passes 
throagh a fixed point F\ find the locus of F for different 
positions of O on the h3rperbo1a ; and determine the hyperbola 
for which the locus reduces to a point. * [vi. 45. 

895. Three conies being described so that each of them 
passes through the same point 0 and through the extremities 

of two of the diagonals of the same complete quadrilateral, 
prove that the remaining three points of concourse of the conies 
lie upon their tangents at 0. [vi. 54. 

896. If A BCD be four points on a conic, the intersections 

of AB and CD with any two tangents lie on a conic touching 
^ (7 and BD. [yu 66. 

897. The axes of every conic circumscribed to a quadrangle, 

which is itself inscribed in a circle, are parallel to two fixed 
right lines, viz. the asymptotes of the equilateral hyj)crbula 
(Ex. 518) which is the ceutre-iocus of all conies circumscribed 
to the quadrangle.* [vi. 88. 

898. If P be any point on a circle, A and D fixed points 
on a diameter and equidistant from the centre, the envelope 
of a transversal which is cut harmonically by the circles 



♦ If ABC be the common self-polar tri.inglc of all tho circumscribt'tl coni(\s ; 
0» and Ox. ' tlie axes of any one of them, so that Ox, co ' i< a at{f' pn/ar trinvjlf with 
nsipect to it; the ijointa ABCOxcc' lie on a couic, wliicb in tkib ai:»e Ls the rcct- 
«BguIar hyperbola ABCO, 
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described with A and B as oentres and AP and BP respeetiTelj 

as radii is the oonic which has A and B for foci and touches 
the circle. [yii. 34. 

899. Draw the minlraum chord of a given angle which 
can be cut in a given ratio bj a given line. [vil. 41. 

goo. If Q and B be the foci of any ellipse inscribed in a 
triangle ABC^ deduce from Ex. 322 that, 

AQ.AB.BO-^BQ.BB.CA-^CQ.CB.AB^BO.CA.AB. 

[VII. 43. 

901. If ^ be the intersection of the polars of any point P 
with respect to two given parallel conica (Ex. 792, note), 
the locus of the middle point of FQ is their radical axis. 
Hence shew that, if DBF be the feet of the perpendknlan 
of any triangle ABC^ and AL^ BM^ CN be parallels to EF, 
FD^ DE^ meeting BO^ OA^ AB in the points l^ilC^rrespectiTely, 
then the axis of perspective of the triangles ABC and DEF 
bisects each of the segments AL^ BM^ CN, [yil 78. 

902. Construct geometrically the four chords of contact 
with a given conic of the four inscribed conies which pass 
through three given points. [vii. 92. 

903. Triads of parallels being drawn through the vertices 
ABC of a given triangle to meet the opposite sides in abc^ 
shew that the envelope of the axis of perspective of the triangles 
ABO and a5e is the mazimnm dlipse that can be inscribed 

in ABC. [VII. 94. 

904. If from any point on a conio paraHels be drawn to 

the diameters bisecting the sides of any inscribed triangle, the 
lines so drawn meet the corresponding sides of the triangle 
in three coUinear points. Extend this theorem by projection, 
and also reciprocate it [tiii. 44. 

905. Prove by inversion, that the circles having for 
diameters three chorda AB^ AC^ AD of a circle intersect again 
by pain in three coUinear points. [tiil 4S. 
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906. If through a pair of oppoBite interaections AJ^ of 
Ibur fixed tangents to a given conic there be drawn a pair 
of lines conjugate to the conic, the locus of their point of 
concourse is a conic passing through AA and through the 
points of contact of the four tangents. [vill. 62. 

907. If A be any point within or without a conic, B any 
point on its polar, CD a fixed straight line, BG and BD 
tangents cutting GB in G and D respectively ; shew that the 
intersections of AD^ BG and AC^ BD lie on a fixed straight 
line, which meets GD on the polar of A. [yiiL 68. 

908. \{ DP and be a pair of tangents to a conic and 
ABG a self-polar triangle, any conic through ABGD cuts FQ 
harmonically. Hence shew that the perpendicnlar DM to either 
axis bisects the angle FMQ. [vilf. 110. 

909. Deux droites qni divisent harmoniqnement les trois 
diagonales d'nn qnadrilat^re rencontreift en qnatres points har- 
moniqnes tonte coniqne inscrite dans le qnadrilat^re. 

[ix. 62, XII. 50. 

91a La condition qa*nne coniqne diyise harmoniqnement 
les trois diagonales d'nn qnadrilat^re etrconscrit ft une autre 

coniqne, coincide avec la condition que la premiere conique soit 
circoQscrite ^ un triangle coojugue a 1^ autre. [ix. 74. 

9 1 1. The degree of the locus of the foci of a system of 
conies subject to four conditions is three times as great as that 
of the locus of their centres. [x. 63. 

912. If ^ and B are fixed points with regard to a conic 
of which ^C'J9 is a variable chord, shew that the polar of A 
meets BG and BD in pointo E and F such that AB^ DE^ CF 
cointersecL [x. SI. 

913. Given three points ABG and a straight line through 
each, shew how to cut the three lines by a fourth in points FQR 
such that the lengths AF^ BQ^ OB may be eqnaL [xi. 19. 

914. If three equidistant lines parallel to an asymptote of 
a hyperbola meet the curve m ABO^ prove by involation (or 
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Otherwise) that any parallel to the other asymptote is divided 
hannoQically hj the sides of the triangle ABC and the carve. 

[xi. 20. 

915. The six points which, in conjunction with any commoa 
transversal, divide harmonically the six sides of a tetrastigm, 

lie on a conic paAsin^ also through the three intersectionit of 

tlie opposite s'uU's ot" tlu; tctrastigftn ; and the three straicrht linc^ 
which join the six points in opposite pairs coiateraect at the pole 
of the transversal with respect to the conic [xL 21. 

916. Reciprocate the theorem, that if the orthoceotre of a 
triangle inscribed in a parabola lies on the duectrix, the circle 
to which the triangle is self-polar passes through the focus. 

[xi. 32. 

917. Extend by projection and also reciprocate the following 
theorem. Given two parallel conies (£x. 792, note) A and JS*, 
two circles can be draWn having double contact with A and B 

respectively and meeting their common chord in the same two 
points. . [xi. 43. 

918. If 0 and (X be the limiting points of a system of 

coaxal circles, and if with 0 and 0' respectively as one focus 
two conies be described osculating any circle of the system 
at one and the same point, their corresponding directrices will 
coincide. [xi. 74. 

919. Given three points ADC and a conic, the envelope 
of a chord PQ such that A [BPQC] is harmonic is a conic 
touching AB and ACuX points lying on the polar of A» [xi. 83. 

920. Find the envelope of a transversal on which two 

given conies intercept segments having a common middle 
point 21 f and find the locus of M, [xi. Hi, 

921. Any tangent to a conic is divided in involution by 
three other tangents and the radiants to their Intersections 
from either focus 8. Prove that the double points of this 
involution, as the tangents vary, subtend a pencil in involution 
at 8. [XI. 105. 
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922. PQ being a chord of a conic equallj inclined to the 
axis with the tangent at P, a circle is drawn through FQ 
cutting the conic again in R8. Shew that the point on the 
circle harmonically conjugate to P with respect to R and 8 

lies upon the chord of the conic supplemeatal to QP* What 
does this become bj inversion ? [xii. 90, 

923. Any two parallel tangents to a conic meet the tangents 
from a given point 0 in points T and T respectively such 
that OT,OT is constant. [xill. 44. 

924. Prove by inversion, that if three circles meet two and 
two in AAy BB\ C0\ and 0 be any point in their plane, 
the drdes OAA\ OBB'^ OCC are coaxal. [xnr. 102. 

925. Given in a conic two tetrastigms PQRS and pqr$ 
whose corresponding chords pass by fours through the same 
three points, shew that a conic may be drawn touching Pp^ 
Qq, Pr^ Ba at pqrs respectively. [xrv. 104. 

926. Find the constaTit ratios which five fixed radiants in 
space determine on a variable transversal plane and deduce 
the anharmonic property of four radiants in one plane, [xv. 26. 

927. Prove, generalise and reciprocate the theorem, that 
the bisectors of the angles between the two pairs of opponte 
sides of a trapezium inscribed in a circle are at right angles. 

[XT. 86. 

928. The envelope of a transversal cut harmonically by 
two given nmilarly situated parabolas is a thurd parabola 
(£z. 800). [XY. 86. 

929. The tangents to a conic from a variable point on a 
fixed straight line L meet the tangent at a given point A in 
R and Shew that the relation between AR and AR is 
of the form a.AR.AR+b.AR-^c.AR -k-d^O (Ex. 777) ; and 
determine the positions of Z in order that (1) the sum of the 
intercepts AR and AR^ or (2) the sum of their reciprocals may 
be constant. [XYI. 59. 



* See the Jletsenger o/Mathcmalic* toU t. 94 (1876). 

BB 
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930. Two Bides of a triangle dxcamBcribed to a giren cbdff 
being fixed, tbe three lines joinmg its angles seTeralij to the 
points of contact of the escribed circles with the opponte sides 

meet in a point, whose locus is a hyperbola Laviog tbe fixed 
sides for asjmptotes, 62. 

931. GiTcn three fixed straight lines hnn and three fixed 
points LMN in a stnught line, the lines from a current point on 

^ to J/ and meet rn and 7i in lour points, tbe conic tbrough 
which and L envelopes a conic touching m and n at their 
intersections with L [xyu dS. 

932. The first positiye and negative pedals of an equilateral 
hyperbola are reciprocal polars with respect to it. [xvi. 106. 

933. Given a point on one arm of a constant angle in- 
scribed in a circlci find the envelope of the other arm. 

[XVJU 110. 

934. Cirdes being described on tbe two halrea of a diameter 
of a given circle as diameters, shew that the perpendicolar 

radius of the given circle is trisected bj tbe centre and cir- 
cumterence of a fourth circle touching the three ^ and deduce 
a new theorem bj reciprocation. [xvii. 23* 

935. Bednce from Ex. 785, that if BG be a diord of a drde 

and A its pole, the conic through ABC which touches the 
circle at a point J) has its curvature at D twice as great as ^ 
that of the circle. [XYU. lOd. 

936. An elllpae having double contact with a fixed ellipse E 
has one focus F fixed : shew that the other focus describes 
an ellipse confocal with £ and passing through F, [xyiii« 70. 

937. The area of the triangle formed by the polars of the j 
middle points of the sides of a triangle with respect to anj 
inscribed conic is equal to the area of the given triangle. 

[xvni. 107, 

938. From two fixed points on one of a series of confocal 
conies tangents are drawn to a variable conic of the series : if 
they meet the fixed conic again in and shew that 1 
the locus of the pomt {QB^ ij[R) is a conic [XUL 51. 1 
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939* The ratio of the prodoet of the dtameten of two 
circles to the square of one of their oommon toDgents invertB 

into an equal ratio when the circles are inverted from any point 
as pole. Hence deduce Feuerbach's property* of the nine- 
point circle* [pax. 54. 

940. In a qnadrilateral whose diagonals intersect at right 
angles shew how to inscribe a conic baying their intersection 
for a focus. [xix. 69. 

941. A pouit 0 Imng taken on the diameter AB of a 
semicircle, semicircles are described en AG and BO as dia^ 

meters. Also a series of circles are described, the first touching 
the three semicircles, and every n^^ circle touching the n — 1^ 
and the semicircles on AB and AC, Prove that, as G varieS| 
the loci of the eentrea of the seTeral cirdes are ellipses having 
a oommon focus. [ziz. 88. 

942. A line being drawn from the focus of a conic to 
meet the tangent at a constant angle, find where the locus 
of the point of concourse tenches the oonic [xix. 111. 

943. The tangent at any point of a cardioid meets the 
curve again in two points FQ the tangents at which divide 
the doable tangent AB haimonicallj ; and the locos of the 
point of concourse of the tangents at FQ is a conic passing 
through AB and touching the cardioid at one real and two 
imaginary points. [xx. 34. 

944. If a lamina moves in its own plane so that two given 
points of it describe each a fixed straight line, any other point 
of the lamina describes an ellipse. [zx. 89. 

945. If ABO be three points on a parabola, ABfO* the 

intersections of the tangents thereat, and ahc the centres of the 
circles BCA\ CAB\ ABG'\ prove that the circle ahc passes 
throogh the focus. [xxi. 72. 



• On this see Schrotcr in Neumann's Mathematische Annalen toI. Tii. 517—530 
(Leipzig 1874), where the proiw rty is cited from Feucrbach'a Eiijtnschafien tiniger 
rMrkwiirdigtn Punkie des gernUlin'iytn Dreitcks (Niimbcrg 1822). Tho nine-point 
circle itaelf haa bceu improperly called Feucrbach'a b/ Balucr and others. 

BB2 
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946. The tangent to the evolate of a parabola where it cots 
the parabola is also a normal to the evolate. [zxi. 79. 

947. Find at what points on a conic the angle between the 
tangent and the chord drawn to a fixed point on the carve 
is greatest or least. [xxn. 29. 

948. If OP and OQ\s% tangents to a conic, R the middle 
point of PQ^ and 0' the point harmonically conjugate to 0 with 
respect to tlic foci on the circle through 0 and the foci, shew 
that OP.O(J = OR.Oa] and deduce that if 6? and the foci be 
fixed the circles OPQ are coaxal.* [xxui. 17. 

949. If DD' be a tixed diameter of a conic and AB any 
two conjugate points in an involution on the tangent at i/, 
then DA and I>B meet the conic again upon a chord which 
passes through a fixed point. [xxiii. 55. 

950. If AB be the base of a segment of a parabola and P 
any point on the enrvei the locus of the orthocentre of APB 
is a line parallel to AB, Hence shew how to describe a pars- 

bolic segment of given base and height by po'mts. [xxili. 61. 

951. A plane figure moves so that two fixed straight lines 

in it always pass through two fixed points: find the envelope 
of any straight line in the figure. [xjuii. 67. 

952. One focal chord of a conic meets the tangents at the 
extremities of another In A and B. If straight lines ACD 
and BEF be drawn perpendicular to AB and meeting the curre 
in CDEF, prove that CE and DF meet AB at a point P on the 
directrix ; that CF and DE^ AF and DB^ AE and BC meet 
on the polar of P; that the intercepts CD and EF subtend 
equal angles at the focus S\ that 8A : SC : SD=SB: SE: SF] 
that CF and BE meet AB in two points G and //, havins: 
properties like those of A and B] and that of the four inter- 
sections of the tangents from A and B two lie on the polsr 
of P and two on the directrix. [ZXIT. 31. 



• Oomp«ie£xx.822,8S7,S10»880. 
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953. Given a conic inscribed in a parallelogram, if any 
tangent to the conic meets the sides opposite to an angle A 
in B and C| prove that the triangle ABG is of constant area. 

[XXIY. 51. 

954. Six circles pass throogh twelve points on a conic in 
the order, 

(a) A^A^A,A^, [h) B,D,B,B^, (c) C\C\C,C,, 

{fti A,A^,o^ («) B,B,c^,, (f) c.c^A; 

prove that the drdes abc meet the drcles def in six new points 
which lie on the circumference of another circle. [zxiT. 75. 

955. Prove that there are eight chords of an ellipse normal 
to tiie carve at one extremity and to the central radius vector 
at the other. [zxiT. 83. zxv. 73. 

956. If ABCD be a qoadrilateral inscribed in a coniC| F 
and G the intersections of its opposite sides ; prove that every 
conic through AGFG has with the given conic a chord of 
intersection which passes through a dxed point, viz. the pole 
of-fiZ>. ( XXIV. 93. 

957. If rP' be points on equal circles whose centres are 
O and 0' respectively, and if the lines OP', (/F ha parallel, 
find the envelope of the line bisecting botii. [xxv. 53. 

958. What is tlie condition that the conic 0L/3=^k<y^ may 
touch the conic aff = y^ cxteruailj ? [xxv. 88. 

959. Given five points ABODE on a conic, shew that there 
is a sixth point on it the parallel through which to passes 
through the fourth pomt of concourse of the circle Oi>j^with 
the conic. [ZXYI. 17, 103. 

960. If six lines taken in the orders 123l'2'3', 123'I'2'3, 
12'31'23', 12'31'23 respectively form hexagons each inscribed 
in a conic, each pair of the conies have a common chord in the 
same straight line with a common chord of the opposite pair; 

and nine of the common chords arc tiic sides and the joins 
of the opposite vertices of two triangles in perspective, one 
of which is inscribed in the other. [XXYI. 21. 



Digitized by Googlc 



374 



MISCELLANEOUS EXAMPLES. 



961. If two points be such lihat the tangents to a pmbols 

from the one are at right angles to the tangents from the 
other, the loci of the two points are in perspective. What doef 
this become by projection and reciprocation ? [XXYI. 94. 

962. The joins of n points on a conic intersect again in 
three times as many points as there are combinations of n things 
taken four together, and of these intersections one third lie 
within and two thirds without the conro. [xxvi. 101. 

963. If the three pairs of opposite sammits of a qnad- 
rilateral be severally conjugate with respect to a conic, the 
joins of the poles of its diagonals cut the conic in a hexagon to 
which the sides of the quadrilateral are Pascal lines. 

[xxTn.lOS. 

964. Shew that there are in general eight positions of 
a chord of an ellipse which meets the curve at given angles 
at its two extremities. [zxviiL 6a. 

965. Three conics 8^S^S^ being such that the polar reci- 
procal of any one with respect to another is the third, a 
triangle ABC is inscribed in 5, and circumscribed to S^, 
Prove that the triangle determined hj the points of contact 
is self-polar to 8^ and circumscribes j9,; and that the tangents 
to 8^ at ABO form a triangle self-polar to 8^ inscribed in 8g, 

[xzTni.97. 

966. 1£ S he the focus of a conic Inscribed In a triangle 
ABGj and any tangent meet the focal chords perpendicular 
to 8A^ 8Bf 80 m FQR xespectivelyi prove that AP^ BQ^ OR 
meet in a point. [zxrin. 99. 

967. A variable circle being drawn through two given 
points, through one of which pass two given lines; find the 
envelope of the chord joining the other points in which the 
eirde meets them. [zxix. %L 

968. If four conics SABChdkVQ one focus and a tangent D 
in common, and if a common tangent to each of the pairs 
{8A)^ {8B)^ {80) meet a directrix of ABO respectively upon 
the tangent 2>; die common tangents of BO^ OA^ AB meet 
al three points in a straight line. [xxfX. 49* 
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969. If three conies touch one another and have a common 
Focus, the common t&Dgeot of any two cuts the directrix of the 
third in three points on one straight line. [xxiz. 69. 

970. Prove the following pairs of reciprocal properties of a 
system of two conies : 

When two conies are soch that two of their four common 
pouits snhtend harmonicallj the angle detennined by the tan* 
gents at either of the remuntng two, they sohtend hsnnonioally 
that determined by those at tlie other also. 

When two conies are such that two of their four common 
tangents divide harmonically the segment determined by the 
points of contact of either of the remaining two, they diyide 
harmonically that determined by those of the other also. 

c. The associated conic, envelope of the system of lines 
divided harmonically by the two original conies, breaks np in 
the former case into the point-paur determined by the eight 
tangents to them at their fbor common points. 

d. The associated conic, locos of the system of points sub- 
tended harmoDically by the two original oonicS| breaks np in 
the latter case into the line>pair determined by their eight 
points of contact with their fonr common tangents, [xxix. 88. 

97 1. If the sides of a variable triangle pass severally through 
three fixed points in a straight line, whilst one vertex moves 
on a straight line and a second describes a given corve ; prove 
that the locos of the third vertex is homographic with the 
given curve. [xxix. 96. 

971. The triangles whose vertices are two triads of points 
on a conic intersect in nine points, such that the join <^ any 
two not on the same side is a Pascal line of the six vertices. 

[ZZZ.S5. 

973* If a system of conies having a common focus envelop 
a given curve, and have their eccentricities proportional to the 
food distances of the poles of theur directrices with respect to a 
eirde about the common focus as centre, the locus of the poles 
is a parallel of the reciprocal of the given curve with respect to 
the circle. [xu. 93. 
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974. Prove and also reciprocate the following theorem. 
If a circle A touches a circle B internally at P, and if the 
tangent to A at any point Q meets B m and i?,, then 
L B^FQ = L BJ^Q. [XXXL 65. 

975. Two lines hcing drawn through any point P on an 
ellipse to meet the major axis in A^ B and the minor axis 
in a, h respectively; shew that if PA^PB^\ minor axis, the 
intenectlon of Ab and Ba is the Fr^gier-point of P. [xzxn. 48. 

976. If a circle and a rectangular hyperbola intersect 
in four points, the line joining their centres is bisected by 
the centroid of the four points. [xxxiL 4^. 

977. If 13 a chord normal at P to an ellipse, and ^tbe 

intersection of the normal at Q with the tangent at P, then 
PN is to the projection of the semi-diameter CP upon it as 
the square of PQ to the square of the conjugate semi-diameter. 

[zxxu. 58. 

978. The focal radii to the points in which a fixed tangent 
to an ellipse meets a variable pair of conjugate diamctci-s in- 
tersect on a fixed circle. [xili. 33. J^xxii. 81. 

979. If four parallel chords of an ellipse afiyh he met by a 
straight line lu (ihcd respectively, shew that 

[XXXIII. 27. 

980. If P be a corrent point on a given segment AB^ the 
ellipses of given eccentricities described with AP and BPreBpecr 
tively as foci Intersect upon a fixed ellipse whose foci are A 

and B. [xxxiii. 52. 

981. If and Qq be chords of a parabola parallel to the 
tangents at q and p respectively, and Oo the poles of PQ and 
pq^y shew that CkOPQ^^l^opq^ and that, if pq be parallel to a 

fixed line, the lucus of the intersection of PQ with the tangents 
at jp and ^ is a similarly situated pai'abola. £xxxiu. 68. 

982. The locus of the foot of the perpendicular from any 
point on a given diameter of a conic to its polar is a rectangular 
hyperbola. [XXXIH. 76. 
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983. Any focal chord being drawn to a hyperbola, the circle 
on the portion of it intercepted by the tangents at the vertices 
as diameter touchea the hyperbola. [xxxiii. 110. 

984. The envelope of the axes of a conic which touches 
four fixed tangenta to a circle is a parabola.* 

985. Shew how to solve the problema of the two mean 
proportionals and of the triaection of an angle hj the intersec- 
tions of a cirde and a parabola.! 

986. The axes of a coniC) anj cbord and the normals at its 
extremities touch one parabola. Deduce a construction for 

the centre of curvature at any point.} 

987. If the tangent and normal at any point of a conic 
meet the major and minor axes in TG and tg respectively, the 
radius of curvature at the point subtends a right angle at 
{Otf gT). To what does this reduce in the case of the parfr« 
bola? 

988. If from any point of a conic a line equal to the radius 

of curvature be drawn normally outwards, the circle upon it 
as diameter is orthugunal to the orthocycle. What does this 
become in the case of the parabola? and what in the case of 
the rectangular hyperbola ?|| 



• One triang^ ABC jm lelf-pokr to vney oonio inflerilwd in the givm quidxila- 
tenl ; aBd the axes of any oo» ci them produced to infinity determine a second aneh 

triangle 0 <» cc' with respect to it. The conic inscribed in AUC and oo « ' is a 
fixed pnrub«)la, wlin^o dim-trix is ea«ily seen to 1>e the diameter o£ the qoadiilateral, 
since the orthocentre of Afif \^ tlio centre of the rircle. 

t See Descartt^s (Jtimttria lib. Hi p. Ul (ed. iSchooLcn, lGo9). 

X Ezz. 862, S8S~992, Ac. are to be found, with or without solntiooBi in Bteinei^ 
posthumous woik Vorle$ungen iber tjftUhatUehB GtomttrU, TheiL zi pp. 80, 206-21S; 
222-8, 242 (ed. 2, 1876). On his theorem Ex. 993 see Xouvelles Aimatu ZIT. 108 
(1855) ; ITousel fufrod. a la (JtovK frk Sii/i<'ricure p. 231 (Paris 1865). 

II In the rectangular hjiierbohi the diameter of curvature at any point i.^ equal to 
the normal chord, as Mr. Wolstcnholme thus proves. Take on the curve three points 
ABC aud their orihoceutro 0; then OA prodaced to meet the circle through ABC 
agahl is bisected by BC, and its halves^ when ABCcMJmoo, become the nonnal ohocd 
Mid the diametsK of Gumture at A, 
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989. ]f 5>^| ey be three eonples in an inTolationi Aew 
that 

[aabe] . [ffhca] . [yeah] = [aaffy] . [hffya] . [cyaff] « - 1, 

where iouthe] denotes the cross ratio ^ : ^ . Also ifabed$ be 
any five lines in a plane, shew that 

(s.a(cJ} . {c*€i5<2s] . \d.ahei^ » 1. 

990. If OA^ OBf OOf OD are concurrent normals to a 
conic, the parabola which tondies the tangents at A&(72> toodies 

the axes and the polar of 0, has the diameter through O fur \u 
directrix,* and is the polar reciprocal of the rectangular hyper- 
bola through ABCD (Art. 114 Cor. 1) with respect to the 
original conic Determine the focus of the paraboUuf [£x« 379. 

991. The tangents from any pouit of an ellipse to its 
an^liary drdes are equal to the real and imaginary semi*azes 
of the confocal hyperbola throngh the point. 

991. Ifahed and afiyS be two tetrads of pomts on a oonie, 
tiie joins of (oi, ajS) and {cdj yB) ; (ac, ay) and (hdj /35) ; (ck/, aB) 
and {5c, ^97) meet in a point. And if aa, h^^ cy be concurrent 
chords of a conic, then 

[aaby] + {0^} + {yeaff} - 1. 

993. If as, hj3j cy are the foci of three conies inscribed in 
the same quadrilateral, then 

oc.ac : ay, ay = he. fic : hy.fiy. 

994. If a conic A ctrcamscrlbes a conic B harmonically, 

then U is harmonically inscribed to A ; the reciprocals of A are 



* Ab a second proof that 0 lies ou the dixccLrix, Mr. Pcndlebary remarks that the 
normals are alao nonoali at points abed to the redpiocal ot the conic with rapeoi 
to 0, 10 that the paiabolA hai for its xedpracal the rtekmfular k j /per M a Med, end 
therefore tnbtenda a right angle at 0 (Art. 155 Cor. 2). Tims also we eee that the 
nonuals mc€t tlie on fri nal COnic again in puint.s A'li'C'D' wliich lie on a rectengoler 
hyporlx^la through 0; since the recipr<)cab of A BCD touch a parabola haring for 
diroctrix the diameter through 0 to the reciprocal of the original conic, and (bjf 
symmetry) the reciprocal of A'li'CD' touch a parabola having the same directrix. 

t The parabola is the seme for all oonibcal oonics. 
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harmonically Inscribed to the reciprocals of B] and the centre 
of perspective of any triangle ioscribed in A and its reciprocal 
with respect to Ji lies on A.* 

995. A conic is harmonically inscribed to every circle ortho- 
gonal to its orthocjcLe ; and a rectangular hyperbola harmoui- 
callj circaiDaciibed to a circle passes throagh its centre. 

996. The asymptotes of a conic are conjugate lines with 
respect to any parabola harmoaicallj inscribed to it. 

997. Given that a focus of one conic is a point 0 on the 
orthocycle of another, if one of the conies bo harmonically in- 
scribed to the otheTi it tonohes the polar of 0 with respect 
to the latter. 

998. Describe the oomc with respect to which five given 
pain of lines are conjugate; and the conies which pass throagh 
4, 3, 2, 1 or 0 given points and are harmonically circomaeribed 

to 1 , 2, 3| 4 or 5 given conies. 

999. The orthocydes of the conies which tonch two given 

lines SA and SB at given points A and B, including the circle 

on AB as diameter and the point-circle at are coa&aLf 

• 

1000. The number of eonics touching five given conies is 
32644 



• On In. S9*-e nt PkqiMt^ Etmh giomHrique Ac pp. 58, 91, 108, 181-^; 
FraL H. J. & Smith Ontom Gmm ttr iea t Comtnutiom (FtooMdingi cf tlw London 
Mrthwimtical Sodetj voL 11. 85-100). One conic U said to be hamnonlcally in* 
■cribed or circamscribed to another whon it it ineeriliod or dicuii M Cribod to ft trilBflt 
atlf-polar with resj^ect to the latter. 

f Ga.skin Geomttricnl Cnnstruction ij-c. p. 31. Hence (Ex. 677 note) the thcoreni| 
lately pointed out by Mr. li. W. Genese and Mr. Torry, that the directrix of a con to 
4§ o cemmom cktrd qfth§ comkfitt orthocycle and o pomt'cirdB at th§f cem, NoUoo 
that every itnd|^t line throagh a focoid, at being an asymptote or edf-ooojogate 
dimeCer of a circle (pp. 142, 309), is at right angles to itself. 

X See Salmon's Conic Sections (end) ; Halphen Proc. LowJon Math. Soc. ro\. IX. 
149 and X. 87 ; and the original memoir by Charles, Ih fi-rviinnti^m dtt nmnbre dts 
eectiotis coniqiM qui duivent toucher cinque courbes donm es d'crrdre quelconqutf OU 
MUitfairt a diverta airtrw conditions (Oomptee Bendtis ltiii. 225, 1864). 
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Adams, ri, IS^ 23Ql. 

Algebraic geometry, xlri, Ivi, bd, Ixxiii. 

Alnmjjost, 1. Ixii, Ixxix. 

Analogy, Kepler's principle of, Iviii ; 
Boscovich on, Ixxiv. 

Analysis, geometrical, xix, xxxi, xxxii. 

Angle. See Triaection. 

Angles, projection of, 319 ; reciprocation 
of, 341, 350; reversion of, Ixxxvi, 
323-^ 

Anharmonic properties of conies, Ixxxiii, 
2G2 — 7. See Uross ratio. 

Antipho, XXX, xli, Ix. 

ApoUonius, xlii— 1, Ixxxiv, 72^ 82^ 154, 
125i; on foci, 81^ ill; on concurrent 
nonnalfl, xlvii, 2^ 

Application of areas, xxv, xliii. 

Archimedes, xxxv — xlii, ILx, 59. 

Arcliytas, xxxi. 

ArifitajuH, xxxiii, xlvi. 

Asymptotes, xliv, 143—154, .^27; known 
to Meniiechmus, xxxii ; tangents at in- 
finity, Ixii, Ixix, li2 ; of the cciuilatcral 
hyperliola, IHI) ; of the circle, 309, 379. 

Auxiliary' circles of conies having a 
common focus and directrix arc coaxal, 

Axes, of the projection of a conic, Ixiii. 

See Self-polar triangle. 
Bellavitis, on inversion, 3.S7. 
Bernoulli, on the latus rectum of a soction 

of the scalene cone, 21 1. 
Besant, IJH^ 213. 

Booth, 1557 166. 189. 346; on th« right 

cone, 200 ; on minor directrices, 348. 
BoscoWch, vi, Ixxi— Ixxvii, 3, 90, 1U5, aiL 
Bosse, Ixi, Ixiv. 

Brianchon, Ixxviii — Ixxxi ; his hexagram, 
289—291, 295, 352: and Poncclet, 175, 
191. 282. lx"vm. 

Brougham, vi. 

Cantor, xxxiv, xlii. 

Cardioi(}, 35(1, .S71. 

Camot, Ixxvni, 256, 291^ 228 ; his theorem 

projective, 313. 
Cartesian, uecbauical deacriptiou of the, 

178. 
Casey, m 



Caustics, Sifix 

Cayley, Ixx, 175, 328. 

Central conies, 75 — 112. 

Centre, the pole of the line at infinity, 
Ixiii ; of the parabola, Ix, 26^ ii. 

Centre-locus of a conic, given four tan- 
gents, Ixviii, 282, ; given four 
points, 283, 3&h; of an equilateral 
hyi)erbola, given three points, 171. 

Centroid of a quadrilateral, 28^4. 

Chasles, hi, Ixxxii-lxxxv, 266, 320, 830, 
3.39, 313; problems from his Socticma 
Coniques, 3UU, 330. 

Circle, a conic whose directrix is at in- 
finity, 7, 22 ; focus of a conic regarded 
as a point-circle, 210 ; line-circle in- 
cludes the line at infinity, Ixxt, 2M; 
or coincides with it, 308 ; every circle 
passes through the focoids, 309 ; rcci- 
I)rocal of a circle with respect to a 
point, See Quiidrature. 

Circular points at infinity, 308. See 
Focoids. 

Circum inscribed polygons, 139, 140, 2iS. 

Clifford, 18Gj 2aL 

Coaxal circles, transformed into other 
coaxal circles, Ixxxvi ; determine an in- 
volution on any transversal, 2^ ; conies 
through four points project into, 31 8 ; 
confocals reciprocate into, 344. 351. 
See Orthocycle. Auxiliary circles. 

Complement of a line, Ixxv, 77. 

Concentric circles, touch at the focoids, 
309 ; conies having double contact pro- 
ject into, 319. 

Concurrent chords of a conic subtend an 
involution at any point on the curve, 
276. See Fregier. 

Cone, sections of the, 192—206 ; problems 
on the scalene. 211 — 3, 33k. See 
Sections. 

Confocal conies, intersect at right angles, 
84, 351 ; locus of veriex of right angle 
which touches two, 83 ; problems on, 
132— 140. Ili3; conies touching four 
lines project into, 3JLZ ; tvciprocate into 
c«)axal circles, 344. 3il ; inuisformod 
into other confocals, Ixxxvi. 332. 
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Conic, the general, 14—85; Newton's 
orj^nic description of n, Ixvi, Ixxxiil, 
] 'Mu 21>4j 358 ; Maclaurin's de- 

wription of a. 264 ; determined from 
five dj\ta, Ixv, Ixxx. 136^ I61j 176, 279— 
2t<3. 288—290. 379; MiT)ject to four 
conditions, Ixviii, 275 — 285 ; conic and 
point prtijected into a circle and it» 
centre, 318 ; or into any other conic 
and p«tint, 329. 

Conjugate diameters, xlix, 95 — 102, 233. 
327 ; of hyperbola, 1J9, 151, con- 
struction of a conic from given pair of, 
125. ajcl ; determine a pencil in involu- 
tion, 259, 2iiS. 

Conjutjate ny|>erbola, Ixxv, 101. 153. 

Conjugate liiuw and |X)ints with respect to 
a conic, Ixiii, 270, 1*78, 281 ; every two 
conjugate lines through a focus are at 
right angles, 270^ 310, ILL See Hesse. 

Conjugate tria<la with respect to a conic, 
2Z3; lie on circles orthogonal to the 
orthocycle, 214 ; or which pans through 
the centre, 171, 273. See Self -polar. 

Conoids, xl, 2JLiL 

Continuity, history of, Iriii, Ix, Ixxiii, 
Ixxxi, 2JlL 

Coordinates, used by ApoUonius, xliii ; 

in space, L 
Correlative figures, 34 fi. 
Cotes, edits Newton's Principia, Ixr ; his 

theorem of harmonic means, Ixxi, 276. 
Cremona, Ixxxiii, 265, 292—4, 321^ 
Cross ratio, 249 — 290 ; projectivity of, 

261. 812, 328 ; history of, lii, Ixiv, 

Ixxxiii — Ixxxv. See Anharmonic. 
Cube, its duplication reduced to the 

problem of tiie two mean proportionals, 

xxviii, 189. 
Cubics, Newton on, 301^, 82L 
Cunynghame, 177. 

Curvature, 214—222, 279, 877 ; coordi- 
nates of the centre of, xlii, xlviii ; 
Steiner's projierty of concurrent circles 
of, 228. 23G, 3aZ ; circles of curvature 
invert into circles of, 357. 

Curves, generated by compounded motions, 
xl ; regarded as limits of polygons, xxx, 
Ix ; organic description of, Ixx, Ixxxvii, 
178. 

Dandelin, discovers the focal spheres, 2M ; 
hLs proofs of Pascal's and Brianchon's 
theorems, 287. 

Davies, Ixxxvi, 218, 25L 

I)e Beaune, on envelopes, 345. 

JJegenenition, of conic into line or line- 
pair, 77, M l. 171. 278, 2iii See Circle. 

De la Kire.lxrvrixxiri 12. 161, 31J ; the 
orthocycle discovered by, 90, 1 il ; on 
transformation, 32!L 

Delambre, li. 

Dciian prublt m, ixriii, lfi2. Sec Cube. 
Desargues, Ix — Ixiv, Ixxx ; on involution, 
261,277; polars, Jilil; transformation,a22. 
Descartes. Ixi. 189, 266, 345, aiL 
Determining ratio, Ixxi, L See Directrix. 



Diameter, of a conic, 23 ; of a quadri- 
lateral, 138, 256. See Centre-locus. 

Director circle, two uses of the term, 90, 
165. See Orthocycle. 

Directrix, hiatorj- of the, liv, Ixv, Ixxi ; tho 
polar of the focus, Ixxi, L5 ; a conic, its 
orthocycle and a point-circle at either 
focus intersect on the corresponding, 
379 ; of parabola inscribed in a triangle, 
57. See Stfiner. 

Double contact, conies having, 2Z^ Seo 
Concentric circles. 

Double reciprocation, 348. 

Dual figures, 316. 

Duality, <liscovery of the principle of, 

Ixxviii, 290, aifi. 
Eccentric circle, 3» 9^ 28, 321^ IxxtI; 

works foundwl upon the, Ixxu. 
Eccentricity, use of the term, 211; of 

conies in the cone, 197. 
Educational Times, problems from, 141, 

336. 362—377. 
Eg)^)tian geometry, xvii, xxii, xxvi. 
Eisenlohr, xxii, xxvi. 
Eleven-point conic, 2^ t. 3£^ ; degenerates 

into nine-point circle, 171, 2fi5. 
Ellipse, names of the, xliii, 195 ; area of 

the, xli, 234. See Central conies. 
Elliptic compasses, Iviii, 114, 178. 
Envelopes, 345. 
Equicross, the term, 250- 
Equilateral hyix;rbola, 167—177, 342,352; 

conjugate to the focoids, 278, .309. 
Euclid, xix, XXXV ; on conies, xlvi ; Eiir.i.47 

proved by dii»section, xxiii. See Porisma, 
Eudemu-s, xviii, xxiv, xxix. 
Eudoxus, xix. xxxii ; his cubature of the 

cone, xxxviii. 
Euler, 211, 242, 241. 

Eutocius, xxxiii, xxxvi, xxxix, xlii, 45^ 194» 
Evolutes, xlviii, 2iL ; homographic pairs 

of, Ixxxvi, 3.")8. 
Exhauj^tions, xxxiv, xxxvii, xli, lix. 
Fagnani's theorem, 14U. 
Faure, Ififi. 

Feuerbach's property of the nice-point 
circle, 355, 371. 

Figure on the axis, 82, 

Fluxions, Ix, IxxL 

Focal spheres, 196—205. 

Foci, ApoUonius on, xlr, 111 ; named by 
Kepler, liv, Ivii ; Desargues on, Ixiii ; 
regunled as point-circles, 210 ; Poncelet 
on, Ixxxi, 311 ; of the projection of a 
conic, Ixiii ; Pliicker's definition of, 
811 ; foci of an involution, 259, 261.309. 
See Conjugate lines. Confocal conies. 
Directrix. 

Focoid, the term, 281^ 308. 

Focoids, Poncelet's discovery of the, Ixxxi, 
311 ; their relation to the foci of conies, 
281. 299. 310 ; and other curves, SUi pro- 
jection of any two px)int« into, 315 ; all 
circles pass through andconcentric arclea 
touch at the, ; constant relation of a 
figure moving in its own plane to the, 310. 
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Focus of parabola, lir, lixi ; not discoTered 
by ApoUonius, xlv, til. See Kepler. 

Fr^gier, theorem that a chord which 
subtends a right angle at a given point 
on a conic passeu through a tixed point 
on the normal, 122^ 176, 276^ 324^ Sal ; 
its analogue in space, M9« 

Fr6gier-ix>mt, 349, 351, 376. 

Frisch, Ivi. 

Ganiiner, 305. 

Gaskin, 165, 280, 293, 295, 835^ 379; 
theorem that the circle through any con- 
jugate triad with respect to a conic is 
orthogonal to tlie orthocycle, 186, 2LL 

Geminus, xxiv, xliii, 194. 

Genese, 163, 31SL 

Geometry, no royal road to, xx. 

Graves' theorem, 122. 

Gregory St. Vincent, Ixxi, Ixxix, 16R, 1^9. 

Halley, on the parabola, xlix, Ixxxiv; 
editions by, xlii, Ixxxiy. 

Halphcn; EliL 

Hamilton, 200 ; his determination of the 
focus and directrix in the cone, Ixxii, 

201. 

Hammond, IZfi. 

Harmonic, the term, xxvL xlr, lir ; ranges 

and pencils, liv, Iv, Ixxix, 254, 313 ; 

property of a quadrilat*;nU, 254 — 6; 

points on or tangents to a conic, 2Zfi. 
Harmonically inscribed and circamscribed 

conies, 379. 
Heilberg, xxxr. 
Henrici, '2h2. 

Hcfise, theorem that if two pairs of snm- 
m its of a quadrilateral are conjugate to 
a conic the third are conjugate, 333. 

Hexagon, inscribed in a line-pair, liii, 
2aZ; Pascal's, 286—8; Brianchon's, 
289—291. 

Hexastigm, 29Z. 

Hippocrates, xix, xxrii- xxx, 182. 

Hirst, aiM. 

nomographic, the term, Ixxxv, 2fifL 
nomographic, figures may be placed in 

perspective, 312, 828; correspondence 

of points and lines in reciprocal figures, 

269. 838. See Croes ratio. 
Homology, Ixiv, Ixxxv, 292, 307, 321. 
Homothetic conica, 305. See ParalleL 
Home, proof of the anharmonic proper* 

ties of conies, 2iiZ. 
Hultsch, li. 
Huyghens, 22L ML. 

Hyperbola, why so called, 82, ISh; a 
continuous curve, 10, 310 ; a quasi- 
ellipse, Ixxv, 101, 153. 235 ; degenerate 
forms of, Mi, 2ij&. See Central conies. 

Ideal chords, 311. 

Imaginary, transition from the real to the, 
Ixxv ; diameters of a hyperbola, 101, 
153, 1811 ; circular points at infinity, 
308; foci, 310, 312. 

Infinite chords of a conic, ratios of the, 
Ixxvii, 149, lfi3. 

Infinitesimals, method of, Ix. 



Infinity, the line at, 32, 308, 322 ; paraHep 
meet at, lix, Ixii ; change of sign oa 
passing through, Izxiv. See Opposite 
infinities. , 

Ingram, 351. 

Inversion, 854— 8, 364, 371. 
Involution, lii, Ixii, 257—281, 
Joiichimstal, 22&. 
Join of points or lines, 252. 
Kcmpe, on linkages, Ixxxrii. 
Kepler, vi, Ivi — Ix ; on the further focas 

and the centre of the parabola^ Iviii, Ix ; 

his doctrine of the infinite, lix ; of the 

infinitesimal, Ix; of continuity, Iviii, 

Ixxiii. 
Lagrange, vi. 

Lambert, on the parabola, Ixxxr, 57, ; 

theorem in elliptic motion, 23<, 218; 

in parabolic motion, vi, 2iZ. 
Lame, 218. 
Laquidre, 3i3. 

Latus rectum, according to ApoDooiQS, 

82 ; in the scalene couu, iLL 
Leibniti, Ix, Ixxi, 222. 
Lemniscate, 357, 3fi4. 
Le Poivre, 

Leslie, Ixxii, 125, 135, IM. 
Levett, 51. 

Limiting forms of conies. See Degenera- 
tion. 

Line at infinity, 32: parallel to every 

straight line in its plane, 308, 322; 

a factor of every line-circle, Ixxv, 344 ; 

ita relation to the conies, 144, 310, 31L 
Linkages, Ixxxvii. 
Loci, the earliest writer on, xxviL 
Locus ad quatuor hneas, xlv ; Newton's 

proof of the, Ixvi, 2tifi ; proof by ortho- 

Eonal projection, 23^; theorems of 
^esargues and Pascal deduced from 
the, 277, 281 ; proj)erty of focus and 
directrix deduced fix>m the, 3tI2 ; reci- 
procal of the, Ixxxiv, 293, 34n. 346. 
Logarithms, geometrical reprefienLatioa 

of, 166. 
Lunes of Hippocrates, xxix. 
MaccuUagh. 216, 248. 
Macdowell, 2n0, 292, 350—8. 
Maclaurin, Ixxi, Ixxx, 128, 2Z6 ; his con- 
struction of a conic, 264 ; theory of 
pedal carves, 845 ; on attractiona, 
Ixxxii. 
Main, 219, 222. 

Maxima and minima, Apolloniua on, 
xlvii. 

Mean proportionals, problem of the two, 
xxviii, xxxi, xxxix, xlviii, 45, 189, 
312. 

Mechanical proofs of geometrical theoremsy 
xxxvii, 2ii3— 4. 

Mcnrochraus, xxix, xxxi, 45. 134. 

Menclans, theorem of the six segments, L 

Minor axw of hyperbola, 76, 347. 

Minor directriats, 346 — H, 

Mobius, Ixxxiii, 257, 302, 330, 

Monge, Ixxiii, lutviii, 25fi. 

I 
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Montucla, W. 

Moore, 220. 

Mnlcahy, Ixxxri, 293. 

Neil, his rectification of the Bemi-cubical 
parabola, 221. 

Nevrton, bdv — Ixxi ; his property of the 
tangents to conies, Ixviii, Ixxix, bcxxiv, 
Qjkfi i organic description of curves, Ixix, 
Ixxxiii, 136, Sm ; property of the dia- 
meter of a quadrilateral, Ixviii, 282, 
on the Locus ad quatuor linea^ 
Ixvi, 2fi6 ; rational transformation, Ixri^ 
the equilateral hyperbola, 122; 
the projection of cabics, iLiL 

17ine-point circle, 121 ; Fcuerbach's pro- 
perty of the, 302, 357, 311 ; Casey on 
the, 223 : of a right-angled triangle, 
2^ 8ee Eleven-point conic. 

Normals, concurrent, xlii, xlvii, xliz, 123, 
224. 223. 205, 31^ 

Ombilic, 222. 

Opix>6ite infinities adjacent, lix, Ixii, Ixxv, 

am 

Organic description, earliest use of the 
method of, xxxi; of curves, xxxiii, 
box, Ixxxvii, Hill ; of surfaces, Lxx ; 
of the rectangular hyperbola, 112 ; of 
Cartesian ovaJs, 178. bee Conic. 

Orthocycle, the term, 280.; characteristic 
property of the, 88—90, Bhl ; Gaskin's 
theorem that the circle through any 
conjugate triad with respect to a conic 
is orthogonal to the, 186, 224 ; Pliicker's 
theorem that tlie orthocycles of all conies 
touching the same four lines arc coaxal, 
2H0, 335, 342. See Directrix. 

Orthogonal projection, 229 — 242 ; applied 
to curvature, 221[, 23i 

Orthoptic summits of a quadrilateral, 

Orthosphere, 280. 

Osculating circle, the term, 222. See Cur- 
vature. 
Pappus, li — liv. 

Parabola, 44 — 61 ; why so called, xliii, 
82, 12&; touches the Uno at infinity, 
144, Ml ; properties of triads of tan- 
gents to the, xlv, 55—7, 72, 272, 360— 1 ; 
conjugate triads with respect to the, 
274, 2HI, 2l>4. 358; point-reciprocal of 
the; 343, 351— 2. See Focus. 

Parallel conies, 3115. 

Parallel projection, 23£L 

Parallels meet at infinity, lix, bdi. 

Pascal, Ixiv, Ixxix, 286 — 8 ; applications 
of his hexagram, 58, 175. 290, 352. 

Penuoellicr, Ixxxvii, 35S. 

I*edal curvce, 37U. See Maclanrin. 

Pendlebury, 361^ «78. 

Perspective, 307, ^20. 336 ; homographic 
plane figures may be placed in, ; 
Serenus on, Iv; Desiurgues on, Ixi; 
Boese on, Ixiv. 

Peyrard, xxxv. 

Pia^uet, 'ML 335. OOQ. 312. 

Pierce Morton, 1%^ 2fi^ 



Plato, xix, zxx, xl. 

Pliicker, on tangential coordinates, IM ; 

his definition of foci, Ixxxi, -HI 1- See 

Orthocycle. 
Pole and polar, the terms, IxxviiL 
Polar equations, 31. 

Polars, 30, 22 ; with respect to the circle, 
liv; ApoUonius on, xlv, liv; Desargues' 
theonr of, Ixii, 322; reciprocal, 268 — 
271, ^ 6 : metric relation of any point 
and its polar to two fixed points and 
their, 332. See ReciprocHtion. 

Polygon, inscribed or circumscribed to a 
conic so that its sides pass through 
given points, 295, 302, 349, 359; cir- 
cuminscribcd to confocal conies, 139, 
142. See Curves. 

Polyhedra. See Solids. 

Poncelet, Ixxiii, Ixxxi, Ixxxiv, 277, 295, 
844, 34fi ; on homology, Ixxxv ; on the 
four foci of a conic, Ixxxi, &JUL See 
Brianchon. 

PorismM, Euclid's three books of, li, liv. 

Potts, Ivi. 

Poudra, xl, Iv, Ixi 

Proclus Diadochus, his list of early geo- 
meters, xviii. 

Projection, orthogonal, 229 — 242 ; parallel, 
23fi; central or conical, 307— -320: of 
cnbic8, 321 ; of solids, Ixxxv ; Briancuon 
on, Ixxix; Mbbius on, 332. See Per- 
spective. 

Ptol lemy, 352 ; theorem of the six segments 
ascribed to, li. See Almagest. 

Pythagoras, xviii, xxii— xxvii, 

Quadniturc, of the circle, xxvi, xxix, xxx, 
xxxix ; of the parabola, xxvi, xxxvii, 
52; of the hyperbola, 166^ 190, 221. 

Quadrics, Ixxxi, 280, 305, 333 ; ruled, 
Ixxxiv, 2i<8 ; of revolution, xl, 213 ; 
polar properties of, Ixii, 291, ii22; in 
homology, Ixxxv ; reversion of, .H4t)- 

Quadrilateral, properties of the complete, 
lii, 254 — 6 ; in relation to conios, Ixii, 
Ixvii, 274— -iHo. 304,333, 338; projected 
into a parallelogrum, Ixxix ; or other 
quiulrilateral, 3iiL 

Quctelet, Ixxxiii, 204, 295, 346, 357. 

Range, the term, Ixii, 249. 

Reciprocation, 337 —354. See Duality. 
Polars. 

Rectangular hyperbola, xxxii, xlviii. See 

* Equilateral. 

Rectification, of the circle, xxxix, xl ; of 
the semi-cubical parabola and the 
cycloid, 221 ; quadrature of the hyper- 
bola reduced to the rectification of the 
paralx)la, 122. 221. 

Renouf, xx. 

Renfhaw, Ixxii, 212. 

Reversion, Ixxxvi, 821—8; properties of 
minor foci and directrices proved by, 
34«" — 8, 353 ; of quadrics, 349. 

Rhind papyni\ xxii, xxvi. 

Robertwjn, Ixxi, iiifi, 

Ruberval, xl. 
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Rouch6 and de Comberonase, 294—5, 

319. 3iL 
Routh, vi. 

Salmon, Ixxxvi, 133, HO, UA, 210, 277. 
7, 290j 295, 301?, 312, .Hd^ 333, 

Ml. 

Sections, the conic, how discovered, xxxi ; 
wliy named iwrabola, ellii>»e, hjTHjrbola, 
xliii, 82j 195 ; of any cone by an arbi- 
trary plane. Iv, Ixiii. See Cone. 

Self-conjugate. See Self-polar. 

Belf-polar triangle, conies having fonr 
common jxiinta or tangents have a 
common, Ixii, 274—6, 332 ; inscribed or 
circumscribecl to a second conic, 272 — 
831. 379 ; the axes of a conic and the 
line at infinity determine a, 3G5, 377. 
See Orthocyclo. 

Sereniis, liv. 

Serret, proof of Gaf^kin's theorem, 211- 
Simplicms, xxix, xxx. 
Simson, lii. 2afi* 
Smith, IL J. S., Ixxxvi, 3IiL 
Solid loci and problems, xxviii, xxxili, 
189. 

Solids, the five regular, xx, xxiv, xxxiii ; 
semi-regular, xxxvi. 

Steincr, Ixxxii, lill ; theorem that the 
directrix of a {wabola insicribed in a 
triangle passes through the orthoccntre, 
67, 281, 290, 326, 352 ; on cross ratio, 
Ixxxv, 257, 2112 ; on triads of concurrent 
o«K;tilatmg circles, 228, 236, 857. 

Stubbs, 357. 

Sturm, 277. 

Subcoutrarj scctionB, 210—2. 



Snnplemental chords, xHv, xlix, ^ 
Svlvo-ster on linlcigcs, IxxxviiL 
Talbot, 194i 264.821. 
Tangential coordinates Ixviii^ 156. 34/^- 
Taylor, J. P., proof of feuerbach'a 

theorem, 191, 3.j5. 
Tliales. xviii, xx, xxxy. 
Theajtotus, xix, xxxi. 
Torry, 224, SIS. 

TownsenHT Ixxxviii. 216. m 280, 287, 
295—7, aiiiL 34ii 351, 35«— 9. 

Transformation, homographic, Ixvi, 829. 
See Homographic. 

Triangle, through the axis, Iv, Ixiii^ 206 ; 
inscribed or circumscribed to a oonic, 
271 — 1; orthogonal projection of any 
triangle into an er^uilatcral, 237. See 
Self-|x)lar. 

Trisectiou of an angle, xxriif Ixxiv, 141» 

1H9. 'J99. 377. 
Ubaldi, lia. 

Umbilicus, See Ombilic. 
Viviani, xxxiii. 
Walker, G., Ixxii ; J., 212. 
Wallw, 221—2, 22fi. 

Walton, geometrical problems, 161, 189» 

195. 
Webb, 345, 
Whitworth. ZilK 

Wolstenholme, problems by, 121, K>.T, 
184 ; proof thtit the diameter of curva- 
ture at any point of a rectnngular 
hyperbola is equal to the normal chord, 

377. 

Wren, property of the parabola, Ixxxr, 
2^ ; rectification of the cycloid, 221. 
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